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PREFACE 


Welcome to UDAAN - a program to give wings to girl students ! 


The UDAAN programme has been initiated with the primary objective of increasing 
the enrollment of girl students in leading engineering institutions. The program is 
designed to provide a comprehensive platform to deserving girls who aspire to pursue 
higher education in engineering and assist them in preparing for the entrance 
examinations and increasing their probability of being a student in the most prestigious 
engineering institutes of the country. 


This study material provided to you is aligned with the tutorials given to you on your 
tablets and made available online. A soft copy of this material is available on your 
tablets as well. You will find that the material has been simplified and made easy to 
read. Each topic has been divided into Subtopics to relate it with the tutorials. Each 
subtopic discussed is followed by some practice questions for you to attempt. Answers 
to these questions are given at the end. In case you have difficulty in solving any of 
them, please contact your helpdesk and seek clarifications. 


You can сай 1 800 180 7542 or write to udaan.cbse@gmail.com for any queries. 


Best of luck and happy learning! 


Chairperson, CBSE 


2Оа О» 


UDAAN 


A program to give wings to girl students 


UDOON 


A program to give wings to girl students 















































































































































Contents 
S NO TOPIC PAGE 
NUMBER 
1. Ellipse - I 1 
Practice Questions 3 
2. Ellipse - II 5 
Practice Questions 9 
3. Ellipse - 111 11 
Practice Questions 15 
4. Ellipse - IV 17 
Practice Questions 20 
5, Ellipse - V 24 
Practice Questions 28 
6. Hyperbola - 30 
Practice Questions 34 
7. Hyperbola - II 35 
Practice Questions 38 
8. Hyperbola - Ш 40 
Practice Questions 44 
9. Hyperbola - IV 45 
Practice Questions 48 
10. Hyperbola - V 50 
Practice Questions 55 
11. Hyperbola - VI 57 
Practice Questions 61 
12. Hyperbola - VII 63 
Practice Questions 68 
13. Hyperbola - VIII 70 
Practice Questions 73 
14. Complex Number - 75 
Practice Questions 78 
15. Complex Number - Il 80 
Practice Questions 85 
16. Complex Number - III 87 
17. Complex Number - IV 90 
Practice Questions 96 
18. Complex Number - V 98 
Practice Questions 104 
19. Complex Number - VI 106 
Practice Questions 112 
20. Complex Number - VII 114 
Practice Questions 122 
21. Complex Number And Quadratic Equations - 1 125 
Practice Questions 131 
22. Complex Number And Quadratic Equations - II 133 
Practice Questions 135 








UDOON 


A program to give wings to girl students 
























































































































































23. Complex Number And Quadratic Equations - Ш 139 
Practice Questions 141 
24. Complex Number And Quadratic Equations - IV 144 
Practice Questions 147 
25. Sequences And Series - | 149 
Practice Questions 154 
26 Sequences And Series - Il 156 
Practice Questions 161 
27. Sequences And Series - III 164 
Practice Questions 169 
28. Sequences And Series - IV 171 
Practice Questions 176 
29. Sequences And Series - V 179 
Practice Questions 188 
30. Sequences And Series - VI 191 
Practice Questions 198 
31. Sequences And Series - VII 200 
Practice Questions 206 
32. Sequences And Series - VIII 209 
Practice Questions 215 
33. Permutation And Combinations - | 217 
Practice Questions 220 
34. Permutation And Combinations -ll 222 
Practice Questions 225 
35. Permutation And Combinations - Ш 227 
Practice Questions 230 
36. Permutation And Combinations - IV 233 
Practice Questions 235 
37. Binomial Theorem - | 237 
Practice Questions 245 
38. Binomial Theorem - II 247 
Practice Questions 254 
39. Binomial Theorem - III 256 
Practice Questions 260 
40. Binomial Theorem - IV 262 
Practice Questions 266 
41. Trigonometry - | 268 
Practice Questions 276 
42. Trigonometry - II 282 
Practice Questions 286 
43. Trigonometry - III 289 
Practice Questions 296 
44. Trigonometry Equations - | 300 
Trigonometry Equations - II 308 
45. Practice Questions 313 
Trigonometry Equation - Ш 316 
46. Practice Questions 323 








UDOON 


A program to give wings to girl students 






























































Trigonometry Equations - IV 326 
Practice Questions 329 
47. Trigonometry Triangles - | 332 
Practice Questions 340 
48. Trigonometry Triangles - 11 343 
Practice Questions 347 
49. Trigonometry Triangles - Ш 351 
Practice Questions 361 
50. Trigonometry Functions - | 364 
Practice Questions 376 
51. Trigonometry Functions - II 379 
Practice Questions 384 
52. Trigonometry Functions - Ill 386 
Practice Questions 398 
53. MathematicalReasoning 401 
54 Statistics 409 
Practice Questions 416 








2Оа О» 


UDAAN 


A program to give wings to girl students 


UDAON 


А program to give wings to girl students 


ELLIPSE - I 


Topics covered 

Definition of an Ellipse 
Standard Equation of an ellipse 
Basic terminology of ellipse 


= DB WN Re 


Comparison of standard equation of an ellipse when a>b and b<a. 
Definition of an Ellipse 


An ellipse is the set of all points in a plane, the sum of whose 
distances from two fixed points in the plane is a constant. Fixed 
points are called focus. 


PF +PF, = constant 


Standard equation of an ellipse. 


x? 


a? 


Where b?-a?(1—e?) 


(i) 


(ii) 
(ii) 
(iv) 


(У) 


(vi) 
(vil) 


2 
+> =1 with a>b. 
b 


The line containing the two fixed points (foci) 
is called focal axis (majoraxis) and points of 
intersection of the curve with focal axis are 
called the vertices of the ellipse ie. A(a,0) and 
A! (78,0). 

The distance between F, and F, is called the 
focal length. Е F, = 2ае. 

The distance between the vertices 15 А д’ = 
2а 18 called major axis. 

The distance BB! = 2b is called minor axis 
Point of intersection ofthe major and minor axis 15 called the centre ofthe ellipse. Any 
chord ofthe ellipse passing through it gets bisected by it and is called diameter. 

Any chord through focus 18 called a focal chord and any chord perpendicular to the focal 
axis is called double ordinate DE. 

A particular double ordinate through focus and perpendicular to focal axis is called its 


26° 
latus rectum (L L’ ). Length of latus rectum = —— 
a 





a 
MM’ and N N' are two directrices of the ellipse and their equations are x = Pi and x 


a 
De respectively 


A chord of the ellipse passing through its focus is called a focal chord. 

An ellipse is the locus of point which moves in a plane such that the ratio of its distance 
from a fixed point (focus) to the fixed line (directrix) is less than 1. This ratio is called 
eccentricity and is denoted by e. For an ellipse е<1. 


1 


A program to give wings to girl students 


(уш) The equation to the ellipse whose focus is (һ.К) and directrix is / х+ту+п = 0 and whose 








2 

(х + ту + қ 
4 +m’ 

(ix) Special form Ifthe centre of the ellipse is at point (h, k) and the directions of the axis are 


2 2 
(х-82 0-9? 


eccentricity е<1, is (хў *(y-k) -е | 








parallel to the co-ordinate axes, then its equation is 7 p? 
a 
If we shift the origin at (h,k) rotating totaling co-ordinate axes then equation of the 
x ү? 
ellipse with respect to new origin becomes ab + үс -1 
EXAMPLES 
1 The eccentricity of the ellipse 9x^-5y? — 30у = 0 is equal to 
(а) 1/3 (b) 2/3 (с) 3/4 (d) None of these. 
Solution : Here equation of ellipse is 
9x^r5y?-30y = 0 
9х?+5(у?-6у+9-9) = 0 
9x^-5(y-3y- 45 = 0 
9x^r5(y 3)? = 45 
GA с NET 
5 9 
9>5 +. b>a 
а= 4/5 b=3 
42 
Hence e = ,1- ы 
9 
M с 
9 
= 2/3 
2 Р is any point on the ellipse 81х2--144у2-1944 whose foci are S and 5”. Then ЗР+5' P equals. 
(а) 4/6 (b 3,6 (с) 36 (d) 324 


Solution : Here equation of ellipse is 
81х2+144у? =1944 


2 2 
2-1 
1944 + 1944 =] 
81 144 
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Sab а= 2 4/6 
SP+S' P = 2а =4 6 


PRACTICE QUESTIONS 


1 The eccentricity of ellipse if length of latus rectum is one-third of major axis 
3 4 
2 5 = 
(а) 2/3 (b) % © у - (d) | i) 


2 The curve represented by x = 3(cost+sint) y = 4(cost—sint) is 








(a) Ellipse (b) Parabola (c)  Hyperbola (d) Circle 
3 The foci of the ellipse 25(x+1)?+9(y+2) = 225 are at 
(а) (-L2)&(-1,6) (b (-2,1)&(-2,6) 
(с) (-L-2)&(-2,.-1) (d) (-L-2)&(-1,-6) 
x? у’ 
4 The equation 2-3 | 125 +] = 0 represents an ellipse, if 
(а) 155 (b A22 (c) 2<)<5 (d 24201225 


5 The sum of the focal distances of any point on the ellipse 9x^-16y? = 144 is 
(a 32 (5) 18 (c) 16 (d 8 


6 The latus rectum of the conic 3x*+4y*-6x+8y—5 = 0 





(a) 3 (b) v3 (c) ES (d) None of these 
3 43 
-2ү we 

7 The centre of the ellipse = = ) | E E -118 

(4) (0,0) (b) (11) (c) (1,0) (4) (0,1) 
8 In an ellipse the distance between its foci is б and its minor axis 8. Then its eccentricity is 

1 
(а) 4/5 (5) 452, (с) 3/5 (4) 12 
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9 For the ellipse х?+4у? =9 


1 3 

(а)  Theeccentricity is 2 (b) The latus rectum is 2 
. . . — 2 
(c) afocusis (33 0) (d) adirectrix is x WB 


10 The difference between the lengths of the major axis and the latus rectum of an ellipse is 


(a) ae (b) 2ae (с) ae (d) 2ae 
Answers 
1 2 a 3. a 4 с 
а 7 b 8 с 9 b 10 


aro 
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ELLIPSE - II 


2 2 
The equation _ t- =] represents an ellipse if 
10-а 4-а 
(а) а<4 (b а>4 (с) 4<а<10 (4) а>10 


Solution : Here equation of ellipse is 





x? | y^ 


10-а | 4-а 
а? = 10-a and b? = 4-a 
2.10-а>0 апа 4-а>0 
10>а апа 4>а 

© а<4. 


=] 





2 2 
The radius of the circle passing through the foci of the ellipse E F F = ] and having its 
centre (0,3) is 


(a) 4 (b 3 (с) 4 (4) 7/2 


Solution ; 


ll 
—_ 

wm 

| 
5| 





—° 
— 
an 


Foci = (+ ае,0) г, foci is E v7.0) 


Radius of the circle through foci & centre (0,3) is J(4/7)2 +32 = (749 = 4/16 =4. 





1 
The equation of the ellipse whose focus is (1,—1) directrix x—y—3 = 0 and eccentricity 2 18 
(a) 7х2+2ху+7у2—10х+10у+7=0 (b 7х2+2ху+7у2+7=0 
(c) 7х2+2ху+7у2+10х—10у-7=0 (d) None of these 
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Solution : Let P(x у) be any point on the ellipse 
Then by definition SP = ePM. 








1 |х-у-3 
к-ну” = 5 | | 








1 
(x-1)*+(y+1) = 8 (х?+у?+9—2ху+бу—6х) 


8&х?—16х+8+8у?+16у+8 = х2+у2-2ху+бу-6х+9 
7х2+7у+2ху-10х+10у+7 = 0 





4 The equation (5х—1)-(5у-2)2 = (3,2—2 4, +1) (3х+4у-1) represents an ellipse if 7, є. 
(а) (0,1) (b (0,2) —{1} (c) (1,2) (d) (-1,0) 
Solution : 

(5х—1)?+(5у—2)° = (47-4, +1)(3x+4y-1) 





гү 2 
25{ x z) ЕЕ а = (4-1 (3x*4y-1Y 


гүү. 2Ү ‚ (3х+4у—1)2 
E z) IE z) (3-1) 25 


Sp? = e? (РМ)? 

.е=|А—1| 

In ellipse 0<е<1 
..041-1|<1 
0<)<2-(1) 
^X e (0,2) —{1} 








2 2 
Х 
5 The eccentricity of an ellipse — + 12 z = 1 whose latus rectum is half of its major axis is 
a 


= b - v3 d) N f th 
(а) 5 (b) 3 (c) 2 (4) опе of these 
Solution: 
2 2 

X 

— + - =] a>b 

a b 

major axis — 2a 

| 2b? 
latus rectum is =—— =a 
а 
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2 
According to question; —— =a 
a 


2b? = а? 





eccentricitye = | к= 





6 If (5,12) and (24,7) are the foci of an ellipse passing through the origin, then the eccentricity of the 


conic is 
ау 5886 ay 7% o 586 ау 586 
12 13 25 38 


Solution : Р(0,0) 


S(5,12), S' (24,7) 
SP = 52122 =13 

S P= 24777 =25 
SS' =2ае = {192 + 5? 


ае T ———— 


$р+$'Р = 2а = 13-25 
2а= 38 
а = 19 
$5' 2ае 
= 8Р-8Р 2a 





е 


38 


38 


B 


2 2 
7 Locus of the point which divides double ordinate of the ellipse —> + "ea = 1 in the ratio 1:2 
a 


internally is 
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x? 9y? Хо 9y? 1 9х? 9y? 
(a) КЕШКЕ =1 (b а 2 (c) 42740 =] (d) Noneofthese. 
Solution : 


Let P(h,k) be a point divides double ordinate in the ratio 1:2 internally 





B (hy) 






Let coordinates of ends of double ordinate (h,y,) and (h,—y;). 





-y +2 
г. By section formula К = E У _ - 
y, =3k 
Now the point (h,y,) = (h,3k) lies on the ellipse 
8 шин hk bit 
PORE шы (-.- (h,k) are arbitrary) 


8 ЇГС is the centre of the ellipse 9х?+16у? = 144 and $ is one focus. The ratio of CS to semi major 
axis 1s 
(a) 47:16 (b 7:4 (с) 45:47 (d) None of these 
Solution : Here equation of ellipse is 
9х?+16у? = 144 








2 2 
срт ш 
16 9 
16>9 - a>b 
b2 
е = === 
Y а? 
9 
2122 
\ 16 
_ {7 
Ү16 
"NE d 
4 


LX Oe 
UDAAN 
Foci is (+ ae,0)=(+ /7 ,0) 


2a 
Semi major axis is = > =a=4 


CS = ,/7 and semi major axis is 4. 
г. Required ratio is ,/7 :4. 





PRACTICE QUESTIONS 
2 2 

1 The equation of the circle drawn with the two foci of - T = = 1 as the end points of a 

diameter is 

(a) х?+у?=а?+Ь? (b) x+y =a (с) х?+у?=2а? (d) х?+у?=а?-1° 

2 2 

2 The radius of the circle passing through the foci of the ellipse - T - = 1 and having its 

centre (0,3) is 

7 
а) 3.2. (b 3 (с) 12 (4) 2 
x? y 

3 о | шаг = | will represents the ellipse, ifr lies in the interval 

(а) (-.2) (b) (3,0) (c) б.) (d) (1,0) 


4 The semi latus rectum of an ellipse is 
(a) The AM of the segments of its focal chord. 
(b) Тһе GM of the segments of its focal chord 
(c) The HM ofthe segments of its focal chord 
(d) None ofthese 


5 The following equation represents an ellipse 25(х?—6х+9) + 16y?— 400. How should the axes be 


2 2 
transformed so that the ellipse is represented by the equation 16 + m -1 
x? у’ 
6 Let Р be a variable point on the ellipse 16 + 25 = 1 with foci S, апа S,. It A be area of the 


triangle PS,S, then the maximum value of A is 


7 Шап ellipse, if the lines joining a focus to the extremities ofthe minor axis make an equilateral 
triangle with the minor axis, the eccentricity of the ellipse is 


(a) 3/4 ) 3/2 © 12 (d) 2/3 


А program to give wings to girl students 


8 Column Matching : 


2 2 
А X y 
For the ellipse 5 + 1 1 
Column I Column II 
1 х=0 а a directrix 
2 у-0 b a latus rectum 
3 х=] с minor axis 
4 х=5 d major axis 


9 The centre of the ellipse 14х2—4ху+11у2-44х—58у+71 =0 is 


Answer 
l.d 2.a 3. с 4. с 
7.0 8. (1)с (2)4 (3)b (дуа 9. (3,1) 


10 


5. (3,0) 


6.12 


Paw 
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ELLIPSE -Ш 


Topics covered 

1. Auxilliary circle 

2. Ессепігіс angle 

3 Equation of chord 

4 Position ofa point with respect to an ellipse. 


Auxiliary Circle 
The circle described on the major axis оЁ ап ellipse as diameter 18 called an auxiliary circle of 
the ellipse 
2 2 
If m s = = 1 is an ellipse then its auxiliary circle is х?+у?=а? 


Eccentric angle of a point 
x? у’ 
Let P be any point on the ellipse - + ы? -1 
а 


Draw PM perpendicular to major axis from Р and 
produce MP to meet the auxiliary circle at О. Join CQ. 

Z ОСА = 6 iscalled eccentric angle of point P 
Note that the angle ACP is not eccentric angle. 
i.e. eccentric angle of P on an ellipse is the angle which 
the radius through the corresponding point оп, ће у, 
auxiliary circle makes with the major axis 

2. О(асов0,а5іп0) 

.. x-coordinate of P is acos Ө 


2 





а?соѕ 0 у 





а? | b? =" 
y 
ы = ]- cos?Q 
y  -bsimg 
y —bsinQ 


2. Coordinate of P is (acos Ө, bsin ) 
i.e. x = acos 9 and y = bsing is the parameter equations of the ellipse. 
(acos Ө ,bsin Ө ) is also called the point * Ө? 


Equation of the chord 


11 


Q 
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2 2 
Let P (acos Ө ,bsing ) and Q(acos ф ,bsin $ ) be any two points of the ellipse = + s = 1 then the 
equation of the chord joining these two points is 
| bsin $ — bsin Ө 

y- bsing = асовф--асов0 (х-асов Ө) 

Simplifying the equation we get 

* со 959 + sin gre За 
а 2 b 2 2 


0 & ф are eccentric angle of points Р and О of ellipse 
Position of a point (h,k) with respect to an ellipse 





2 2 


. х у 
Let ellipse Бе — + — -1 
et ellipse be = + 15 
x? у? 
Now Р will Пе outside, on or inside the ellipse — + p 1 according as 
a 





һ k’ 
ар | b? -І>,-,<0 
EXAMPLES 
1 Find the equation of the curve whose parametric equation are х-1-4с080,у-243610 
ӨєК 


Solution: We havex=1+4cos 0, у = 2+3sin 0 





х-1_ bor NE 
4 =cos@ an 3 = 5110 


Squaring and adding we get 


2 2 
eg Qs] onn 
1 3 cos? Q + sin? 


-D° -D _ 
l6 9 
Which is an ellipse. 





1 


2 2 
2 Find the eccentric angle of а point on the ellipse С + - = 1 whose distance from the 


centre of the ellipse is ,/5 
Solution : 


2 2 


X y 
We have — + — =1 
uL 2 


12 


UDA А М 
А program to give wings to girl students 
а? = 6 1-2 


a= /6 b= /2 


- any point on the ellipse with 0 as eccentric angle is Р (/6 соз Ө, 4/2 sin Ө) 
Here centre is origin 


CP = — J6cos042sin?0 = V5 
=> | бсов820-28Ш120 = 5 





=> 4cos*9 -3 
с0$20 = 


4 
cosQ@=+ 43 
ЮМ 
т Sn 7л 117 
6’ 6° 6° 6 
If aand В аге the eccentric angles of the extremities of a focal chord of an ellipse, then the 
eccentricity of the ellipse is 





0 


cosa + cos В sina —sin p cosa. — cos В 
cos(a — p) (b) sin(a — В) (5) cos(a — p) 


Solution : Equation of chord joining points having eccentric angles o and В is 


x |222), y. (==) eS 
20057 ъй 5 |5987; 


Since these points are extremities of focal chord so it passes through focus (ае,0) then 


(20-80) 
" @ COS 2 = COS 2 
cos 4 23 
28 2 
2 


Multiply & divide Бу 2sin 


sina + sin В 
sin(a + В) 


(а) 














о +В КЕТ 
2 jen right side 


ад 558 о 2E) 
цан ад 558 оо 24B) 
2 2 





' 
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sin a + sin В 
sin(a + В) 


An ellipse passes through the point (4,—1) and touches the line х+4у—10 = 0. Find its equation 
of its axes coincide with coordinate axes. 


e = 








2 2 
Solution: Let the equation of ellipse be ab "us -1 
It passes through (4,-1) 
16 1 
Бас + rom 1 or а?+16Ь? = а??...................... (1) 
х+4у—10 = 0 is a tangent to the ellipse. 
1 10 : 
у= - ух+ 4 y mte 
1 10 
мин du 
C= Ja’m?+b2 isa condition for tangent 
а? х ES tb! 
4 16 
100 а үр 
16 16 
16b? = 100—а2 


a’+16b? = 100 
From (1) we get 
100 = a?b? 





1 
a^- —;- = 100 
а 


a^-100a2-1600 = 0 
a^-80a^-20a^--1600 = 0 
а(42-80)-20(82-80) = 0 
(а2-80)(а2-20)- 0 





14 
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x? Ay? 
- Equati fellipseis — +—— =] 
г, Equation of ellipse is 80 5 
х? у’ 
----- = | 
Е 207% 


2 2 


х 
5 If + ^ = ,/2 touches the ellipse E. +% = 1, then find its eccentric angle of point of 
a 


b 
contact. 
Solution : Let Ө be the eccentric angle of the point of contact : 
г. coordinates of the point is (acos Ө, 6511 09) 
Equation of tangent at this point is 
xcos0  ysinO 
a b 





1550 ——H (1) 





Given that - + - ы ЭМЭ eum (2) is tangent 
Comparing (1) and (2) as these two are identical, we get 


cos0  sinO 





а _ 10 s. 
T 7 7 7-0 
a b 
1 
с080 = 7 = sin 

Л 

973 
PRACTICE QUESTIONS 
1 The sum of the squares of the reciprocals of two perpendicular diameter of an ellipse is 
258) (2а) 1,1 
(а) Ia p (b) т gs (с) 2512 (4) None of these 


1 
2 Prove that апу point on the ellipse whose foci are (-1,0) and (7,0) апа eccentcicity 2 18 


(3-8сов0, 4,/3 sin 0), Ө eR. Also find the eq’ of the ellipse 


2 2 


3 Let E be the ellipse - T - = | and С be the circle x*+y’ = 9. Let P апа О be the points 


(1,2) and (2,1) respectively. Then 


(a) Q lies inside C but outside E 
(b  Qlies outside both C and E 


I5 


UDGON 
(c) Plies inside both C and E 
(d) Plies inside C but outside E 


2 2 
4 Р is a variable on the ellipse — F a = 1 with A А' аз the major axis. Then the maximum 
a 


area of the triangle AP A’ is 
(a) ab (b  2ab (c) аһм2 (d) None ofthese 


5 A man running round a race course notes that the sum of the distances of two flag-posts from him 
is always 10m and the distance between the flag-posts is 8m. The area of the path he encloses in 
square meters is 


(a) 15л (b 12m (c) 18m (4) 8m 
2 2 
6 If the line /х+ту+п = 0 cuts the ellipse = + - = 1 in points whose eccentric angles 
a 
n a^? -b^m? 





differ by 2 Шеп ке 
(а) 1 (b) 2 (c) 4 (d 3/2 


7 If PSQ isa focal chord if the ellipse 16х?+25у? = 400 such that SP 8, then SQ = 
(а) 1 (b) 2 (c) 3 (4) 4 


8 If equation of the ellipse is 2х2+3у2—8х+6у+5 = 0 then which of the following are true? 
(a) equation of director circle is х?°+у?—4х+2у = 10 
(b) director circle will pass through (4, —1) 
(c) equation of auxillary circle is x?*y^—4x*2y42 = 0 
(d) None of these 





2 2 
X 
| + B = 1 are S and 5’. P is a point on ellipse whose eccentric 


9 The foci of ellipse | 3 


angle is т/3. The incentre of triangle SPS’ is 
2 43 
(а) 0,43) (b) 2.2) (с) ЕЗ (à (Зз) 


Answers 


TEn 
` 64 48 





l.a 1 3.d 4.a 5.a 6. b 7.b 8.c 9. b 


16 
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ELLIPSE - IV 


Intersection of a line and an ellipse 


2 2 
X 
Line y = mx+c (1) and ellipse — + 5 = 1 (2) 
а 


Solving equations (1) & (2) we get 
(a*m?+b’)x? +2а?|стх-+а?(с?—6?) = 0 
If | D»0then y = mx-c is a secant 
D = 0 then y = шх-с is a tangent 
D«0 y = шх+с does not meet ellipse 
Point form 
Equation of tangent to the ellipse at point (х, y,) 


x2 


Let the equation of ellipse шаг m E De -1 
XY. 
Then equation of tangent in point form is Fa + rom 1 


Parametric form 


| 2222 Xcos0  ysinO 
Equation of tangent at point (acos Ө ,bsin Ө) to the ellipse is : | o 





Slope form 
к? у? 
у = шх+ 4a?m? +62 is a tangent to an ellipse —> + ы = 1 and point of contact is 
а^ 








a^m - b? | 
+ + 
“аш? +b? Jam? +b’ 
Number of tangents through a given point P (h,k) 
2 2 

x 

y-mxt4a?2g? +b? is any tangent to the ellipse — + = =]1 
a 

If it passes through P (h,k) then 

k= шв Ja*m? +b? 

k-mh = Ja?g? +b? 


(k-mh = a?m?+b? 
m?(h?—a”) - 2hkm+(k?—b?) = 0 
It is a quadratic in m and will give two values ofm hence there are two tangents. 
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Examples 
1 If the line 3x+4y = /7 touches the ellipse 3х2+4у? = 1, then the point of contact is 


11 1 -1 1 -1 
(a) Ez (b) EJ (c) [+= (4) None ofthese 
Solution : (a) 
Let P (x,,y,) be point of contact the equation of tangent to the ellipse 





2 2 
+ =1is = | EE =1 
34 3 4 
3xx t4dyy-1-0 (1) 
Given that 3х+4х- /7 =0 (2) touches the ellipse 





2. (1) and (2) are same 
By comparing we get 





Эр yp. = 
3 грах 

ыг EN 
Ни yet 24 


1 |] 
Ez is the point of contact 


2 
Example 2: The number of values of c such that the line y = 4x+c touches the curve - + у? = 118 


(а) 0 (b 1 (с) 2 (d) infinite. 
2 2 
: ; VW. y 
Solution : Given ellipse is Fa dia 
а2-412-1 
and a line y = 4х+с is a tangent 
m-4 
pee 250401 
= + /4х16+1 
= + 65 
г. c has 2 values 
с = 4/65 or —./65 


2 2 
3 If ./3 bx-ay 22ab touches the ellipse — + m = 1 then the eccentric angle of the point of contact 
a 


18 











5 

т ey 2 т л 2 
@ = @ 4 © = @ 5 
Solution : (a) 

x43 yl 
Equation of tangent a3 "55 -1 (1) 

: : : . Xx У 
and equation of tangent at the point (acos Ө, bsin Q ) is E cos 0H b sing = 1 (2) 
comparing (1) & (2) we get 
21-11 
cosĝ = ES and sing = 2 


loq 
Ш g MEE 


6 
9-6 

-4 тэ. | | | 
A tangent having slope of e to the ellipse 18 + 32 = 1 intersects the major and minor axes 


at points A and B respectively. If C is the centre of the ellipses, then the area of the triangle 
ABC is 


(a) 1259.0 (b) 24sq.u (c) 36sq.u (d) 48sq.u 
Solution : (b) 


2 2 
Equation of tangent to the ellipse — + b2 = 115 
а 


yamxt Jain? ab? (а) 


-4 
Неге т = 359-18 b = 32 


-4 16 
= x + .18х-2+32 
a а 9 


22516 
JUR 


Then points on the axis where tangents meet are A(6,0) and B(0,8) 





1 
Then area of A АВС is 2 x6x8 = 2454.0 
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2 2 
X 
If the tangents to the ellipse — + um = 1 make angle о, and р with the major axis such that 
a 


tana +tanB = ),, then the locus of their point intersection is 

(а) x+y =a (b x+y =b? (c) х?—а2=2)ху (d) А(х2-а2) = 2ху 
Solution : (9) 

Equation of tangent to the ellipse with slope m is 


y=mx+ аш? +b? 


If it is passes through the point P (h,k) then 
k= mh* Ja*m? +b? 
or (Кеши = Ja? +b? 


k?+m7h?—2mkh = а?т?+Ь? 
т?(1?—а?)—2тК1+К?—Ь? = 0 
It is a quadratic in т having two roots m, & т, 
2kh ЕВ 
m tm, = 12.42 БЕ апа m,m, = 12-42 
Given that tan a +tan B=) 





түн, =), 
2kh 
h? =a" 
2kh = А (h?-a’) 
2. locus of point P(h,k) is 
2,(х2-а2)-2ху 
PRACTICE QUESTIONS 
If P(x,y), Е (3,0), F,(-3,0) and 16x^*25y? = 400, then PF РЕ, equals 


(a) 8 (b) 6 (c) 10 (d) 12 
The length of the major axis of the ellipse 





=», 





2 
о TOT a 


4 
20 20 
(а) 10 Bc © T (d 4 


Angle subtended by common tangents of two ellipses 4(х-4)-25у? = 100 and 4(х+1)2+у? = 4 
at origin is 


Tt TU Tt 
(a) 3 (b) 4 (c) 6 (4) 2 
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10 


11 


2 2 


The distance of a point on the ellipse - + = = 1 from the centre is 2. Then the eccentric angle 
ofthe point is 
T Зл 5n T 
@ 7 0 7 @ сс ( © 
. : EE y 
If the chord through the points whose eccentric angles are Ө and $ on the ellipse 25 + D =] 


passes through а focus, then the value of tan ап? 18 


1 -1 
а) 5 (b -9 ey 5 (d 9 
In an ellipse the distance between its foci is 6 and its minor axis 18 8, the eccentricity of the 
ellipse is 


4 s 2 EN "E! 
(а) = b) 5 (Ө ws @ 5 
х2 
The number of values of C such that the straight line у = 4x+c touches the curve a + у? =1, 


15 
(а) 0 (b 2 (с) 1 (d) ә 


2 2 


The line 3х45у- 15,/2 is a tangent to the ellipse - + e = 1, at a point whose eccentric 


angle is 
T T T 2n 
(a) 6 (b) 4 (c) 3 (d) 3 


Tangents are drawn to the ellipse 3х2+5у? = 32 and 25х?+9у? = 450 passing through the point 
(3,5). The number of such tangents are 


(а) 2 (b 3 (с) 4 (d 0 
2 2 
Tangents are drawn to the ellipse ES T Үл = 1 at ends of latus rectum. The area of quadrilateral 
so formed is 
27 21 21 
@ 27 (9 5 cm oR 


An ellipse passes through the point (4,—1) and its axes are along the axes of coordinates. If the 
line x+4y—10 = 0 is a tangent to it then its equation is 


2 
X 


2 2 
y X 
—— + >=] — + 
"e 100 5 (9) 8 


2 2 


> (с) 


=] 
5/4 





2 
+ - -1 (d) None of these 


Te 
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12 


13 


14 
15 


16 


17 


18 


2 2 


Prove that the line 2x+3y = 12 touches the ellipse - 42-22 


4 


16 . 
The tangent at the point | 405 0, 7— sin ф | to the ellipse 16x2+ 1 ly? = 256 is also а tangent to the 
8 р Jii p y 


circle x?*-y? 2x = 15, find the value of ф. 
Find the equations of tangents to the ellipse 9х?+16у? = 144 which pass through the point (2,3). 
The angle between pair of tangents drawn to the ellipse 3х2+2у? = 5 from the point (1,2) is tan'(12/ 


45) 


Prove that the portion of the tangent to the ellipse intercepted between the curve and the directrix 
subtends a right angle at the corresponding focus. 


Linked Comprehension Type. 
For all real p, the line 2рх+у 4/1- p? = 1 touches a fixed ellipse whose axes are coordinate 


axes. 
(i) The eccentricity of the ellipse is 


2 3 Ї 1 
(а) 3 (b) 2 (с) `В (4) 2 


(ii) Тһе foci of ellipse are 


(a) (0.5/3) (b) (o. 2, | (c) Ё 57 o) (d) None of these 


(ш) The locus of point of intersection of perpendicular tangents is 


(a) x^y-5/4 (b) x^ty!237/2 (с) x+y =2 (d) None ofthese 
2 2 
C, ix ty = r’ and C, = 16 + E — ] intersect at four distinct points A, B, C and D, Their 


common tangents form a parallelogram A’ B’ C' D'. 
(i) If ABCD is a square then г is equal to 


-2 по. 2 d) None of th 
(a) 5 (b) 5 (c) s Js (d) one of these 
(ii) If A’ B’C'p’ 18 а square then г is equal to 
(а) 420 (b. 412 (с) 15 (d) None of these 


(ui) If A’ B' C' р’ is a square, then the ratio of area of the circle C, to the area of the 
circumcircle of A A’ B’ C' 18 
9 3 


(a) 16 (b) 4 (с) ; (d) None ofthese 
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2 2 
19 The ellipse F us = 1 is such that it has the least area but contains the circle (x—1)*+y’ = 1 
a 


(i) The eccentricity of the ellipse is 


5 1 
(а) ES (b) B (c) 2 (4) None of these 
(ii) Equation of auxilliary circle of ellipse is 
(а) х2+у= 6.5 (b x*ty*=5 (с) х+у=45 (d) None of these 
(iii) Length of latus rectum of the ellipse is 
(a) 2units (b) 10 (c) 3units (d) 2.5 units 
2 2 
20 The equation of the straight lines joining the foci of the ellipse as H - = ] to the foci of the 
2 y’ 
ellipse 24 + 40 = 1 forms а parallelogram. Then the area of the figure formed by the foci of 
these two ellipse. 
(a) 15 (b) 30 (c) 20 (d) 18 
ANSWERS 
l.c 2.b 3.b 4. a,b 5. c,d 6.b 7.b 8.b 
9.b 10.а ibe 13. tz їй 953, 34425 
17.01. (а (ш)а 18.(1)а (ша (Ш)с 19.00a (1) citi) b 


20. b 
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ELLIPSE - У 


Equations of Normals in different forms 
(i) Point form 


2 2 


Let equation of ellipse be —> + - =] 
а 
| | a?x b?y 
Equation of normal is ——~ — — - = а? 
X] У! 
(1) Parametric form 
2 2 
y 


Let equation of ellipse be —> + ы =] 
а 


Equation of normal is axsec ф - Бусозесф = а?—Ь? 
(acos $ , bsin ф ) is parametric coordinates of Р(х у), i.e. Р(асовф, 0810 ) 
(ш) Slope form 

2 2 

For an ellipse — + —7 = 1 
ре b2 

Equation of normal in terms of slope (m) is 

m(a? — b?) 


=тх+ Г5 2503 
d B Xa? - b?m? 





2 2 
Condition of normality when у = mx+c is the normal of — + ёс =115 
а 
‚_ ш2(а2-2) 
a? +6? т? 
m(a? — b?) 
or с=+ 
i 4 а? +b°m? 
Examples 
2 
1 If the normal at the point P( Ө ) to the ellipse a + : = | intersects it again at the point О (20) 
then cos Ө is equal to 
2 d 3 т 
@ 5 (b -5 (9 5 i) -5 
Solution : 
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by 
cos0  sinO 





The normal at (asin Ө , bsin Ө ) is -а-12 
Неге а? = 14 & 02 = 5 


а= Дд 95-45 
М4х зу _ 


со80 sin Ө 


Мах бу 


со80 sin Ө 





14—5 





(1) 
г, It meets the curve again at Ө (2 Ө) (acos2 0 65120) 


i.e. (14 соѕ20, 4/5 sin 20) 
*. equation (1) satisfy this point 
14cos20 5820 
cos0 — sinO - 








14(2с08:0-1) 5(25іпӨсоѕ0) 
cos 0 i sin 0 Е 

28со520- 14 -10cos?g = 9cos Ө 

18со520-9сов0-14-0 

(6cos 6-7) (3соѕ9 +2) = 0 





9 


7 
cosQ = 6 > lnot possible (-.: соз 0 «1) 


2-2 
cosQ = 3 


*. option (b) is correct. 


2 2 


2 The equation of the normal to the ellipse 2 + e 1 at the end of the latus rectum in the first 
quadrant is 
(a) х+еу-ае? = 0 (b х-еу+ае? = 0 (с) х-еу-ае? = 0 (d) None of these 
Solution : 


2 
The end of the latus rectum in the first quadrantal is Б =| 


2 
Equation of normal at 23 18 


25 





=а?—Ь° 








ax-eay =еа?—е|Ь? 
= еа?—е(а?—а?е?) 
=еа?—еа?+а?е? 
г. ах-аеу-а?е? = 0 
x-ey-ae = 0 
Correct option is с 
2 2 
The condition that the line xcos a +уѕіп a = p may be a normal to the ellipse 2 + oo Ithen 
(a) (a—b?y = p? (а?зес? а, +b’cosec? a.) (b) (ab? = p (a’cosec? а +5?вес? a ) 
(c) (ab? = p? (asec? a +b’cosec? а) (d) None of these 
Solution : 





2 2 
: Х | 
The equation of normal to — + - =1аё 0718 
а 


ах b^y 





- (а) =0 (1) 





acos®  bsinO 
Given that xcos а +уѕіп a —p = 0 is normal to the ellipse comparing (1) & (2) we get 

















а/сов0 -0/8ш0 a’—b* 
cosa sina p 
a -b a p 
Or а = 
cosOcosa  sinOsina р 
cos Ocosa sin Osin а. р 
= a mE b "oa b 
ap -bp 
SUBE = (a? —b*) cosa Sg (a? -b?)sina 
Squaring and adding we get 
ap Ь?р? 





d ul (а? b^)? cos? a i (a? - b^) sin’ о 


(47-02) = р?(а?зес? a +b’cosc? a. ) 
- correct option is a 


4 If the normals at P(x,,y,), О(х,,у,) and R(x,,y,) to the ellipse are concurrent, then 
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X; у, х,у, X, у, хуу, 
(а) X dp Е: (b) Жа 2% XY aeg 
X; Уз х;у; Xs Уз х;у; 


X; у, ху; 

















(с) Хз Уз 293421 (d) None of these 
х yi ху, 
Solution : 
x? у? 
The equations of the normals at P(x,,y,),Q(x,,y,) and R(x,,y,) to the ellipse — + а 
а 
ах Бу 
= а 1 
Х, У! 0) 
2 2 
ах. by 
тг--720-а-1 (2) 
Х, Yo 
2 2 
ax by 
v - =a -b 3 
Х, Уз 9) 
respectively 


These lines are concurrent, if 

















a^ —Ь° Ка 
1 yi 
а -b ЕТ 
Ху 24 -0 
a^ -—b "c 
X3 Уз 
l1 -lj 
х yi 
2255 4 
az (ab) X» У, -0 
Il al 
— v] 
Х, Уз 








В >x yR; В, xy R,; К, — xy, we get 
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У =X хуу, 
Y2 p X| _() 
Уз —х, Ху; 
X, У XY 

OR Га: X4» ХУ = 
X; Уз х;у; 


your correct option is ‘b’ 


PRACTICE QUESTIONS 


2 2 
: X : НЭГ 
In the normal at the end of latus rectum of the ellipse — + т = | with eccentricity е, passes 
a 


through one end of the minor axis, then : 
(a е'(1+е?)=0 (b е(1+е?) = 1 (с) е(1+е) =-1 (4) е(1+е?) = 2 


2 2 


If the normals to zt ig - = 1 atthe ends of the chords / x *m,y -1 and /, x*m,y -1 are 


concurrent, then : 

(a a’¢,¢,+b’m,m,=1 (D a’¢,¢,+b,mm,= —1 

(с) a¢,¢,b’mm,=—-1 (4) None of these 

If the normal at an end of a latus rectum of an ellipse passes through one extremity of the minor 
axis, then the eccentricity of the ellipse is given by 


(a) ette?-1=0 (b езе-5-0 (с) е-,5 (d) None of these 
The number of normals that can be drawn from a point to a given ellipse is 
(а) 2 (b) 3 (c) 4 (d) 1 

2 2 


If the normal at any point P on the ellipse — + w^ 1 meets the axes in С and g respectively, 
a 


then PG :Pg is equal to 


(а) a:b (b) db (c) Ба (d b:a 
x? 2 2 

If normal to ellipse — + us — ] at Б =| is passing through (0,—2b), then value of 
a 

eccentricity is 


(a) J2- (b 2(/2-1) () o2 -1) (d) None of these 


2 2 


PM 
If normal at any point P to the ellipse — + a = 1,a>b meet the axes at M and М so that PN 
a 
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2 
=3> then value of eccentricity eis 


1 1 
(а) 7 (b) 5 (с) В (4) None ofthese 


8 If the tangent drown at point (2,26) on the parabola у? = 4х is same as the normal drawn at point 
( 45 cos Ө, 251п Ө) on the ellipse 4х?+5у? = 20. Then the values oft and Ө аге 




















-1 -1 1 1 
= cos! = = cos"! = 
(а) Ө =соѕ ЕЗ &t 5 (b) 0 =со$ ЕН J5 
-2 -2 
(c) Ө со8в! Vs &t= Vs (d) None ofthese 
2 2 
9 The normals at four points on the ellipse 27 + s =] meet in the point (h,k). Then the mean 
position ofthe four points is 
a?h bk a^h bk 
@ — 2(a? +b) 2(a? +b”) (0) (оба? eb) 2(a? +67) 
ah bk a^h b^k 
() (а-ы) 2(a? —b) 4) (a? b?) 2(a? —b/) 


10 The equation ofthe normal at the point (2,3) on the ellipse 9х?+16у? = 180 is 
(а)  3y-8x-10 (b 3у-8х+7 =0 (с) 8у+3х+7 = 0 (d) 3х+2у+7 = 0 


2 2 


y 


11 Number of distinct normal lines that can be drawn to the ellipse 169 + 55 = 1 from the point P 
(0,6) is 
(a) опе (b two (c) three (d) four 


2 2 


12  Anyordinate MP ofthe ellipse - T - = | meets the auxiliary circle at О, then locus of the point 


of intersection of normals at P and Q to the respective curve is 
(а) х-у:-8 (b) x*ty’?= 34 (c) x+y = 64 (d) х2+у?= 15 
2 2 


Л 
13 Ifthe normals atP (9) and Q E + o) to the ellipse = + = 1 meet the major axis at G and g 
a 


respectively, then РО?+Ор? = 
(а) b(1-e)Q-e) (Ы) а(е—е+) (с) ё(хс)0246) (4) Ю(146)(2462) 


Answers 
1.b 2b 3.a 4.c 5.c 6.c 7. с 8.а 
9.4 10. b 11.с 12.c 13. b 
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HYPERBOLA - I 
Equation of Hyperbola 


Definition 1: The locus of a point in a plane, the difference of whose distance from two fixed points 
in the plane is constant. 
According to definition 
| PE PE. | = constant 


Conjugate axis 





Transverse axis 


Two fixed points are known as Foci of the hyperbola. 

The mid point of the line segment joining the foci is called the centre. The line joining the vertices is 
known as transverse axis and the line through the centre and perpendicular to transverse axis is 
known as conjugate axis. The point at which the hyperbola intersect the transverse axis is known as 
vertices of the hyperbola. 

Let distance between two foci be 2c and distance between two vertices be 2a and a quantity *b' be 
2-с2-а2, 


Let a point P on the hyperbola be (x, у), then according to definition of hyperbola Jo? oy? - 
\/(<+ <)? + y? 22a * J(x с)? +y? 
(х+с)?+у? = 4a! + (х-е+у?+4а x-c) «y! — Da«2ea«c] 


4cx—4a?-4a 4/ (х = с)? + у” 
CX 
а 73 (хс)? жу? 


2.2 


ex 
; +а2—2сх=х2+с2—2сх+у? 
а 


е-е) 


нев) 














х у x^ y 
Зэн =) 52-7. 
a^ еа" а’ b 

2 2 
X 
21 
а b 
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b | 
цн x? а? 


у is real when x? > а? 

у is real when x >a or x < —а 

Definition 2: The locus of a point which moves in a plane such that the ratio of its distance from a 
fixed point to its perpendicular distance from a fixed straight line (not passing through given fixed 
point) is always constant and greater than 1. 


PS 
PM =e> | Миг QM 
The equation of hyperbola whose focus is the point (h, k) and 


с 2202 ах+бу+с=0 \5(х„у) 
directrix is ах--Бу--с-0 and whose eccentricity is e, is 


: (ax + by +c) 
а? +b? 





(х-һу-(у-К)-е 
Example 1. 


3 
Equation of hyperbola whose focus is (1,2) equations of directrix is х+у+1=0 and eccentricity is 2 18 























(а) х?+у?—18ху—у—31=0 

(b х-у-18ху434х--50у-31-0 
(с) х?+у?—18ху—х+у—31=0 

(d) _ x*ty*+18xy+x+y+31=0 
Solution 


Let variable point P(x,y) then PS=ePM 
- ; 3 | х+у+1 
4х-1540-27 75] В 


9 
+y?-2x—4y+5= 8 (х?+у?+2ху+2х+2у+1) 








N 








X 





N 





х?+у?+18ху+34х+50у—31=0 
Ans. b 
Eccentricity : 


Distance between foci 2c c 





е= = =_= 
Distance between vertices 2a а 








2 2 
, 6^ aah b 
e= = =1+— 
а? а? а 
a?e?-a?4-b? 
2 2 
X y 





а? a(e-D | 
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Some terms related to Hyperbola 


Equation of hyperbola 
1. 


2 2 


-= =] 

a^ b’ 

Centre : All chords passing through a point and bisected at that point is known as centre of 
hyperbola C(0,0) 


Distance between foci 





Eccentricity : е= — : 
Distance between vertices 





"T (conjugate axis)" 
(transverse axis)” 


S 
РМ, where 5 is focus, Р is any point on the hyperbola, PM is distance from directrix. 


Foci: S and S' are foci whose coordinates are S(ae,0) and S' (-ae, 0) 





, , 7 а а 
Directrices : 7, 7, and 7, 7, аге the directrices whose equations аге x= P and х--- 
Vertices : А and д’ are the vertices of hyperbola . А(а,0) and д”(-а,0). 


Axes : The line А A’ is called transverse axis and the line perpendicular to its through the centre 
of the hyperbola is called conjugate axis. Equations of transverse axis is y=0 and equation of 
conjugate axis is x=0. 

Length of transverse axis =2a 

Length of conjugate axis =2b 

Double Ordinate : A chord of hyperbola which is perpendicular to transverse axis is known as 


double ordinate ОО”, Q(h, k), О’ (h,-k). 


Q' 


Latus rectum : The double ordinates passing through focus is known as latus rectum. 
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b y b? 
201 --- 
L,(ae,—), | : | 


b. үз b 
_ae ү Ш, -ae,- 
L,(-ae, = ), | 3 


9. Focal Chord : A chord passing through focus is 
known as focal chord. 
10. Focal Distance : 





a 
РБр-еРМ,єє(хг-2) 





"Екей 
а 
Р5,-е(х/%-) epe шін Оу) 
Xe eet | 18 1 Ж 
=ех+а 
5 Р5,—-Р5,=2а 
Rectangular ог Equilateral Hyperbola "Y 


If a-b, then equation of hyperbola is 
х2-у?-а? known as rectangular or equilateral hyperbola. 
The eccentricity of rectangular hyperbola is 


b? 
e=1+— =1+1 
a 


e- 42 
Equation of hyperbola if centre is (h, k) and axes are parallel to coordinate axes is 
(x-h? y-k? 

92 b? = 





1 
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10. 


PRACTICE QUESTIONS 
The eccentricity of the conic 9х2-16у2-144 is 
a. < b. 5 8 2 d. 417 
The equation of the conic with focus at (1, —1) directrix along х-у+1=0 and eccentricity „/2 is 
a.  xy-l b. 2ху-Ах-4у-1-0 
с.  x—y-] d. 2ху-4х+4у+1=0 


Equation of the hyperbola whose vertices are ( + 3,0) and foci at ( 5,0) is 
a. 9х225у2=144 b. 16х2-9у-144 с.  9x-16y/—144 d. 25х2-9у:-225 


The eccentricity of the hyperbola whose latus rectum is half of its transverse axis, is 


3 3 2 2 
а. 2 b. 2 e 3 d. 3 
The differences ofthe focal distances of any point on the hyperbola is equal to 
a. eccentricity b.  latus-rectum 
c. length of conjugate axis d. length oftransverse axis 
The distance between the foci of a hyperbola is 16 and its eccentricity is ,/2 , then equation of 
the hyperbola is 
а. х?—у?=32 b. х?—у?=16 с. у?-х2-16 4. у?-х2-32 


The length of latus rectum of the hyperbola 3x?- бу?=—18 is 


a. 24 b. 243 c. 342 d 443 


The eccentricity of the hyperbola 9x?-16y?-18x4-32y-151-0 is 


5 5 5 
а. 3 b. 7) e 2 4: 4% 


2 2 
The foci of a hyperbola coincide with the foci of the ellipse - + =1. If its eccentricity is 2 


then equation of hyperbola is 


x? у’ x? у? x? у? 
= EE m "s cs 4: ais 
12 4 8 12 ^ 4 12 oy 


The eccentricity of rectangular hyperbola is 


a 2 b. 1 ёс 53 d. 42 


Answers 
с 2. а 3. b 4. a 5. d 
7. а 8. b 9. с 10 d 
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HYPERBOLA - П 


Conjugate Hyperbola 
2 2 
Position of a point : Let a point Р(х у) and equation of hyperbola be ын = - —1=0 
ya 
2 2 
=% _ -1 
1 а? b? 


If S, > 0, point is inside the hyperbola. 
If S, — 0, point is on the hyperbola. 





If S, «0, point is outside the hyperbola. Y 


Conjugate Hyperbola : Corresponding to every hyperbola there exists a hyperbola such that the 
transverse axis and conjugate axis of one is equal to the conjugate axis and transverse axis of the 
other. Such hyperbolas are known as conjugate to each other. 


2 2 











Therefore for the hyperbola ын = - -1 
а 
2 2 
: 2Х у 
Conjugate hyperbola is —- — ia -1 
a 
2 2 
Let e, be the eccentricity of — — ы =1 and e, be 
а 
2 2, 2 2 2 
ЭР ху р а-0 
the eccentricity of ТВ: =] then е? =1+ а 
2 2 2 
аг Б-ға 
and e?,=1+ pU p 
LE 
gs 


The foci ofa hyperbola and its conjugate hyperbola are concyclic and form the vertices of a square. 
Auxiliary circle and eccentric angle 

A circle drawn with centre O and transverse axis as diameter 
is known as auxiliary circle. Equation of auxiliary circle is байнаа 
х?+у?=а? Prasecd, biand) 
A is any point on the circle whose coordinates are (acos0, 
a $110), where Ө is known as eccentric angle. Now, In 
AOAB, OA-a 





a 
= — = 
со80 ОВ ОВ-аавесӨ 
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2 2 2 
a sec“ Ө 
Р point lies оп hyperbola, so 5 E 
a 





=] >y=+btan0 


Р(аѕесӨ, btanO) 
0<0<2л 
The equations х=аѕесӨ and y-btanO represents a hyperbola. So, the parametric form of the hyperbola 
2 2 


oe = =] can be represented as х=аѕесӨ ‚у=Ыапб. 


| > 


(x-h) (у-К) 





=], parametric form is х=һ+аѕесӨ; y-k--btan0. 











For the hyperbol 
or the hyperbola ^; p? 
Hyperbola Conjugate Hyperbola 
x? у’ x? у’ 
Equati зээгээ! = хк seu 
quation a ОЬ ua 
Centre (0, 0) (0, 0) 
Vertice (а, 0) & (-а, 0) (0, b) & (0,—b) 
Foci (ae, 0) & (-ае, 0) (o, be) & (0, —be) 
Length oftransverse axis 2a 2b 
Length of conjugate axis 2b 2a 
2b’ 2a? 
Length of latus rectum == E 
a 
Equation of transverse axis y-0 x-0 
Equation of conjugate axis x-0 y-0 
"T a b 
Equation of directrices x-t - у=+ " 
b’ a? 
Eccentricity e=,/l+— ог b*=a%(e*-1) е= 1+ pi ог a?-b?(e?-1) 
a 
Example 1. 
. (at a bt b). 
The point 2 * ap s а; lies on the, | for all values of t(t = 0)] 
(a) circle (b) parabola (c) ellipse (d) hyperbola 
Solution 
at a bt 
Let x= + 





2'3 017-7 91 


2х 1 2у 1 
-і-- and = { 
а t b t 


Squaring and subtracting, we get 
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4х? Ду? 
= 
2 2 
шэн ш] 
a b 
Ans.d 
Example 2. 
The position of the point (5, —4) relative to the hyperbola 9х2-у7-1 is 
(a) onthe hyperbola (b) outside the hyperbola 
(c) Inside the hyperbola (d) cannot say 
Solution 
5=9х?—у?—1 





5,-%(5)-(-4)-1-225-16-1-208>0 

г. point (5, —4) lies inside the hyperbola. 

Ans с. 
Example 3. 
Two circles are given such that they neither intersect nor touch. The locus of centre of variable circle 
which touches both the circles externally is 


(a) acircle (b) aparabola 
(c) anellipse (d) ahyperbola 
Solution 


Let radii of the fixed circles be r, and r, and radius of 
variable circle be r 

Let variable circles with centre C touches two fixed circles with centre C, and С.. 
Then CC =rtr, and CC —r*r, CC -CC -r,-r,-constant 

Locus of C is hyperbola whose foci are C, and C, 

Ans. d 

Example 4: 

Ifthe latus rectum subtends a right angle at the centre of the hyperbola 





x? у’ 
a 
\/5 +1 


2 


ge i ees 


Solution 
mi, m eel 
b^ -b° 

5 = 
але aae 
Бё=а“е? 


=1, then its eccentricity is 





(a) (b) 3 











1 
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b* 
arce 
(е?—1)?=е? 
е*-3е2+1=0 
23445 _, a3 tv5 эээ 
2 2 2 
3-45 - -— 
ПҒе- J <1 but ecentricity of hyperbola >1 so neglecting this value of e] 
And. d 
PRACTICE QUESTIONS 
4 
1. The equation of hyperbola whose foci are (8,3), (0,3) and eccentricity is 3 is 
(х4) (у-3) || p =e 0-9. 
9 7 7 9 
2 2 = 2 
= 1 d. none of these 
9 7 
2. IfSand y be the foci, С the centre and P be a point on a rectangular hyperbola then SPx S' P 
is equal to 
a. 2.5Р b. (ӨР): сс (CPP d. 2.СР 


3.  Ifeand е’ be the eccentricity of a hyperbola and its conjugate, then 


1 1 =] b 2+ "2-1 2 "2-1 а 1 + 1 =] 
а. е? e? . е g = C. e =p m . е? e"? 
2 2 


4. — Thefoci ofa hyperbola coincide with the foci of the ellipse - + 2 = 1, The equation of hyperbola 


if its eccentricity is 2 is 
а. 3х-у-12 b. 4x? -y’=12 с.  x—-3y-12 d. x^4y-12 





5. The equation J(x – 4)? +(y—2) tA +4)? «(y - 2)? =8 represents 
a.  anellipse b. aparabola 
c.  apairofcoincident line segment d. hyperbola 


2 2 





х | 
6. For hyperbola —> | = =1, which of the following remains constant with change in о. 
cos a sin’ a 
a.  abscissae of vertices b.  abscissae of foci 
с. eccentricity d. directrix 
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7. 


10. 


Two rods are rotating about two fixed points in opposite directions. If they start from their 
position of co-incidence and one rotates at the rate double that of the other, then locus of point 
of intersections of two rods is 








a.  aparabola b.  acircle c.  anellipse d.  ahyperbola 
2 2 
The equations ee =] ‚г> 1 represents 
l-r 1-г 
a. anellipse b.  acircle c.  ahyperbola d. None of these 


The equation 2х2--3у2-8х-18у4-35-К represents 
a.  nolocusifk^ 0 b. anellipseifk <0 
c. apointifk=0 d.  ahyperbolaifk>0 


A hyperbola having the transverse axis of length 25110 is confocal with the ellipse 3х2--4у2- 12. 
Then its equation is 


a.  x?cosec?0 — у?зес?0=1 b.  x?sec?0- у2соѕес20=1 
c.  X'sin?0— y*cos?0=1 d.  x?cos?0- у251п20=1 
Answers 
1 а 2 с 3. 4 4 с 
b 7. d 8. d 9. c 10 
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HYPERBOLA - Ш 
Equation of Hyperbola 


Equation of a Hyperbola referred to two perpendicular lines 








Y 

Let equation of hyperbola be 

x? у? 

ат pe 

a b 
From diagram PM=y and PN=x 

РМ? РМ? 

a! w | 


ie. if perpendicular distance of a point P(x,y) from two mutually perpendicular lines ѕауќ =a,x+b y+c =0 
and €=a,x+b,y+c,=0 then 





ату a,x +b,y +c, 
Ja? +b? (а-ы |=] 
== 
then the locus of point P denotes a hyperbola 
ы centre of the hyperbola , we get after solving ¢,=0 and £,-0 
5 Transverse axis : ¢,=0 
М Conjugate axis : 4 =0 


Xd DV e. _ 
Т Foci : The foci of the hyperbola is the point of intersection of the lines la? +b? = tae and 
1 1 
6-0 


ах t b,y c, 223 


x | WA + 

Directrix : a? +b? e 
5 Length of transverse axis = 2а 
и Length of conjugate axis = 26 


2 
*  Lengthoflatus Rectum = —— 
a 


Example 1: 
Find the eccentricity and centre of the hyperbola 


(3х-4у-12) (4х+3у-12} _ 








100 225 ! 
Solution : 
1,-3x-4y-12, ,=4х+3у-12 
a=10, b=15 





Шш 1.225 ІЗ 
V 100 2 
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3х-4у-12-0 
4x+3y—12=0 
84 12 84 12 
х->5 , У 55 Centre 2 2) 
Example 2: 
Find the eccentricity of the conic 4(2у—х—3)?—9(2х+у—1)?=80 
Solution : 


4(2y-x-3) | 9(2x+y-1) 80 














80 80 80 
(2y-x-3) (2х+у-1) 
20 80/9 =l 
80 
а= 20, b= ES 
14-52 1+ 80 1+4 _ 413 
цан ae — 9x20 9 3 
2 
Example 3: 


Find the coordinates of the centre, foci and vertices, length of axes and latus rectum, equation 
of axes and directries, and eccentricity of the conic 9x7—16y7—18x+32y—151=0 
Solution : 
9х2-16у2-18х-432у-151-0 
9(х2-2х-41-1)-16(у2-2у41-1)-151-0 
9(х-1)-16(у-1)7-144 


сар бар _, 
16 9 

Let x-1—X, у-1=У, a=4, b=3 

Centre : Х=0, У=0 = x-1, у=1 i.e. (1, 1) 


Е Пе: 80 
eccentricity : e= 16 = 4 


Foci: Х=+ ae, Y=0 —>х=1 + 5, у=1 i.e. (6, 1) and (-4, 1) 
Vertices : X= t a, У=0 =>x=1 + 4, y=1 i.e. (5, 1) and (-3, 1) 
Length of transverse axis = 2a = 8 
Length of conjugate axis = 2b = 6 

2b° 9 
Length of latus rectums = - 75 


Equation of transverse axis : Y=0 > у-1=0 
Equation of conjugate axis : X-0 => x-1-0 




















a 16 
Equation of directries X = + E > х-|=+ 5 i.e. 5х-21-0 and 5x+11=0 
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The equation of the transverse and conjugate axes of a hyperbola are respectively 3x+4y—7=0, 
4x—3y+8=0 and their respective lengths are 4 and 6. The equation of the hyperbola is 














a. 17x?+3 12ху-:108у7-634х-312у-715-0 
b. 108х2-312ху-17у2-312х-634у-715-0 
с. 108x?—3 12xy+17y?—3 12x-634y—715=0 
d. none of these 

Solution : 


The equations of hyperbola is 
2 2 
eru (es 
43344 V4? +3? 
) @ 7 
2 2 
(3x+4y—7) (4x —3y+8) Ш 
100 223 


9(9х2+16у?+49+24ху-42х-56у)—4(16х?+9у?+64—24ху+64х—48у)=900 
17x?*312xy*108y?-634x-312y-715-0 





1 








Ans (а) 
Line and Hyperbola 
x? у? 
Let equation of line be y=mx+c and equation of hyperbolabe — – ы -1 
а 


2 


х? (шх-с) n 


1 
a? b? 


x? mx? c 2mc 


a? b? b b 
41 m^) 2mc cb 
x. az p p? * р? -0 


b? 
« 2 2mcx — (c? +b”) - 0 





x —1=0 
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Бева ар, b 2. n22, b Ls c?-b?-a? m? 
2 Danse [= (с2--Һ2) = 4 ” ф a = c-m ё + 42 mb 2 4b? - 


а? а 





1. D «0 i.e. c?-a?m?*b? < 0 line do not intersect hyperbola. 
ii D=O0 i.e. c?-a*m?+b? = 0 line touches the hyperbola. 
ii. D>O i.e. c*-a’m’*+b’ > 0 line intersect hyperbola at two points. 


Hence у = тх + \/а?и1? p? is a tangent to hyperbola. Y 

Ph, k) 
Let this tangent passes through a point (В, К) then К = mh + 4a?m? — b? d 
(k—mh)?= a?m?-b? AM 
m?(h?-a?)-2mkh + k?+b?=0 yo 
Hence maximum two tangents can be drawn through a point P. 

2kh 

h a 
К? +b? 
Ва 


If 0 is the angle between the two tangents, then 
m, -m, 
tanO- “ЭЭ +mm, | 


(m, + m,Y - 4т ть, 


X 





Now m, + т, = 


m,.m,- 

















tan?0- - ү 
ы (1+ mm,» Ge 
А-а 
штээ Ak*h? АҺ? —a’)(k? +b’) 
ап=0= (h? ie аву 
эээ 4(a?b? +а?К? —h’*b’) 





(В? + к? -aà? +b’)? 

If 0-90? then h?+k?—a?+b?=0 

i.e. h?-k?-a?-b? 

Locus of (h,k) is x?*y?-a?-b? 

Hence, Locus of point of intersection of two perpendicular tangents is known as Director Circle. Its 
equation is x?-y^-a?-b? 

If a=b, director circle is a point circle. 

Ifa <b, no real director circle is possible. 


—h 2 —h 2 
For equation of hyperbola M 3 2: АУ = ) 


h)+Ja’m? -b° - 








=1, equation of tangent in slope from is y-k-m(x- 
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PRACTICE QUESTIONS 


x? у 2 2 


Х у 
-1 2-2 лш] 2— 
532+ e and the hyperbola 12241 coincide then b? = 


a. 3 b. 5 с. 7 4. 9 


1. Ее foci of the ellipse — 


2 2 


2.  IfPQisadouble ordinate of the hyperbola — = = =1 such that OPQ is an equilateral triangle, 
a 
O being the centre of the hyperbola, the range of eccentricity is 


oe e GA bI af 


3. Anellipse and hyperbola are confocal and the conjugate axis of the hyperbola is equal to the 
minor axis of the ellipse. Ife, and e, are the eccentricities of the ellipse and hyperbola then 


1 1 1 1 
a 80-0 b. dE C v + 5 2 а. 22 + "m 2 
1 2 1 2 


(3x 44у- 7| (4х -3у- 8) 
100 225 


mo ps 
a. UT с. c. (0,0) d. (10,15) 


5. The equations of the transverse and conjugate axes of a hyperbola аге x*2y-3-0 and 





4. The centre of a hyperbola =115 


2 
2х-у+4=0 respectively and their respective lengths are ,/2 and В , equation of hyperbola is 














a.  2(2x-yH4y-3(x42y-3y-1 b.  2(x-2y-3y-3Qx-y4H4y-1 
c. _ 2(2х-у+4)?—3(х+2у—3)?=5 d. 2(х+2у—3)?—3(2х-у+4)?=5 
6. For all real values of m the straight line y=mx+ 4/9m? — 4 is a tangent to the hyperbola 
a. 4x?-9y’=36 b. 9х?—4у?=36 c. х2-36у:=9 d. 36х?—у?=36 
7. The equation of tangents to the curve 4x?-9y?-1 which is parallel to 4y=5x+7 is 
a. 4у-5х-30 b. 4y=5x+24 
с. 24y—30x=./161 d.  30x24y- 4/161 =0 
8. Ifthe line 5x+12y=9 touches the hyperbola х2-9у2-9 then point of contact is 
-4 4 
а (5,4) b. 3 с. 5,- d. 45:44) 
3 3 
x? у? 
9.  Ifysmx-* 4/51 is a tangent to the hyperbola TET =1, then m = 
а. 1 Be 17 c -l d 2 
2 2 


10. Thelocus ofthe point of intersection of perpendicular tangents to z — =] is 


а. 57-28 b. х?+у?=16 c. х?+у?=41 dno х?+у?=9 
Answers 
l.c 2.b 3.d 4.a 5.c 6.a Te 8.b 9.с 10.4 
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HYPERBOLA -IV 


Equation of Tangent 





Equation of Tangent 
2 y? 
i. Point Form :—-—;=1 
a b’ 
Differentiate w.r.t. x 
ди САА 
a? a, de 
dy Ux 
dx Бу 
box 
Slope oftangent — aly, 
| bx, 
Equation of tangent, у-у = ay, (x-x,) 
1 


2 2 
ХХ, уу Хү, У 


ab а’ b’ 





XX, уу 

ог =] (But P(x,,y,) lies on hyperbola) 
a 216. 

or T = y E 1 


Equation of tangent is T=0 





(х=)? (у- _ 


Equation of tangent at point P(x,,y,) to the hyperbola р 
а 


1 is 
(x-h)x,-h) (y-kXy;-k) 

a? b? i 
(1) Parametric Form: 


Parametric equation of hyperbola is х=аѕесӨ, y-btanO 
Equation of tangent is 





1 


Х у 
— весӨ——1{апб=1 
а b 


(ш) Slope Form: 


У= тх + Va’m* —b* 
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x? 2 
Hyperbola 5 E^ =l Point of contact. 
. В. 
Point form : асы -1 (Xy) 
| Х y 
Parametric Form : Я sec0— b tan0-1 (asecO,btanO) 


2 2 
m b 


a 
Slope form: y = mx + Ja?m? — p? Ё Jam? =}? t Jam p | 








Example 1: 
The equation of a tangent to the hyperbola 16х?—25у—96х+100у-356=0, which makes an 


Л 
angle 1 with the transverse axis, 18 


а у=х+2 b. у-х-5 с. y=xt3 d. х=у+2 
Solution : 
The equation of the hyperbola is 
16(x?-6x) -25(y?-Ay)- 356 


(3) 0-2) | 
25 16 








T 
The equation of tangent of slope m = tan 4 =1 to this hyperbola are 


у-2-1(х-3) -4/25х1-16 


y-2=x-3 +3 
=> у=х+2 ог y-x-4 
Ans. (а) 
Example 2: 
2 2 
The point of intersection of two tangents to the hyperbola —- – 12 =1, the product of whose 
a 
slopes is c?, lies on the curve 
а  y-b'-ceQera) b.  y^a-c(x-b? 
с. уса) d. у?—а?=с(х?+Ь?) 
Solution : 
х 2 у? 
Let P(h,k) be the point of intersection of two tangents to the hyperbola —-— ы =] 
а 


The equation of tangent to hyperbola is 
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y=mx + \/9?m? — b? 
If it passes through (h, К) then 
k=mh + Ja^m? b? 
= (k—mh)=a*m?—b? 
=> m?(h?-a”)—2mkh+k?+b?=0 





К? +b? 
Let m, and m, be the slopes of the tangents passing throgh P. Then m,.m,= 87-22 
‚К +b 
> c= һ2—а2 
Hence locus of P(h, К) is у*+Ы?=(х?—а?)с? 
Ans. (c) 
Example 3: 
2 2 
If the tangents drawn from а point on the hyperbola х2-у?-а2-02 to the ellipse — + 12 -1 
а 
make angles a and В with the transverse axis of the hyperbola, then 
a.  tano-tanp-l b.  tano-tanp-1 c.  tano.tanf-1 d.  tano.tanp—1 
Solution : 
Let P(h,k) be the point on the hyperbola x?-y?-a?—b?, then h?-k?-a?—b? ......... (1) 


2 2 
The equation of tangent to the ellipse is — + = -118 
а 


угтах = Ja?m? +b? 

If it passes through (В, К) then 

k=mh+ Ааш +b? 

(k—mh)?=a?m?+b? 

m(h?-a?)-2mkh--k?-b?-0 

Let m, and m, be the roots of this equation, then 


2 2 
m,.m,= RECS —] (from equation (1)) 
tana.tanB=1 
Ans (c) 
Example 4: 


If the line 2x+ ./6 y=2 touches the hyperbola х2-2у2-4, then the point of contact is 


» (20) ь (se) e [Fe] а 69 
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Solution : 


х y 
Equation of hyperbola is [И ( B -1 


2 2 
Equation of tangent is y = — ЇР + E 


2 2 
mE E ‚а=2, b = /2,с- 3 and c?-a?m?-b? 








a^m b! : 

Point of contact is Ё Va mi e? t Ens pe | 1.6. Е 4+6) 

Ans. (а) 
Example 5: 

x? у? 

Number of real tangents can be drawn from the point (5, 0) to the hyperbola 16 9 -118 

а. 2 b. 1 бы 0 d. 4 
Solution : 

5 2 1-0 

iie 797 
2. Point (5, 0) lies inside the hyperbola. Hence no tangents сап be drawn. 
Ans. (c) 
PRACTICE QUESTIONS 
2 2 
l. Pisa point on the hyperbola ын 2 =1, N is the foot of the perpendicuilar from Р оп the 
a 


transverse axis. The tangent to the hyperbola at P meets the transverse axis at T. If O is the 
centre of the hyperbola, then OTXON is 





a. b b. а? c. ab d. none ofthese 
2 2 
2. Tangents drawn from the point (c,d) to the hyperbola — E =] make angles a and p with 
a 
the x-axis. If tana tanB=1, then c?-d?- 
a. а? b. ab с.  aMb? d. none of these 
x? у’ у? x? | 
3. | The common tangents to the two hyperbolas —-— b? =] and = b? =] is 
a a 


a.  y-xtjgq? p? b. y=Xt+a/ag2? +b? с.  y-2xtqg?—p? d. none ofthese 
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4. The equation ofthe tangent to the curve 4х?—9у?=1 which is parallel to 4у=5х+7 15 
2 15 

a.  30x424y-720 b.  T7y-6x-15 c у=3 7 x+ JT d. none ofthese 

6. The locus of a point P(h, k) moving under the condition that the line y=hx+k is a tangent to the 
х? у? | 

hyperbola эь? -118 

a. Parabola b. circle c. ellipse d. hyperbola 
Answers 

l. b 2. 28 3. a 4. d 

Se № 6. 
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Hyperbola - V 
Normals 
Equation of Pair of Tangents 


x? 2 
Let equation of hyperbola be "C E =] and a point P(x,,y,) then the combined equation of 
tangents PA and PB is SS, = T? where 


2 2 
х у 


Ес = 
а’ p? 


1 


2 2 
=% A 


1 a? b? -1 





a^ b’ 


Example 1: 


2 2 
А pair of tangents drawn from the point (4, 3) to the hyperbola 36 - a —] then angle between 











the tangents is 
3 T 4 1 
аа {апд b 2 ог tan!|3 d. tan!!5 
Solution : 
2 2 
X у 16 9 4x Зу 
= —-—-]1 1--1,Т 1 
16 9 ^" i 16 9 : 16 9 
Equation of pair of tangents is 55 =Т? 
2 2 2 
125, 224 1 М ) 
16 9 4 3 
2 2 2 2 
x у ТЕ. po TE x 2y 








+ 
16 9 16 9 6 2 3 
3х2-4ху-12х--16у-0 
3х-4у-0,х-4-0 
3 


m= 4 т, ОО 








0 P 12 ыг А a4 
2 an 1 со 1 ап 3 


Ans (с) 
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Equation of Normal to the Hyperbla : 


L Point Form: 
2 2 
om = ДТ -1 Tangent 
а’ b 


bx, 
Slope to tangent = + а?у, 





Slope t |= ау 
оре to norma = bx, 








2 
ау 
Equation of normal y-y,- — nm (x-x,) 
1 
ax b’ 
— + sab? 
ын У! 
п. | Parametric Form: Р(аѕесӨ, btanO) 


ах Бу 





| =а?+Ь? 
secO  tanO 


or ахсов80--усо(0 = a? + b? 
ш. Slope Form: 











" m(a? +b’) 
y а? —mib? 
" a? й mb? 
Point of contanct is | = + 
Ja? —m?b? Ja? — mb? 


Exercise 1 
x? y 
A normal to the hyperbola —- E —] meets the axes in M and N and lines MP and NP are 
a 


drawn perpendiculars to the axes meeting at P. The locus of P is 


a. ах-02у”-(42-02) b. ах”-02у2-а2-07 
c.  b?x?-a?y^-a?^b? d.  a*x^—by-a-bp? 
Solution : 


Equation of normal is ахсов80--русо(0--а24-07 


а? +? 0 0 а? +? 
Normat meets the axes аг М seca” and N "боб. ato 


ар” 


асов0 





Now equation of PM is x = 
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j= ax 

> Sec = a? 4 b? 

a +b’ 

and equation of PN is y = 

de y bcotO 

=> tan0- 200 

sec?0-tan?0-1 

ах? by 





(а: +b’) (а: +b’) 3 
г. а?х?—Ь?у?=(а?+Ь?)? 











Ans. (а) 
Ехегсїве 2 
x? y 
The line Ix-my-n-0 will be normal to the hyperbola —- EI =] if 
a 
a. n кл b. a^ b = (а? +o) 
n Pom n? 
a^ Ww (а? pb a^ b a+b’ 
г Pm mw j Pm п 
Solution : 


Equation of normal is ахсо804-русо(0--а24-07 
This equation compare with Ix+my=n 





acos0 Бсог0 а? +? 





i.e. Ї 3: қ 
ап 
=> sec0- Қа? +62) 
bn 
=> їапӨ= m(a? +62) 
г. ѕес29—ап20=1 
a b’ Ш (a? +2)? 
P m п? 
Ans. (с) 
Exercise 3 


2 2 


The line xcos a +узш a = p touches the hyperbola ын - a =] if 
a 


a. a’cos’atb’sin’a=p b.  a?cos?a-b?sin?a7p? 
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с. _ а?соз?о+Ы?зїп?с=р? d.  a?cos?a-b?sin"a7p 
Solution : 
| х 2 у? 
The line у=тх+с touches the hyperbola АРЫГ 1, then с?=а?т?—Ь? 


Given equation is y=—cota+pcoseca y=—x cota + р соѕес 
2. p?cosec?a--a?*(-cota)?—b? 
р> = a?cos?a-b?sin?a 
Ans. (b) 
Example 4: 
The normal at P to a hyperbola of eccentricity e, intersects its transverse and conjugate axes at 
Land M respectiely. The locus of the mid point of LM is a hyperbola then eccentricity of the 





hyperbola is 
е+1 е 
а. PE b. Я ес е d. none of these 
е—1 8-1 
Solution : 


2 2 


The equation of the normal at P (asecO,btan0) of the hyperbola > E =] is 
ахсо80--русо(0-га2--02 


2 2 


2 2 
А 52 mam (0 E ano) 








This intersect the transverse and conjugate axes at | 


respectively. 
Let N(h,k) be the mid point of LM, then 


2 2 2 2 


b 
В ѕесӨ апак = 2 


t 
24 DR 


a 
h- 








i imu с > 
=> ѕес0= Suy and tan0= ee 


-. sec?0-tan?0-1 


=> 44217-402К2-442--02) 
Thus locus of (h,k) is 4a?x?-4b?y?-(a?*b?Y? 
Let e, bethe eccentricity of this hyperbola. Then 


2.2 
а aub ае е 


b? pu -) = -1 


2 





е =1+ 


b? 
2-2 


Ans. (b) 
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Some Important Results 
1. | Normal other than transverse axis never passes through the focus. 
2 2 


2. Locus of the feet of the perpendicular drawn from focus of the hyperbola E =1 upon any 
a 


tangent is its auxiliary circle i.e. х?+у?=а?. 





3. The product of the feet of these perpendiculars is b?. 
4. The portion ofthe tangent between the point of contact and the directrix subtends a right angle 
at the corresponding focus. 





5. The tangent and normal at any point of a hyperbola bisect the angle between the focal radii. 
This spells the reflection property ofthe hyperbola as an incoming light ray aimed towards one 
focus is reflected from the outer surface ofthe hyperbola towards the other focus. 
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6.  Ifanellipse and a hyperbola have the same foci, they cut at right anlges at any of their common 
points. 





2 2 2 2 


7. The ellipse ~ =] and the hyperbola E = a 





=1 (a>k>b>0) are confocal and 


therefore orthogonal. 
8. Тһе foci of the hyperbola and the points P and О in which any tangent meets the tangents at the 
vertices are concyclic with PQ as diameter of the circle. 





PRACTICE QUESTIONS 
2 2 
1. Normal is drawn at one of the extremities of the latus rectum of hyperbola — — ы =1, which 
a 
meets the axis at points A and B. Then area of triangle OAB (O being the origin) is 
1 
а. ае b. ае? e 5 аг” d.  noneofthese 
X 2 2 
2. Ifthe normal at P(O) on the hyperbola —-— ae =| meets the conjugate axis at G then AGx A’ G 
a a 
is (Where A and A’ are the vertices of the hyperbola) 
а. а?е?ѕес20-а? b.  a'e?sec?0-a* c.  a'e'sec?0-a? d.  noneofthese 
2 2 
3. Normals are drawn to the hyperbola —- E =] at points Ө, and 0, meeting the conjugate axis 
a 


Л 
at б, апа G, respectively. №09 --0,- 5 then CG, х СС, 18 (where С is centre of hyperbola and 


e is eccentricity of hyperbola) 
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а. 5 b. : С 5 d. none of these 


Let Р(аѕесӨ, btanO0) and О(аѕесф, btand), where 054-7, be two points on the hyperbola 














2 2 
NN —]. If (h, К) is the point of intersection of the normals at P and О, then К is equal to 
a p p 
a^ +b? [e a^ +b? 155 
а. b 7 С. 4. 
а а b b 


If the normal at the point P to the rectangular hyperbola x^—y?-a? meet the axes in Мапа М” 
and C(0, 0) is the centre of the hyperbola then 


a. PN-PN'-PC b. PC-PNzPN с. PN-PN'zPC а ә noneof these 


Answers 


1. с 2. с 3, а 4. а 
5. а 
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HYPERBOLA - VI 





Asymptotes 
Equation of Chord of Contact 
x? у? 
Let equation of hyperbola be — — 12 21, 
а 
Equation of Chord of contact is 
хх 
гэн ны 
or Т=0 
-2 ML 
where T = 487718 1 
Example 1 : 
2 2 


If tangents of the parabola у?=4ах intersect the hyperbola —- — a —] at P and О, then locus of 
a 


point of intersection of tangents at P and Q is 
d. none of these 


a. a’y*+b*x’=0 b. — a’y*+b*x=0 c. a’y’+b*x’=0 


Solution : 
Let Р (h, К) be the point of intersections of tangents at P and О. Therefore, the equation of 


chord of contact PQ is 





xh yk 
2 b? 
bh b’ 
y= LM > —— which touches the parabola y?-4ax 
ak k 
b a 
k (bh 
ах 
boa 
к b 
b* 
Locus of (h, k) is y = 
а2у?-5х-0 
Ans. (b) 
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Equation of the chord of the hyperbola whose mid point is given : 
A is the mid point of PQ, then equation of chord is 


2 2 
ХХ, УУ, Х, у, 


а? b? a? b? 
ie. TSS, where 





ХХ, УУ, 
T= "43 l 
а в 
2 2 
хо», 
1 а? b E 
Example 2: 
The locus ofthe middle points ofthe chord of hyperbola 3х2-2у2--4х-6у-0 parallel to y=2x is 
a. 3х-4у-4 b. 4х+3у=12 с. 3х-4у-4 d.  noneofthese 
Solution : 


Let mid point of the chord be (h, k), equation ofthe chord is Т-5 i.e. 
3xh—2yk+2(xth)—3(yt+k)=3h?-2k?+4h-6k 
=> x(3h+2) —y(2k+3) —3h?+2k?-2h+3k=0 


2 
=2 (slope of y=2x) 





Its slope is 


2k+3 
3h—4k=4 
Locus of (h, k) is 3x—4y=4 
Ans. (с) 


Asymptotes of Hyperbola 
An asymptotes of any hyperbola is a straight line which touches in it two points at infinity. 
OR 
Ifthe length of the perpendicular let fall from a point on a hyperbola 
to a straight line tends to zero as the point on the hyperbola moves 
to infinity along the hyperbola, then the straight line is called 
asymptote of the hyperbola. 


2 2 








x 
The equation of two asymptotes of the hyparbola —-— = =| 
a 
b х у 
=+—х + = 
are y- tX or =, 0 
2 2 
Pair ofasymptotes: — ——-0 
ymp a? p 
2 2 


1, . Itb=a,then = z =] reduces to х2-у?-а?, Тһе asymptotes of rectangular hyperbola 
a 


х?—у?=а? are y= + x which are at right angles. 
2.  Ahyperbola and its conjugate hyperbola have the same asymptotes. 
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2 2 b 
3. The angle between the asymptotes of - = - =] is 2 tan” B 
a 


4. — Theasymptotes pass through the centre of the hyperbola. 
5.  Thebisectors ofthe angle between the asymptotes are the coordinate axes. 
2 2 


6. Тане“ 950 
Қ е ae b? 


2 2 
X 

and C- creed 

be the equation of the hyperbola, asymptotes and the conjugate hyperbola respectively, then 

clearly 

С-Н-2А 
Example 3: 

Тһе asymptotes of the hyperbola xy—3 y—2x=0 аге 

а х-3=0 b. х+у=0 с. у-2-0 d. х-у=0 
Solution : 

Since equation of a hyperbola and its asymptotes differ in constant terms only. Pair of asymptotes 

is given by 

ху-3у-2х+с=0 
It represents а pair of straight line 











це 3 3 
224. 
c 3 3 
444 
c=6 
2. ху-3у-2х+6=0 
(x-3) (y-2)=0 
Asymptotes are х-3-0 and у-2-0 
Ans:a,c 


-0 
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Example 4: 
The equation of the hyperbola which has 3x—4y+7=0 and 4x+3y+1=0 as its asymptotes and 


which passes through the origin is 





a. х-у-12ху b.  12x/?-7xy-12y^431x*17y-0 
С: 12х2—12у2=7ху а. 12х2+7ху-12у2+25х–19у=0 
Solution : 


Combined equation of the asymptotes is 
(3х-4у--7) (4x+3y+1)=0 
12x?-7xy—12y°+31x+17y+7=0 
Since equation of hyperbola and combined equation of its asymptotes differ by a constant, 
therefore equation of hyperola may be 
12х2-7ху-12у2+31х+17у+с=0 
But it passes through the origin. Зо с=0 
Hence equation of hyperbola is 
12х2—7ху-12у2+31х+17у=0 
Ans. (b) 
Example 5: 
The product ofthe lengths of perpendiculars drawn from any point on the hyperbola x?-2y?-2 


to its asymptotes 18 





Ы b 1 2 d - 
а. 2 . С. 3 
Solution : 
Given hyperbola is 
2 2 
x M a 
2 1 
Let P (./2 ѕесӨ, tan0) a point on the hyperbola. 
x х 
Equation of asymptotes is 7 —У=0 and 7 +у=0 
(sec0 — tan) (весӨ--1ал0) 
Product of the lengths of perpendiculars = 1 +1 1 +1 
2 2 
sec” Ө—1ап^ Ө 
s cg 
2 
22 
23 
Ans (d) 
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Exercise 6 
The angle between the asymptotes of the hyperbola 





x? 2 
т 
3 24 4 4 
а. ше b. ап! e e зал: d. На ($) 
Solution : 
: X y X у 
Equations of asymptotes are 4 3 —0 and 1 f 3 =0 


3 
slope of first asymptote is tan0— 4 


0- ас 
= tan 4 


3 
Angle between the asymptotes is 20=2 ап" B 


4 
2х a 
4 
iaai 
tan 1- 9 
16 
24 
=tan! 7. 
Ans. (b) 
PRACTICE QUESTIONS 
2 2 
1.  Ifangle between asymptotes of hyperbola im - - -118 120° and product of perpendiculars 
a 


drawn from foci upon its any tangent is 9, then locus of point of intersection of perpendicular 
tangents of the hyperbola can be 
а хчу-б b. х2%+у:=9 c. x*+y’=3 d. х?+у?=18 

2. Fora hyperbola whose centre is at (1,2) and asymptotes are parallel to lines 2x+3y=0 and 
x+2y=1, then equation of hyperbola passing through (2, 4) is 





a. (2x+3y—5) (x42y-8)-40 b. (2х43у-8)(х-2у-5)-40 

б. (2х--3у-8) (х+2у—5)=30 d.  noneofthese 
2 2 2 2 

х у х y . 
3.  Asymptotes of the hyperbola аг =land ut he —]are perpendicular to each other then, 
1 1 2 2 
а, b, 
a. a, - b, b. aa =b pb, с. а-ағі-һ, d.  aja,tbjb,-0 
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4. 





If S=0 be the equation of the hyperbola х?+4ху-+Зу—4х+2у-+1=0, then the value of К for which 
S+k=0 represents its asymptotes is 

a. -22 b. 18 c.  —16 d. 20 

A hyperbola passes through (2, 3) and has asymptotes 3x—4y+5=0 and 12х+5у—40=0, then 
the equation of its transverse axis 1s 























а 77х-21у-265-0 b. 21х-77у-265-0 

c. 21х-77у-265-0 d. 21х+77у-265=0 

The combined equation of the asymptotes of the hyperbola 2х2+5ху+2у2+4х+5у=0 is 
a. 2х2+5ху+2у2+7=0) b. 2х2+5ху+2у2+4х+5у+7=0 

с. 2х2+5ху+2у+4х+5у+2=0 d. None of these 

The asymptotes of the hyperbola xy--hx--ky-0 are 

a. х+һ=0 and y+k=0 b. х+һ=0 and y-k=0 

с.  x-k-0 and y-h-0 b.  x*k-0and y+h=0 





If foci of hyperbola lie on y=x and one of the asymptote is y=2x, then equation of the hyperbola, 
given that it passes through (5, 4) is 

а 2х2—2у+5ху+5=0) b. 2х2+2у25ху+10=0 

с. — хХ2-у2-ху+5=0 d. None ofthese 


Linked comprehension type (for problems 9 - 11) 


In hyperbola portion of tangent intercept between asymptotes is bisected at the point of contact. 
Consider a hyperbola whose centre is at origin. A line x+y=2 touches this hyperbola at P(1, 1) 


and intersects the asymptotes at A and B such that AB=6 ,/2 units. 


9. Equation of asymptotes are 

a.  2x^2y--5xy-0 b. 2х2+5ху+2у2=0) 

с. 3х2+6ху+4у2=0 d. None ofthese 

7 

10. Equation of tangent to the hyperbola at [- 1, 2 18 

a. 3х42у-4 В. 3х44у- ПІ с. 5х42у-2 d. none of these 
11. Angle subtended by AB at centre of the hyperbola is 

4 2 3 

a. tan'| з b. ЦЗ c. ид d. none of these 
Answers 

1, 4 2. b 3. d 4. а 

5. 4 po . € 8- b 

9. b 10. а 11. 
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HYPERBOLA - УП 


Rectangular Hyperbola 
Rectangular Hyperbola: 
A hyperbola whose asymptotes include a right angle is said to be rectangular hyperbola. 
OR 


If the lengths of transverse and conjugate axes of any hyperbola be equal it is called rectangular 
or equilateral hyperbola. 
According to first definition 








г. b m 
ап!--- 
а 4 
b ; T 
uà 
a 4 
b-a 
2 2 
then 5 — rd 1 becomes ху? = a? 
According to second definition 
х” y 2 2 2 
When a=b, == b 1 becomes ху? =a 
a 


b? 
Eccentricity e= 4I-t— = „/2 
a 


Then asymptotes of х?—у? = a? are x+y = 0 and x-y = 0. Each of these two asymptotes is 
inclined at an angle of 45° with the transverse axis. So, if we rotate the coordinate axes through 


Л 
an angle of 4 keeping the origin fixed, then the axes coincide with the asymptotes of the 


hyperbola. 
Now equation of asymptotes of new hyperbola is x y = 0 
Then equation of hyperbola is xy — k (constant) 


a a 
The hyperbola passes through the point E 5) 


2 2 
а а 
Then equation of hyperbola is ху = 2 ФХУ с? where с? = — 


If the asymptotes of a rectangular hyperbola are x = a, y = b, then its equation is (x-a)(y-b) = с? 
ху = с? 
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totes: x -0, у= 0 


Transverse axis: y =X 
Conjugate axis: y=—x 
Vertices A(c,c), А” (-с,-с) 


Foci : 5(с 2,cV2), 5 (-с 2,-с./2) 
Length of transverse axis = А А'= 2,/2с 


Equation of auxiliary circle х?+у? = 2c? 
Equation of director circle х?+у? = 0 


х?—у? = а? and xy = c? intersect at right angles 
Properties of Rectangular Hyperbola 


Eccentricity of rectangular hyperbola is ,/2. 


с | 
Since x =ct, y= x satisfies xy = с? 


с 
2, (х,у) = («2 (tz 0) is called а ‘t’ point on the rectangular hyperbola. The x = ct, y = 


represents its parametric equation with parameter ‘t’ 


с с 
Equation of chord joining Р [s , 3 and Q [ss , i| бы 
! 2 


x+y t t,— e(t +,)=0 


S 


lope of chord =— 


tt, 


Equation of tangent at (x ,y,) is xy, tyx, = 2c? 


х 
Equation of tangent at t is " tyt- 2c 


Slope oftangent =— rx 


1 


Equation of normal at (x,,y,) is xx,-yy, = х?—у|? 


Equation of normal at t is xt*-yt-ct*+c = 0 


Slope of normal =t? 
Point of intersection of tangents at t, and t, is 


| 


Point of intersection of normal at t and t is 


| 


2001, 2с 
tt, Ret 


ct) ty (#2 +112 Jip J-e Cr жеб“ +1112 fis) 





6.45 ( +6) 


5 


tito (t +6) 
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Example 1 
Ifthe normal at the point t, to the rectangular hyperbola xy = c? meets it again at the point t, then 
(8. tt =-1 (b) dde (c) tt -—I (д $i 
Solution 


с 
Equation of normal at ш , 7 to the hyperbola xy = c? is 


1 


xt -yt —ct “tec =0 


c 
But this passes through [s , z) then 
2 


c 
3 — 44. — 
ctt t; 10176220 


t 
8-1, —+1=0 
2,3 4 == 
20 E 2. y 0 
p.972: 7x] 28441 
ео 
>t it =-1 (st st) 
Ans (b) 
Ехашре2 
A triangle has its vertices оп a rectangular hyperbola ху = с? 
The orthocenter of the triangle lies on 
(а) х?+у?=с? (b) x-y2c (с) ху=с? (d) None ofthese 
Solution 


с с с 
гала , Э В [s , 3 С С , Э be the vertices of atriangle lies on xy = c? 


1 2 t, 


Ge 

t: t 

Now slope of BC = >° 2/-- тағ! 
(сі, —ct,) 273 

Hence slope of AD = t,t, 

Equation of AD is 





с 
малч =, (х—сї,) 





ty-c=xtt,t,-ct,7t,t, (1) 
Similarly 
1 
slope of AC = – tL 
ma 
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slope of BE=t t, 
Equation of BE is t,y-c = xt,tt,-ct,*t t (2) 


с 
titat; 





Solving (1) and (2) we get у= сії, & x=- 


Which satisfies xy = c? 
Therefore orthocentre lies on xy = c? 
Ans (с) 
Example 3 
If PN is the perpendicular from a point on a rectangular hyperbola xy = c? to its asymptotes then 
locus ofthe midpoint of PN is 
2 2 


а) ху= = O ху= 4 (с) ху-20 


Solution 

Let Р(х |, y,) bea point on xy = с? y 

Le Q(h,k) be the Midpoint of PN then x, =h and k= - 
(x „y ) Нез опху= с => h(2k) = с? Locus of 


(h,k) is 2xy = c? 
Ans (a) 
Example 4 
РО and RS are two perpendicular chords of the rectangular hyperbola ху = c’. If O is the centre of 
the rectangular hyperbola, then product of the slopes of OP, OQ, OR and OS is 











а) -l (b -2 (с) 1 (4) 2 
Solution 
с 
Let coordinates of P, О, В, S be CN ,i=1,2,3,4 
Now PQ LRS — Mpg xmmg,.--l 
c c c c 
ig yh В | 
ct,—ct, ct,—ct, 
Жэ! 
= td, € 7 
—tttt,--1 
с 
t 1 
Now slope of OP = 1 = 7a 


ct, 
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1 
Similarly slope of OQ = 12 
2 


Ї 
Similarly slope оРОК = 12 


3 


1 
Similarly slope of OS = +2 


4 





1 1 
Product of their slopes = tuu Gr Ї 
Ans (с) 
Example 5 


The angle between the rectangular hyperbolas 
(у-шх) (my+x) = а? and (m?-1) (y?—x?) + 4mxy = b? is 


T T 


@ 5 ) = ©) 


Solution 
(у-тх) (ту+х) = а? 


4 


E: — п) (ту+х) + [me + ) (y—mx) = 0 
d d 
(my*x) 4 + тут) ах =m(mytx) - (y-mx) 


dy m’y+mx-—y+mx m’y 4 2mx — y 





dx шу+х+шу-шх  —mxex42my | 
For another hyperbola 
(112—1) (у2—х2) + 4mxy = b? 


dy dy 
21,2 2x +х— | = 
(m Y Уа | кашу у 0 


Х 





dy dy 
2. А: _; 2. + + — => 
(m^-1) y dx 23 (m*—1)+2my+2mx dg 
d 
(m’y—y+2mx) = т?х-х-2ту 
dx 
d т2х —x—2m 
y y m | Q) 


dx my+2mx-y 2 


Now m xm, == 1 
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_ п 
.. angle = 2 

Ans (а) 
Example 6 

The family of the curves which intersect the family of rectangular hyperbola ху = с? orthogonally is 

(a)  familyofcircle b) family of parabola 

(c)  familyofellipse (d) family ofhyperbola 

Solution 

xy = с? 

Differentiate w.r.t. x 

dy 


+x — = 
YX dx : 


ка Уры dE 
Верїасе dx ау ‚ е реї 
4х 

у-х ду -0 

y dy—xdx =0 

у’—х? = к (where К is paramenter) 
family of hyperbola. 
Ans (d) 

PRACTICE QUESTIONS 


1 The coordinates of the foci of the rectangular hyperbola xy = c? is 


[o 
H- 
| Оо 
Ми 


@) Gor) ) Eu © с/2ас/2) @ [+ 


2 The equation of directories of the rectangular hyperbola xy = c? is 


@ ху=+с | (9 хуу-ас/0 © УЕ (0: xy 


3 If the line ах+бу+с = 0 is а normal to the hyperbola xy = 1, then 
(а) a>0,b>0 (b) а<0, b«0 (c) аро, b<0 (d) а<о, b>0 
4 Consider the set of hyperbolas ху = К, ke К. Let e,, be the eccentricity when К = 4 and e, be the 
eccentricity when k= 9, then е, е, is equal to 
3 
(а) 0 (b 1 (© 2 (4) 2 
5 If chords of the hyperbola х?—у” = а? touch the parabola y? = 4ах then the locus of the middle points 
of these chords in the crane 
(4) y-x (D у(х-а)-х” (c) y'x-a)x (d уХх-а)-х! 
6 If the tangent and normal to a rectangular hyperbola xy = 4 cut off intercepts a, and a, on one axis 
and b, and b, on the other, then a,a,*b,b, is 
(а) -4 (b 0 (c) 1 (d 4 
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7 The points of intersection of the cranes whose parametric equations are x = 2+1, y=2t and x =25, 
PP 

у= isgiven by 

(a) (12) (Ы) (2,2) (c) (123) (d (24) 
8 Number of maximum tangents from any point to the hyperbola xy = c? is 

(a 1 (b 2 (c) 3 (d 4 
9 The length ofthe latus rectum of the hyperbola xy—3x—3y+7 = 0 is 

(a) 2 (b) 4 (с). 245 (d) None of these 
10  Ifx=9 is the chord of contact of the hyperbola х2-у? = 9, then the equation of the corresponding 

pair of tangent is 

(а) 9x?-8y?-18x+9 =0 (b)  9x?-8y—-18x-9 = 0 

(c) 9x*-8y?+18x+9 = 0 (d) 9x^—8y^18x-9-0 
1] The equation of the chord joining two points (x у ) and (x,,y,) on the rectangular hyperbola xy = 

С? is 

x y Я x y 
+ =] + =] 
@) 1-78 21-29 (0) учу X +X, 
x y P x y 
+ = 1 Т =ч 

©) хх у+у, ш) УУ, XX, 
Answers : 
1. с 2: b 3. c,d 4. a 5. d 
6. b 7; b 8. b 9. b 10. а 11. с 
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HYPERBOLA - VIII 





Practice Problems 
Practice Problems 
1 Equation of conjugate axis of hyperbola xy—3y—4x+7 = 0 is 
(a) xty=7 (b х+у=3 (с) x-y=7 (d) None of these 
Solution: 

ху-3у-4х+7 = 0 Y 

xy—3y—4x+12 = 5 

(х-3) (у-4) = 5 


Equation of asymptotes are x-3 = 0 and y- 4 = 0 
Since the hyperbola is rectangular hyperbola, axes 
are bisectors of asymptotes 
Hence their slopes are + 1 
г, Equation of conjugate axis 18 

y-4 =- 1(x-3) 

xty-7 
Ans (A) 





2 If S, and S, are the foci of the hyperbola whose transverse axis length is 4 and conjugate axis 
length is 6, S, and S, are the foci of the conjugate hyperbola, then the area of the quadrilateral 
5,5,5,5,18 


1737274 
(а) 156 (b) 36 (с) 26 (4) None of these 
Solution : 


S,S,S,S, forms a square. 
So required area = 4xarea of д S,OS,= 4x5 ae х be, 


-2 abee, =2.2.3.е е, 
= 12ee, 


9 13 
шил на? 


(413.13 


Непсе агеа - 12х 2 х 2 = 26 sq.units 











© 
|= 
чә 





Ans (с) 
3 The ellipse 4х?+9у? = 36 and the hyperbola а?х?—у? = 4 intersect at right angles then the equation 
of the circle through the points of intersection of two conic is 


(а) х2+у2 = 25 (b 5(х°+у? )+3х+4у = 0 
(с) 5(х2+у?)-3х-4у = 0 (d («“у)-5 
Solution: 


Since ellipse and hyperbola intersect orthogonally, they are confocal. 


_f4_ 8 
е = РЕ M. ыы 
9 3 
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foci of ellipse n 45, о) 
(ае)? = a+b? 
4 
5= 2 +4 a=2 
а 
Let point of intersection in the first quadrant be Р(х, y,). 
P lies on both the curves. 
4x/*9y?—36 апа4х/-у?-4 
Adding these two, we get 8x ^*8y/? = 40 
X uy S 
Equation of circle is х2+у? = 5 





2 2 
4 If e is the eccentricity of the hyperbola 5 — b? = | and 29 is angle between the asymptotes 
a 


then cosQ = 

1 1-e 1+e 
(a) (b) Заг (с) "oe (d) None of these 
Solution: 


b? 

= „|1+—— 
е 

а° 


b b 
we know 20 = 2tan'! B —tang- 2 


1 
e= 444 tan0? = 5ес0 => cos 0= a 


Ans (a) 

5 From a point p (1,2) pair of tangents are drawn to a hyperbola in which one tangent to each 
arm of hyperbola. Equation of asymptotes of hyperbola are ./3 х-у+5 = 0 and /3 х+у-1 = 0 
then eccentricity of hyperbola is 


2 
(а) /3 (b) ИЕ (с) 2 (4) None of these 
Solution: 
Equation of asymptotes are / 
43 x-y*5 =0 n. T i 
-J8 х-у+1 =0 A 174 






хаалт b, =—3+1<0 
г. origin lies in acute angle and P(1,2) lies in obtuse angle. 
ге = зес 0 where 20 is the angle between asymptotes. 
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ee 

e-secg = ig 

Ans (b) 
е е' T 

Ifa variable line has its intercepts on the coordinate axes e, e' where 2'5 are the eccentricities 
of a hyperbola and its conjugate hyperbola, then the line always touches the circle х?+у? = г, 
where г = 
(а) 4 (b) 3 
(c) 2 (d) Cannot be decided 
Solution 


4 4 | А e? (e)? 
— 4 = a= гийн 
Now е? (еэ? > e? (еэ? 


Line passing through the points (e,0) and (0,е’) is е'х+еу=ее' 
It is a tangent to the circle х2+у? = г? 











2-1 
Ans (с) 
x2 2 
If angle between asymptotes of hyperbola ЕЭ - b? = 1 is 120? and product of perpendiculars 


drawn from foci upon its any tangent is 9, then locus of point of intersection of perpendicular 
tangents of the hyperbola can be 


(a) x+y =18 (b) xy =6 (c) х?+у?=9 (4) x+y =3 
Solution 
Жат! 5 = 60° > 5 = a 
a а 3 
b?=9 л а2 = 27 
Required locus is director circle і.е. x*+y? = 27 – 9 
х?+у? = 18 





b 
Цан = tan 60° = „/3 


а2-3 

Then equation of director circle is х?+у? = 3 — 9 = — 6 which is not possible. 

Ans (a) 

The equation of the transverse axis of the hyperbola 

(х-3)2+(у+1)> = (4x+3y)’ is 

(a) 3х-4у-0 (0) 4х-3у-0 (c) 3х-4у-13 (d) 4х+3у= 9 
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Solution 
(x-3)°+H(y+1) = (Ax*3yY 


4х + Зу : 
(x3) *(y*1y- 25 кез 


Р5-5РМ 
Directrix is 4x+3y = 0 and focus is (3,-1) 














3 
Equation of transverse axis is y+1 = z (x-3) 


3х-4у = 13. 
Ans (с). 
PRACTICE QUESTIONS 
1 The equation of common tangents to the parabola y? = 8x and hyperbola 3х2-у? = 3 is 


(a) x+2y-1=0 (b) х+2у+1=0 (c) 2x+ytl=0 (d 2x+y-1=0 


x+9 
2 A tangent to the hyperbola y = 35 passing through the origin is 


(a) х-2у-0 (b 5х-у-0 (c) 5х+у= 0 (4) х-225у-0 
3 The equation of the common tangent to the curves у? = 8x and xy =- 1 is 
(a) у=х+2 (b у=2х+1 (c) 2у-х48 (d 3y=9x+2 
2 2 
4 Let PQ be a double ordinate of the hyperbola = - = = 1. If O be the centre of the 


hyperbola and OPQ is an equilateral triangle, then eccentricity e is 


2 
(a) -/ (b >2 (c) >В (d) None of these 


3 The difference between the length 2a of the transverse axis of a hyperbola of eccentricity e 
and the length of its latus rectum is 





(a  aQe-1) (b 2а(е2-1) (c) 2a-e?| (d) 2a2-e?| 
x? y y x? 
6 The slopes of common tangents to the hyperbolas o k 1 and a k 1 are 
(a) +2 b) «42 (c) +1 (d) None of these 
p. у x b. 
7 The two conics p e 1 and y? = — ах intersect iff 
a 
1 1 
(а) O<b< 2 (b 0<а< 2 (o) 1а? (d >а 
x? y 
8 The point on the hyperbola 24718 = | which is nearest to the line 3х+2у+1 = 0 is 
(а) (763) (b (3,6) (c) (6.33) (d) (6,3) 
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9 


10 


If (asec Ө , btan Ө ) and (asec $ , btan ф ) be the coordinates of the ends ofa focal chord of the 


If the latus rectum ofa hyperbola through one focus subtends 60° angle at the other focus, then its 
eccentricity e is 


(а) 42 (b) 3 (с) 5 (d 6 
Answers 

1. с 2. b 3. а 4. 

5. 4 6. с 7. а 8. а 

9 10. b 
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COMPLEX NUMBER -I 
Algebra of Complex Number 


Our motive for the introduction of complex numbers is to make every algebraic equation solvable. 
Let us consider the equation 22+4 = 0. This equation has no solution in the set of real numbers. 
There is no real no. x whose square is -4. In order to remedy this situation, a new kind of 
numbers were introduced and were given the name complex nos. Eular was the first to introduce 


the symbol i for /— 1 with the property i? ——1. 
116 also called the symbol as the imaginary unit. 
iis called an imaginary number. 


Powers of i 


у :0 "I | "EN 
(i) 1-1 1-1 12--1 Г-11--1 
1-1 РЕГ =! if -i*i =-1 17-11 =-i 
ВЕН =1 РЕВ Е! ЕЕ | ШІ егі 
{4р = 1 i^? =1 1492 1 1499 і 
Р 1 1. 2 1 4 1 
pta] іЗШш--ерті 12=—=-1 Гі----і 
i i i i 
Complex numbers 


An expression of the form x+iy, where х & y are real numbers and i is a symbol, is called a 
complex number and usually denoted by z. 


2-(5) 10) 
Real part ofz ог Ве (z) Imaginary part z or Im (z) 
Note: IfRe z=0, then z is Note: If Imz = 0, then z is 
called purely imaginary called purely real. 


* Every real number is a complex number. 

* 0 is both purely real and purely imaginary number. 

* A complex is an imaginary no. Капа only if its imaginary part is non-zero. Here real part 
may or may not be zero. 7--11118 an imaginary number but not purely imaginary. 


Addition of complex number 
Letz =a tib, & z, =a, +ib, 
be two complex number 
Then their sum z, +z, is defined as the complex number (a,+a,) + i(b,+b,) 
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Multiplication of Complex Number 


Let z,=a,+ ib, & z,=a, + ib, be two complex number. Then the multiplication ofz, with z, is 
denoted Бу z, z, and is defined as (a a,-b b.) + (аа +5 b,). 


Division of Complex Number 
The division of a complex number z, by a non-zero complex z, is defined as the multiplicaiton of 


ИЕ Ab 
z, by the multiplication inverse ofz, and is denoted Бу, 


21 (а, + і) (a, + ib,) (а, -ір,) 


2; (а, ai ib,) (a, +ib,) (a, —ib,) 





(a,a, +b,b,) i(a;a, —b,b,) 


= 2313 
a? +b; a, +b, 





Conjugate of Z 


Let z =a + ib bea complex number. Then the conjugate of z is denoted by z and is equal to a—ib 
thus z=a+ib 


=> z-a-ib 
eg. if z=3+4ithen z-3- 4i 
Modulus of Z 


The modulus ofa complex number x + iy is denoted by |x + iy| and is denoted as |х + iy] = 
үх? + y? = non-negative square root of x* + у? e.g. z = 3 – 4i, then [z| - (3) - (- 4f – 5. 


Equality of complex number 
Two complex nos z, =x, + iy, & z, =x, + iy, are said to be equal if and only if x, =x, & y, =y, 
i.e. Z, - Z, = Re(z)) = Re(z)) & Im (2,) = Im (z,). 





1 
Example: 1 Evaluate p Currie P n? ар 1 


1 
GE =i) + [in (144249) +4] 2 i 


= |+ {г ЕКЕ 


= |171 {i"(0)+ а 





= ka + 2i] 





ээ» +21 = -i+2i=i 
1 
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Example: 2 Show that the polynomial х42 + 49 +14 4r +2 + 45 +3 is divisible by 
хе „where p,q,r,s e N. 

Solution: Let f(x) = „4р + (44-41, 4r +24 (4843 

Now х?+х?+х+1 = (х2+1)(х+1) =(х+1)(х-1)(х+1) 

f(i) = АР + Aqtl, Art24 As+3 


f(-i) = ci)? «(-i) 
f(-1)-0 


=]+i+P+ = 1+i-l-i=0 


(4441) 


(4r+2) (45+3) 
(е 1) HE i) = +1+(-1) (+1) + 92+ Ci)?» 14 -Ін-0 





Thus by division theorem x? +x?+x +1 is factor of X lli ii ee 




















Exercise: 3 Express : — in the form xtiy 
1—cos0 + 21ѕіпӨ 
1 1 
— = 18438 улеш Pos 9] 
1-со80--218409 sn у CU соз y 
[sin 5 -2icos 2] КИЫН ыл 
2 2 Е 2 2 
— 2sin 9 sin 9 + 2icos 9 sin 9 2icos 9 2sin 9 sin? 9 + 4Acos? 9 
2 2 2 2 2 2 2 2 


| 5240 . z) 
sin —— 2i cos — 
2 2 


din” Pe eae! © 
2 2 2 


| zur. t z) 
sin —— 2i cos — 
2 2 


sin [1 -с050+4+4с056] 








| 


( . Ө . 3 
sin — – 2i cos — 
2 2 


sin (5 +3с050) 
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0 
1 SPP 2 


------------ 
5-3со80 5+3cos0 


Exercise: 4 Find the multiplicative inverse of complex по 3--21 





Let z = 3+21 
L 3 
z 03-21 
8-2 3x 8 2. 





(8+21(3-2) 9+4 13 13. 
PRACTICE QUESTIONS 


1. Ifa<0,b>0, then Ja Ap is equal to 
a. —laļb b. аы с. |Ы d. none of these 


13 


2. The value of the sum 3 G” +2972) where į — /—1 jis 
n-1 
a. 1 b. i-l с —1 d. 0 
T EMI ЕТЕК 
3. Thesmallest positive integral value of n of which =) is purely imaginary with positive 


imaginary part, is 


a. 1 b 3 с. 5 d. none ofthese 
4.  Ifnisan odd integer, 1 = 4—1 , then (1+i)® +(1—i)® is equal to 
a. 0 b 2 с. -2 d. none ofthese 
34+ 2isin 0 | 
5. If —— is areal number and 0 « 0 « 2z,, then 0 = 
1—21sin0 
ь = т ап 
а T 2 с, 2 : 6 
1-12 





6.  Ifbtic=(1+a)z and à? - b? + c?=1, then 1 


— 12 














a — ib a — ib a t ib d a t ib 
1-с | 1+с © 1-с | 1+с 
1 x 
^ If (x +iy)3=a+ ib then Fus 
а. 0 b. 1 с. -1 4. none of these 
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8  If(a+ib) =a+ if, then (Б+а1)? is equal to 


a. B+ia b.  a-ip c. PB -ia d. —а—1р 
9. Theset of values of а eR for which x? + i(a—1)x+5 = 0 will have a pair of conjugate complex 
roots is 
a. К b. {1} 
с. {а: a. ya uk 21|> 0} d. none ofthese 


ix 
10. The relation between the real numbers a and b, which satisfy the equation ы 47 ib, for some 





real value of x, is 





bebe по. 
а. (a-b) (а+Ъ) = : ЕБ 
с. a+b = 1 d. | попе ofthese 
Answers : 
1.b 2.b 3.6 4.а 5.4 6.4 7.4 8.а 9.6 10.с 
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COMPLEX NUMBER - II 
Square Root & Polar Form 


Square root of a complex number 


1. Ifthe square root of atib is to evaluated let ~a +ib =х-+1у,х, yeR 

2. Square both sides and equate real and imaginary part which will give value of (ху?) and 2ху. 
3. Find x2t+y? by (x? + y2)? = (x? — у2)2 + 4х2у2 

4.  Fromx?-y'& x*+y’, we get the value of x. 

5.  Putxin xy, we obtained corresponding value of y. 

6. Момуа-іһ-х-іу 

Direct Formula 


The square root of z = а + ib are 


ға ЇЇ -а 
+ 2 tly о |forb>0 


Аза | а 
2 1 2 for b <0 
Note: 


1. Уа Jb = Jab is ture only when at least-one of a & b is non-negative. 














& + 





ii The square root of o are + o 


ш. Тһе square root of o?are + œ 


1-1 
iv. The square root of iare + уз ) 


1-1 
у Тһе square root of —i are +( V2 ) 


Example: Find the square root of —7—24i 
Solution: Here a =-7 & b = -24<0 


4-((-7)-(-24) =25 


Now by using formula, 


стн Р [E Р EET = 6-49 
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Geometrical Representation of a Point is: 
Coordinate Geometry Vector Complex Number 





y 
P(a,b) | . Р (z=x+iy) 
P (а! + bj = D r=|z|=4xf +y 
b 
—* - х : Complex plane, Gaussian plane 
Cartesian Plane Cartesian Plane or Argand plane 
Modulus 


The modulus of a complex number x+iy is denoted by |х + iy| 7 ух? + y? = non negative square 


root of х?+у? 
e.g. z =3 — 41, then |z| = (3) - (C 4f =5 


Argument or Amplitude of a complex number 


z-—xHy 





I 


2 


с050 = ————— & 8110 = 
х? +y’ х? +y 


x . X 
с080-- & sin0-— 

r r 
X-rcos0 &х = гѕіп Ө 


The argument of a complex number z =х-у is ће value of 0 which satisfies the two equations 


x : у 
—= and sind = ——— 
ух’ +y? ух? y? 


Argument of z is denoted by argument z or amplitude z. 


cos0 = 


There will be infinite number of values of 0 satisfying the above equations and all these values 


will be the argument of z but usually we take only that value of 0 to which 0 «0 <27 
Example: z =—1 — here x 2-1, y - -1 


1 3л 57 


с080- Ё = 
kay 22 ra 
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1 5л 7л 


; y 
sin0 = - Элл 
Мх? ау? 42 E 4:74 








sinceg = = satisfies both the equation 


57 57 
argument 7 = 4 and general value of argument z = 2nz + 7” where п = 0, +1,+2..... 


Another way of finding argument of a complex number 
Working Rule 


у 


X 


Л 
1. Take {ап Ө = | and from this find the value of 0 lying between 0 and 5 








i. Then find in which quadrant the point z lies. 
ii. Argument ofz will be 0, л-0, z+ 0 or2x + Ө according as the point z lies in the 15, 275, 


3" or 4" quadrants. 
Exercise: Let z = --1herex = -1, y - -1 


y 


X 





tan Ө 














—1 T 
—|-1-2tan— 
zi 4 


0 — 7 (between 0 and = 
= д (between ап 2) 


Since the point z — —1 —1 = (-1,-1) lies in 3rd quadrant 





m 57 
4 4 


Principal уаше of the argument: There are infinite values of Ө satisfying the equation 








argument =1+6=90 





X : y 
—= andsin 0 = ———— 
yx ty 4x +y’ 


But there will be a unique value of 0 such that — x < 0 < л. The value of argument 0 satisfying the 


cos0 = 


inequality— л < 0 < л is called principal value of argument. 
For above example 
57 шөл 


Principal value of argument = 1 2n n 


Note: If argument > n , subtract 2л from it to get the principal value of argument andif ar- 





gument « —z , add 27 to it, to get the principal value of argument. 
Polar form of a complex Number 
Z=xHy 


= r(cos 0 - isin 0) is called the polar form of complex Number. 
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For above example 


==. 


Polar form ofz is У cos » +isin =| 


or СЕЗЕ] 


Complex Number 
Cartesian Representation Polar Repersentation 
zZ=atib z= rcos0+isin0 
= r(cos 0--18Шш 0) 


= re" (using euler’s formula) 
Algebraic operations 










Cartesian form Polar form 
Complex No. z 21e? w=se'? 
Addition ztw=(atc)+i(b+d) | х += (гсо50 +5соѕ р) + 
i(r 8110--88Шш o) 
Subtraction z-w-(a-c)*i(b-d) | z—w=(rcos@—scos@) + 


i(rsin0 — ssin 0) 


Multiplicaiton zw= (ас — bd) + i туу = 13689 
(ad + bc) 


z (ач Сс-4) 


T" e m 
Division м (c+i (еі 4) Ee e 


ac + bd ,be- ad 
“асай с? +4? 





Conjugate of a Complex Number 


The conjugate of a complex number z =x + iy is denoted by Ee iy and is defined as 


z - X—iy апа Ғ2- ге’ (Ешаг 8 form), then z =r e 
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Equality of Complex Number 


Two complex numbers z, =x, + iy, and z, = x, +1y, are said to be equal if and only if x, =x, & y, 


Ty, 
i.e. z, =z, , then Re(z,) =Re(z,) & Im(z,) = Im(z,) 


Properties of Conjugate 





1. -Н4-8-14 
2 7-7 

Л 
3; [argz - argz]- arg (-2)- arg [- 2Е- 
4. zz = | 
3 au hm ewe. 


ON 
N | 
MES 
1 

^N 1 
— 





(ДЕ 
2, 2, 


Example-Write the following in Polar form 


(2-1,1 


Qe jah 
(3255-31-55 
(4)2= 1- 43i 


Solution : z= 1 + 43i =(1, /3) 
r= |= d (52 


43 
ЕЗ 








= V3 = tan 


У 
Then tan а = > = 








(1) As z lies in 1st quadrant 


л 
50, argz =0=а 73 


Therefore polar form of z is 
л 


2(cos 3 


mm Шш 
181175 
3 
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27 
3 





(2) z lies in 2nd quadrant so argz = Q =z а = 


Therefore polar form of z is 


2 Са TA © = 2{ cos + isin 12) 
(cos 3 +isin 3 ) 3 3 








4л 
(3) z lies in 3rd quadrant so argz = 0 =z +a= 3 
Therefore polar form of z is 
io ұза ME 
(cos 3 isin 3 ) 
Эрт -7 
(4) lies in 4th quadrant so argz = @ =-a= 3 
Therefore polar form of z is 
2 = +i Si = 
(cos( 3 ) +1 sin( 3 )) 
PRACTICE QUESTIONS 
1. Im(z) is equal to 
1 _). (z - 2) l- | 
а. (2+2) D. CE с. -(2-:) d. none of these 
2 21 2 
2.  Ifz, = 9y’-4-10ix, z, = 8y-20i where z, = Z, then z = хНу is equal to 
a. -2-21 b. -2-2і С; шин d. — попе of these 


3. Ifzisa complex number satisfying the relation |z + 1| = z+ 2(1+ i), then zis 


1 i 1 | 1 | 1 ; 
a. 2084) b. 2844) с. 24-4) d. 25-4) 
4. Foracomplex number z, the minimum value of 2 + 2 - 2 15 
a. |] b. 2 G <3 d. none of these 


1-2. 
5. | -1,Іһеп--- is equal to 
1+7 








a. 7 b. 7 c. z+Z d. none of these 
6. If |z,-1|<1,|z, —2]<2,|z, -3| «3, then |z, +z, +z,| 

a. is less than 6 b. is more than 3 

с. is less than 12 4. is between 6 and 12 


7. Ifz,,z, are two non-zero complex numbers such фай, + z,| = |z,|+ |z, 





, then complex arg ÉD is 
2 
equal to 
T 
a. Л b. -T c. 0 4. 2 


85 


ОО» 


UDA AN 


A program to give wings to girl students 


454i | 
8. Ifz= Bi , then the fundamental argument of z is 


— T T T 








a. саг b. 3 6; 6 d. none of these 
9. х= хну satisfies amp(z-1) = amp (z+31) then the value of (x—1): y is equal to 
а. ЖІ b. 13 c. -13 d. none of these 
10. If(1+x}"= ata x+ta,x’+.....+a x", Шева а„+......)? (8 = а,+......)715 equal to 
1—2" 
а. 2 b. ғ 6; i d. none ofthese 
1-2 
| 1 1 1 2 | 
11. Их=2+51апа2 191 + 3171) + ao ТЕ then the value of x? -5x? +33х—19 is equal to 
а а b b с. a—b d. none of these 
. 7-1 mn 
12. Ifx+iysuch that |z + 1| = |z — 1| and complex 71122 then 
а х=/2+],у=0 b. Зо. 


с.  x=0,y= 2-1 d. ох=,/2_1,у=0 





2 2 
1 1. : 
13. Ifthe square root of — - d ГЕ; T | епт 
y x 2\х у) 16 у х ш 


а. 2 b. 3 с. 4 4. none of these 





334 365 
Же "m . 
ЕЕС г) | 1 zl is equal to 


2 2 


81-53 b. 13 C. 113 d. o3 





Ї 
15. Ifz,,z, and z, are complex numbers such that Я - 2. = 2, = B + P Ж A =1, 
then|z, +Z, + 7 18 
a. equal to 1 b. —1е55 than 1 c. greater than3 а equalto3 
16. The complex number sinx + icosx and cosx — isinx are conjugate to each other for 
1 
а. х=пл b. x=0 с. к [пл d. x=% or x=nn4% 
2 4 4 


Answers: 
l.c 2.b 3.c 4.b 5.а б.с 7.с 8.0 9 10.5 
119 12.5 13.c 14.c 15.a 16.d 
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COMPLEX NUMBER - Ш 


Arguments and Modulus 


Prop! of Arg 
e arg(z)--argz 
Z=xHy 
—r(cosQ-ising) X polar form 
-re0 Euler'sform 
argz- 0 
z -1(с080-18100) 
= тегі 
—r(cos(- 0 )*isin(- 0 ) 
arg Z=- 0 = – аго 7. 


e аго(7,2,)- arg z +агох, 
z=r (сов0 ,tising,)  argz,- 0, 
Z,=1,(cos@,tising,)  argz,- 0, 
ZZ rE, 699) 
-rrj[cos[(0 ,+ 6 ,)tisin(6 80) 
arg(z,z)) - 0,+0, 
= аго z targ z, 
In general , we write arg(z,z,) = arg 2 +targz,+2k zr , 





wherek is -1 or 0 or 1 


7, 


S реа can: 
= e 1 2 
7, D 


Г 
= ü [cos( 0 ,- 0 ,)*isin( 0 ,- 0 ,)] 


zm 
arg 25 = 0790, 


= arg Z — arg 7, 
ө arg(z") = паго z 
2=т(соѕ 0 + ising ) 


7 
2 «| 3 = arg (z,)—arg z, + 2Кл where k=0, -1 ,1 
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Z — p'[cos(n Ө )*isinn 0 ] 
arg 2" = пе =nargz 


0.1 Ifargz, = 170° and arg z, = 70°, then final the principal argument of z, 7, 
arg (z,Z,) = arg(z,)*arg z, = 240° 
Thus z, 7, lies in 3" quadrant. Hence its principal argument is —120°. 

0.2 Ifz, and z, are conjugate to each other, then find arg (—z,z,). 


"72, & z, are conjugate to each other i.e 2, = Z, 





г arg (—z,Z,) = arg (-z, Z, ) = arg (~z, P) 
= arg (negative real по.) 
= 1 


7 2 
0.4 Ifz,,z,&z,,z,are two pairs of conjugate complex nos, then find the value of arg a +arg 2 : 
4 3 
2,— Z, &7,= Z, therefore 


Z Z, = |Z P & z, z, = |z 











2 2 
Zi Zo 212) 1 = аг 21 
Now arg| — | +аго | = | =arg = аго 2 в =arg (positive real по.)=0 
7, 73 2324 7 23 
Properties of Modulus 
І = 


Explanation:Let z, =x, * iy, &z,=x, Hy, 





Nowg z (х Ну, (ку, х,-у,у„)+ Gy; oy) | (xixz- yi» 2) + (хіх: yy 1) 


= [x+ yi хээ у» | - БЕ ЛЕН уз) = ||. 














OS |Z REIHE ФЕТР. Бынан ЇЕ, 

SO, zo |7.7.............. to n factors|- [z|[z]....................... to n factors-[z|". 
Zi A 

2 z, 2, (try yourself) 

3 Âz +z P= ГЭ +2 ге (27,) 

4 z-z =z P+ |z, -2 re (zz, ) 
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EN 2 
Explanation of (3) 4 (4): zz = 2 | 





| E (+2, 7) (=, *z- 7.71 7272 Ер, 72 tZZ 





а о 
= Iz, "zl Е ДЕ + 2. +2ге (2, 2; ) (2,2. т 212, m zz) 


5 черн -P-2(zP- Iz) 
Explanation : Adding (3) & (4), we get the result. 

6 z +z] < |z,|+|z,| (Triangle Inequality) 
Explanation : Iz. t 21 = © OQ, * isin 0)* y. eos Ө», +isin 0;) 


=|(у,соз Q,* p,cosQ.)* i(y. sin Q,* r,sin 0.» 





2 


= Хгсовбүг: со80:| +(у15їпӨү+ү›5їп@) 





=r cos 0.гш ӨЛ гә cos 6.*sin Ө, 2 p y, (cQ), cos Ө, + sin @,вїп 0.) 





= 2 2 
= А tra +2, r с05(6), - 0.) 


5 dH tps ар cos(Q,-9,)<)) 
х БЗД ТЕРІ 


Ог. |z +z] <rntr, 





Thus |2,+2,| < 17 12, 
7 |z 2, 2 liz, | =, А) 


Ехрїапайоп: Iz, -zj = (0, +isin 0)-r:kosO, шил 
=|(,, сов g, - 7,008 @„)+ y. sin g, - r,sin ),]= 
= |(уусозӨү—»совө.„) +(уүвїпөӨү—г»›зїпӨ„») 


2 2 . 2 2 2 E . М 
m in cos 0." sin 0) r? cos 0. *sin 0;]-2r.r. 650,050, ээнд sing) 











2 2 
- dri +r -2p,r,cos( Q, - QJ 


> dri Үүр Cnn сок, - 0) 50 
2 Ё 24 fra) 
or v. z-z] 2 Ir. -ғ = lzi- % 


Thus [z,-z] 2 |21-|2.| 
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COMPLEX NUMBER -IV 


Practice Problems 


























-0 
Ка, В are two different complex numbers such Ша! | «|= 1 ог|р| =1 then the expression ru 
equals 
1 
(а) 2 (b) 1 (c) 2 (d) None ofthese 
Solution 
B-a B-a 
l-ap| laa—ap (aa -10Г-1) 
“| B-a | |В-о| 
о(0-0) |a(a—B)| 
С-В 1-1114:81 1 о 
[a] [a В! 181 8-8| — lel 


2 
Ши = x+y such that |z+1| = |z-1| and amp ЕЗ = 1/4, then 


2+1 
(а) х=,/у+1,у=0 (D xe0y-4571 
(c) x=0,y= 5-1 (d) х= J2-1,y=0 
let z=x+Hy 


Эр Ч = |z-1| = |(x+1)+1y| = (х-ІУніуі 


> Jc D^ y? = yaa ay 
=> (х+1)?+у? = (х—1)?+у? = х2+2х+1= х2-2х+1 
= 4х=0 > x=0 





2-І 1у—1 
amp | (|) 77/4, => amp iud еі ЭЭЛ (1) 


іу-і 5-1 1-y^—2Hy 20. 2iy 
Tip У == == 
" ту+1 іу-1 —(у* +1) (Y+) 1+у 

















2y | -(y +1) -2y 
у? +1 х (1 у?) = {апл/4 => У =1 
= 1-у*=-2у 
->у-2у-1-0 
2t4444 22-72 
у= 2 773 =1+ 4/2 
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1—./2 can be neglected ав it is negative but tan Ө lies in Ist quadrant. 


3 For any complex number z, the maximum value of 22—115 
- b) 1 2 d) 2 
(а) 2 (b) (б) > (d) 


E 2. ЕР 
zi-z-1|« z-(z-1)| 7 1 
: Maximum value of |z|—|z-1|= 1 





2,-22 
4 Ifz, & z, are two complex numbers such that 2 = 2 3 is uni moduler, while 2,15 not uni moduler, then 
Б 15522 
the value of |z, | is 
(а) 1 (b) 2 (с) 3 (4) 4 
Solution 
21-22; |Z) 22) | 
2-2122| 7 |2-z,Z)| | 








25. = (2 
> |z; – 22) |" = 12—212) | 


= (2-22) (2,-2.2, )= (2—2425) (2-%22.) 
=> Z 7-22, 29 m 2114 7,7) 








54-27 Z-Z Z, +Z Z] 23 Z3 
> |,2+42,р = 4z Ez 
> |z PA-zPA-z P = 0 
=> (z,?-4) (1-12,2)- 0 
Iz,|=1,\z,|=2 since |2; + 1 (not unimodular) so, |z,|=2 
5 If |z-3421| <4, then the sum of least and greatest values of |z] is 
(а) 2/11 ©) 3/1 () 2413 (d) 313 
Iz-3421|«4 .......... (1) 
51-342 [783-24] 


=>  -3821»| -413|..-- (2) 
From (1) & (2) 


=4>[у—3+21|>  -/13| 

= 18-413 1<4 
->-4</-,13 <4 

=> 13 —4< ||<4+/13 

г. greatest value of |z| is 4/13 +4 
&least value of |z| is ./13 4 


г. their sum= 4/13 +4+ 4/13 4 
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=2 413 
6 Ifz,, Z,,Z, are three distinct complex numbers and a, b, c are three positive real numbers such that 
a b с а? b? c? 


‚ Шеп + + 15 
| Z5 — 23 23-71 Zi — 22 








|z,—- |^ [mb = 


8 (25 z^ )+Ъ те? +20”) 











(а) zi qx? +” 
(b 0 
a? (b? =@ Г +b? (c? =a’ jg. +c? (a? -b^yz,* 
(0) 717) + 7273 +7371 
(d) None ofthese 
a b с 
ны | 2-231 | 23-21 | “| ор 49» 


> ЖЭК р et 
2 




















5 д =k (Z2-23) 
(2-23) 
2 
Ш ( 1) 
с? “ws 
= 71-27 
Эрээн (21—72) 
а? b? | с? | 
: Тэ = K? |Z —Z3 + 23 2.212) \ = 
unte Таса Z-Z, |22 1+21-22)= 0 
Cube root of unity 
7-1 
7-1-0 


(2—1) (z?+z+1)=0 
z= 1, 72+7+1 =0 


-143i 





2 
-1-4/31 -ihi 

2-1,2- , Z= 

2 2 

М ЁЛ 

© о> 
l+@+@2=0 
оф‘ = 1 
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үу! = yH = (уү3)?, у = 0 
De Моуег 8 Theorem 
(cos Ө Hsin Ө )? =соѕп Ө +isinn Ө. 


n" roots of unity 
1 = cos0--isinO 
1!” = (cos0-isin0)!'^ 














| 2m 0 .. SEE 
= | cos +isin 
n n 
2rm |). 21 
=cos— + 1sIn— 
n n 
red 220 (0-1) 
= „п wherer-0, 1/2 .......... (n-1) 
121л 14л ібл 12(п-1)л 
еа жыш эр жеш 454. 
о nies o. where а = oa 
(1) аа“. һа?! = 0 
(2) 1.@.в@7.......... a™! = (1)! 


Important Relations 











І x*+x+] =(x-@) (x-@’) 
2 х?—х+1 = (xt о) (x-0?) 
3 xtyty’=(x-y@) &-yo’) 
4 х?—ху+у? = (xty@) (х+уо 2) 
5 x*ty’= (хну) Gy) 
6 xty’=(xty) (чую) Gcty o?) 
7 — x-y-QG-y)G-yo) x-yo?) 
8 xty-z-xy-yzzx = (х+у фо zo?) (xty o?*zo) 
9 x'ryMZ-3xyz- (x+y+z) (x+y oz 9?) Gctyw^tz о) 
(i — a] 
1 If w is a cube root of unity, then -- o 2 8520125 is 
(а) +1 (0) Р (с) 0 
1 3 9 27 1 3 9 27 
"aan T€ a iei eem 


?wtw)--]-2i 
2 a, В real y are the roots of x°-3x°+3x+7 = 0 


a-1 
(wis the cube root of unity), then E 1 + | 











(d) None ofthese 


UDGON 
(a) 3/ш (D o? (c) 2o (d 3o? 
3 we have 
х”-3х2-3х-7:40 
— (х-1)48-0  -ї(х-18-(-2) 
к, ЭРЭЭН” 
=> -2 = > => —1,0,0 
=> x--21x-1-2-20,x-1,--20? 
x--1,x-120,x-71-29o? 
a =-1, В = 1-20, y = 1-20? 
a-l =-2, В-1 = 2 0, y-17-2o? 














+2 -20 +20 
о а 
= ototo? 
=30? 


3 The common roots of eqi" 
22+222+22+1 = 0 & 7!°%°+у!°%+1 = 0 are 





(а) Lo (b Lo? (с) 0,0? (d) None of these 
И ЕД ОЕ ан (1) 

= (2+1) (22+7+1) = 0 

=> 2=-1, о, о? are the roots of (1) 


2= —1, 219857100] = 1 0 
2- о, (ip ) Pag rl — о ?+ +1 == 0 
у= @?, a 3970- ву 200-1 — 0 
-. The common roots are w,w? 
* (с) is correct. 
xat+yBt+zy . 


4 If a, В, У are the cube roots ofp, р<0 then for arang x,y & z Я Буугаа 18 


x? ay? qu 
(а) м? (b -1 (c) diia (d) None of these 
Let x? =p 
> х= (1р)! 
=> х = р”. 113 
х = р” p^o рш 


| | xp * yp/?o 4 гр! 302 
Given expression = — 75 73.2 та 
xp o-yp O0 +2.р 





x-yo-zo!  o'(x-oy-o'z) 
xotyo +z (х-оу--207) 





(multiply and divide by c?) 


= p? 
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5 The value of the expression 
аја) 5 653) «692 693) 02) (а) 
0 0 0 0 0 0 0 © 


T,= (k++) 223 = (К+ 9?) (К+ o) = К?—К+1 





n n 2 
Зе Xm (ЕСЕН 
шэг"! 








k=l 
=ук?-ук+у1 
п(п +1)(2п+1) n(n-l) 
= = +n 
6 2 
212341 n+l 
=n +1 
6 2 





шын м зе 
=n 











2 
2 
_ n(n +2) Ans 
3 
6 If w апа w? are the cube roots of unity and 
1 1 1 1 1 1 1 
| | =20? & E z4 220 then the value of —— + 
a+@ b+@ c+@ aco 5-0 c+@ а+1 
хээг 
bél exl 
(а) 1 (b -1 (с) о (4) 2 
Note that œ & œ? аге roots of 
1 1 1 2 
| | E (1) 





a+x b+x с+х x 


Зх? +2(at+b+c)x+be+catab 2 
(a+x)(b+ x)(c 4 x) x 
= x*-(be+cat+ab)x—2abc = 0 
The roots ofthe equation are о & œ? 
Ка in the third root of this equation then a +о+о2=0 > а =1 
Put а = 1 on equation (1) 


Eo. d 


а+1 b«l с-1 Жэ 
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10. 


11. 


12. 


PRACTICE QUESTIONS 
The value of (1 -0-007 y + ( +ш—@^ y where œ and œ° are the complex cube roots of unity, 
is 
a. 0 b. 320 с. -32 d. 32 


For any two complex numbers z, and z, and any real numbers a and b, 
laz, -25| +|bz, жаз, | isequal to 

a. (a? +b? {|+ b. (a? + +.) 

с. (a? +b? f. - l.p) d. none of these 

For any two complex numbersz, and z, , the relation |2, + Z,|=|z,|+|Z,| holds,if 

а. arg(z,)=arg(z,) b. — arg(z,)+arg => 


с. ZZ d. |z =z, 


If c and о? are the two imaginary cube roots of unity, then the equation whose roots are 








ao^" and ав is 
a. х2+ах-а2=0 b. x?ta’xta?=0 с. x?taxta?=0 а x?-a’x +а= 0 
14 л T a, are roots of unity, then the value of (1-a,)(1-a,)........ (1-а ,) is 
a. 0 b. |] c. n а р 
If œ = 115 a cube root of unity, then the value of 
1-0? +20 o? 1 

1 1599-29 © 

© o? 2 4- 090+ 02% 
a. 0 b. 1 с. о d. о? 
If the area of the triangle formed by the points 7,7 +17 and iz is 5034. unit , then |z| is equal to 
a. 5 b 8 c. 10 d. none ofthese 
Let œ be an imaginary roots of x"= 1 .Then, (5 - о)5- 9?)............ (5—1! is 

5" +1 58-1 

а. 1 b. 1 6; 45-41 а. 4 
If (4 1)is a cube root of unity and (1 + o) = А + Во 
a. 941 b. 1,1 c.1,0 d.-1,1 
If x 2. — o? — 2 then the value of x* + 3x? 42x? - 11x -6 is 
a. 1 b.-1 22 d. none ofthese 


2n 


Z рэн 
Ifz= 1810 ,then 552 
Z = со50 + 15110 ,then УЖ] 


а. 1с0 0 b. itanng c.tann Ө 4. cotn@ 
The cube root of unity 


is equal to (n is an integer) 
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a. Пеоп the circle |z|=1 b.  arecollinear 
c.form an equilateral triangle d. none of these 
13. The complex number z satisfying the equation |z| - 4 = |z - i| - |z +5 i| = 0, is 


а 48-1 b. 2/3 c. 21-21 d 0 





Z-Z | x 
14. Ifz,=8+4i,z,=6+4iand сЕ satisfies 
а [-7-i-1 b. р-7-5і-/2 c. -4|-8 d. |-7|-418 
15. ІҒ2-сов0 *1sin0,then 
a Ж ээ = 2со5п0 b. 2" + 2 = 2" совп0 
7 7 
Ё z” ——— = 2" isinnð d. z” — — = (2i)'sinn0 
z” 2 
ANSWERS 
1.4 2.5 З.а 4.с 
5.0 б.а 7.с 8.4 
9.6 10.а 11.6 12c 
13.c 14.b 15.a 
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COMPLEX NUMBER - V 


Loci in Complex plane 
1. Distance formula 
Distance between А & В 
1.6. АВ- |7, -zj| 
Imz 
B(z;) 
A(z:) 
Rez 


2.Section formula 
If P divides AB in the ratio 
m:n (internally), then P is 


(ms +m) 
m+n 





B(z,) 
n 
m/ P 
А(г.) 
M , mz, -—nz, 
In case of external division ,P is — — —- 
If P is the mid point ofAB then 
Z +2 
d ы E ) 
Straight line 
OP=OA+AP 00 
ie. ОР = ОА +ЕАВ 
tis some suitable real number 
qe 
> 
ЛА 
S . 


Now writing corresponding complex number, we get 
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Z=Z tz) (1) 
Since Value oft is different for different position of P. 
tis called a parameter & the equation (1) is called the parametric equation of straight 
line passing through the fixed points A (z,) & В (z,). 
Cartesian equation of (1) Put z = xtiy, z =x Hy, & z, = x, iy, in (1) 
If we get x+iy =x tiy Hx -x )+(у„—у,)) 
x=x,tt(x,-x,) &у=у+Ц(у,-у,) 
XTA a УУ 


Х,-Х, У;-у 


or -1 





Егот (1) ae 
zar 


tis Purely real number. 


зт (25 2) =0 €—M——Ü Q) 





(7-7, ‚Шеп z is purely real) 


2—2 (E5) 
7£62- 22-21 


Eug. 7—7, 





=> =. = 
2,-2, 25-42 





> 72,-77,-7,2,%-7,7, = 2Z,—Z,2,—-Z,Z+2,2, 


p] 1 1 z Z 1 
= uy mode =" 22 (3) 
7 Z Ж 7, 7, | 
Slope of this line is 47% . 
21-2; 





Since, z(z, -z,)- z(z, -z,)- z, z, -z, z, - 0 
> i(z,-Z,)z-i(z, -z, z+i(z,Z, -Z,z,)=0 
=> aztaz+b=0 2. (4) 


where b = i(z,z, -Z 2,) 





=, — 2.2,) 
-i2ilm(zz,) 


=—2Im (z,z,) —areal number & a #0 as (z, # 2,) 


Z 4-4 
Ы Points 2,2,2, are collinear ifand onlyif z, 2, 1-0 
7; 7; 1 
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Ы Equation (2) & (3) represent ће non parametric form of equation of straight line 


passing through the point A(z,) & B(z,) 
А А : : : 2y 7 = 
Equation (4) is called general equation with slope = а 


Equation of Perpendicular Bisector 


We consider two fixed points A(z,) & B(z,) and variable point P(z) moving such that AP = BP 


i.e. 2-2-|2-2, — (5) 





From Geometry, it is obvious that P lies on the perpendicular bisector ofthe segment AB. 
Equaiton (5) is the equation of perpendicular bisector of the segment joining A(z,) & B(z,). 


Another form of perpendicular bisector 





lz—z,|=|z-z,| = || =|z-z,|' (2-2) 6-а) = @-z.)(@-H) 


* If A(z,) and B(z,) are two fixed points and P is a variable moving on the line segment AB then 
AP+BP=AB 


Le |z Z,|+|z z,|= |z; Z, | — (6) 





above equation represents the line segment AB 
B(z) 
P(z) 


ie. |z—z,|-|z—z,|=|z, -zl vida (7) i.e. 2 2 | Iz 4 = Iz, 2 | "— (8) 
From equation (7) & (8), it is clear that p is lying on the line passing through A & B but not lying 
on the segment AB. 
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Ifz, and z, are two unequal complex numbers represented by points P and Q, 





2—2). -— 
then ——— is called the complex slope of the line joining 7,622.. 
2|--2; 
2,-7. 
Thus w = ———- 
£g 5, 


а-а _ [i -zl _ 





then |w|- ——— = 
2-2) 121—2) 


х Two lines having complex slopes w, and w, are parallel if and only if w, = w, 








21725 
Wi (complex slope of AB) 
1 2 
7,5—7, 
= р 
w, m (complex slope of CD) 


АВ|СЮ = angle b/w AB and CD = 0 огл 




















227 Май! 
=> argument = Оогл 
74—73 В(2,) 
274% 
291525 is real 
Чи D(z.) 
A(z) 
E cg y ca Z-Z а 
=> | 2 J- 2 >| 1 :- 1 2 
74—75 74—75 23—24 23—24 C(z,) 
Z cH. Жа 
= 1220 6d 4=>w,=w, 





Z-Z, Z-Z, 
Ы The two lines having complex slope уу, & w, are perpendicular if and only if w, =—w,,. 
» The equation ofa line parallel to az + az + b = 0 is 
az--az-A-0,whereA€e R 
* The equation ofa line perpendicular to the line az + az + b = 0 15 
az—az+A=0,whereAER 
* The length of perpendicular from a point P(z,) to the line az + az + b = 01$ 


ат, + az, +b 
2а 
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CIRCLE 


Consider a fixed point c(z,) and a variable 

point P(z) which is moving, keeping its distance 
from the point C a constant R 

At any position, P(z) satisfies the 


equation|z—z,|=R ~... (1) 
Equation(1) represents the points ona 

circle whose centre is c(z,) & radius is К. 
Cartesian form 

2 = 20 =R°. 

Let z = x+tiy &z, — x, t iy, 

. 2 

|х-х,)-Ду-у,/ =R? 

ОУ ER 
General equation of a circle is 

72 + ал + ат + b = 0 where bis real. The cen- 

tre of this circle is -а and radius 


isJaa — b = |а —b 


Explanation: Let z, be the centre of the circle 
and P(z) be any point on the circle. 


Then|z—z,|=r or z-z, =r? 

=> (Ge) -2,/Рё-э(2-2,(2-2,)-0 

> ати  -1-0 

>  77-8а28а47-0-0 =  . (1) 


Where a=~z,, b = lz г? = 0 real number clearly centre of the circle (1) is z, i.e. a & 


radius-J |20|2 — b = y lal? – b 





Equation of the circle whose one diameter is the line 
segment joining z, & z, is 


Z-Z 


Z-Z 
t 4 = 0 Аг.) B(z) 
2-2, 7—7, 


ZAPB = 2. 
2 
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E - 3 Л. 7,—7. ЭРЭЭ”: 
argument| — = = is purely imaginary 


























ce 27. ee 
25-2 |_ 25-2 
ог 2-2 
LZ, 
7,-7 (2 -z) 7-7 7,-2 
2 2 1 2 
=> — = — = == 
ze Z-Z Z,—Z Z-Z 
7-1 7-1 7-1 7-1 
> — == 2 or += =! =) 
Z-Z Z-Z ДЕД. Z—Z, 





> Gz)6-z)«ez96-z)-0 

z—z,|=k|z—z,| > АР = КВА = Locus of P(z) is a circle (k #1) 

z—z,|+|z—-z,|= ke lz, — 2. = РА+РВ = К be locus ofz is an ellipse where А & B are foci of 
the ellipse. 


z-z,|-|z—-z,|= ke Iz, — 2. > PA-PB =k be locus ofz is an ellipse where А & В are foci at 
A & B. 





2 Қ Д 
, locus of z is a circle. 





2 2 
2-2 +|z—z,| =|z,-z, 


2 — 21 
argument Блез 2) = &(fixed), locus of z is segment of a circle. 


2—2, т 
КЕТЕРІ Еле =) == 5, locus ofz is a circle with z, and z, as the vertices of diameter. 


2 — 21 
argument Е = 2) = 0or T locus of zis а straight line passing through Z,&Z, 
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10. 


11. 


12. 


PRACTICE QUESTIONS 
— iz 
If Z=x+iyand@= Pm ‚Шеп lel = 1 implies that, in the complex plane 
a.  zliesontheimaginary axis b.  zliesonthe real axis 
c.  zlesonthe unit circle d. none of these 


The points 2, ,2,,2.,2, in the complex plane аге the vertices of a parallelogram taken in order if 
and only if 
8. 217-517, b. 2217-22, 06 z +z,=z,+z, d. none ofthese 


For all complex numbers z ,z, satisfying [л =12 апа 2, =o 41 =5, the minimum value of 


|z, —2› | 18 

а. 0 b. 2 с. 7 d. 41 

If 4 = 1 , then the point representing the complex number — 1 + 32 will lie on 

a. acircle b. astraight line с.  aparabola d.  ahyperbola 
Ifz= (A + 3) — i45 — А? „then the locus of z is 

a. ellipse b. semicircle c. | parabola d. straight line 


Ifz is complex number then the locus of z satisfying the condition |22 —1| = |z l| is 


a. | perpendicular bisector of line segment joining 1/2 and 1 b. circle 
c. | parabola d. none of the above curves 





If Im | — H) = —2 then the locus of the point representing z in the complex plane is 
12 + 


а circle b.  astraight line c.  aparabola d. none of these 
If Iz, | = Iz; | = 2, = 2 then the points representing Z,,Z,,Z,,Z, are 


a. concyclic b. vertices of a square 
c. vertices of a rhombus d. none of these 


The equation zz + (4 —3i) 2 + (4 + 3i)z + 5 = 0 represents a circle whose radius is 


а. 5 b. 25 с. 2 d. none of these 


The equation |z —i|+ z +i] = k,k > 0, can represent an ellipse if k? is 
a. <] b. <2 с. 24 d. none of these 


The equation 2 +i | = 2 Е; | = k represents hyperbola if 


а. —2<К<2 b. к>2 c. 0<k<2 d. none of these 
Let z =1-t+iVr° +t +2 „where 115 a parameter. The locus of z in the Argand plane is 

a. a hyperbola b. апеШрве 

с.  astraight line d. None of these 
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13: 


14. 


15, 


4 2 2 
Let z, and z, be two non-real complex cube roots of unity and |2-2,| +|2-2,| = be the 


equation of a circle with z,,z,as ends of a diameter, then the value of Д is 


а А bo 8 ё. 2 d. %2 


Ifthe equation 2 =Z] | + 2 m | = К represents the equation ofa circle, where z,= 2 + 31, 


= 4 + 31 аге the extremities of a diameter, then the value ofk is 


a. 1/4 b. 4 с. 2 4. none of these 


2 
Let aand В be two fixed non-zero complex numbers and 7 a variable complex number. If the 


lines az + az + landfz 4 pz — 1 = 0 аге mutually perpendicular, then 


a орғар-0 b. af-ap-0 c  of-ap-0 d орғар-0 


ANSWERS 
1.6 2.5 3.6 4.а 
5.6 6.0 7.65 8.а 
9.а 10.с 11.a 12.a 
13.b 14b 15d 
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COMPLEX NOMBER -VI 


Problem Solving and nth Roots of Unity 
Let xyeR&i= ./_] ,thenz- х-Ну is called а complex number 
Re(z) =x, Im(z) - y 
If x = 0, zis purely imaginary 
If y 0, zis purely real 
For two complex numbers z, = х Hy, Z, — X, iy, 
@  z,—z,ifandonlyifx, ^x, and y,-y, 
Note that no order relation is possible among the set of complex numbers. 1.6. it is wrong to 
say 1+1<4+31. But |l-H| 544431 
G)  z xz -(x £X,)H(y, ry) 
(ш) же” xy y,)Hi(x y, tx;y,) 


А (хх, + yiy5) +1(х,У, – X1Y>) 








(iv) 7, х2 n у, ие 0 
Conjugate of z 
Conjugate of z = ху is defined as 2 = xy (i.e. replace 1 by 1) 
Properties 
о (@ =» 
(ii) 2-7 <> 715 ригаутеа| 
(i) 2--2 <= zis purely imaginary 
(iv) 242 -2Re(z)-2Re(z) 
(у) zz =2ilm(z) 
(V) 2,257,” 282, 
(vii) zz, =z 2, (also (>)-(2)) 
(Aa) An 
(viii) E | Е 
Geometric representation 
Coordinate Complex number Vector 
representation representation representation 
Point P :P(x,y) Point P : z= (x-Hy) Point P : Position vector 


ofP OP =xi tyj 
Modulus and amplitude 


[|=г= ух? + y? , the modulus of z (distance of z from the origin) 
Ө =tan! H = arg 7, the inclination of OP with positive direction of x—axis where P is (x,y). 


Неге-л<аг07<л 
2-хну;х,уеК (algebraic form) 
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= r(cos 0 Hsing) or r cis Ө (polar/trigonometric form) 
=r e? (Eulers form) 

Properties of modulus 

() < Re(z),Im(z) <|z| 
@ Hz HHH] 
(1) zz-m 
(іу) 21 1 lz, 

















Also |25 | 8 
. Zi 2, 
(iv) z| |2, 
(vi) | z |-|z; | «ЇЕ + 7.) < 121+, (Triangle inequality) 
i.e.[z | |z,| is the maximum and | 7, |-|2; | is the minimum value of |z, + z,| 


|2, 2 |z,  +2Re(z,z2) 
(ii) jz, +z,P= 112, +12, 2212, | cos(0, 0,) where 
Ө, =arg(z,) & Ө, =arg 7, 
(viii) |z,+z,?+|z,—z,)’=2(|z, P+z,P) (parallelogram law) 


Also Jaz,-bz *|bz,*az,-(a?**b^)(|z Hz, P); a,b eR 


Note : If 





1 
ар = a, the greatest and least value of |z| are respectively 


-а+уа? +4 
2 : 
Properties of argument 
() ^ arg(z,z,)-arg(z,)*arg(z,)*2k л, where k-—1 or 0 or 1 
Also arg(z") = narg(z)+2k x 


2 


2 
(1) СЕ = arg Z,-arg 7, + 2k x, where К =—1 or 0 ог 1 


7 
(ш) arg B = 2arg(z)H2k л, where К 2 —1 or 0 or 1 


(iv) argument of zero is not defined 
arg(z) = 0 <> zis real and positive 
arg(z) ^x <> zis real and negative 


Л 
arg(z) = 7 ©? is purely imaginary, Imz>0 
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ZT : : : 
arg(z) = 7 < zis purely imaginary, Imz<0 
() +2,= 1+2, 


2 
21 
argz, — argz, = 0, 7, 20 


0,2,7 
(ум) [2-7 


are collinear апа z,, z, lie on the same side of 0. 
[|| + [2 


2 


|= 2 


7 
1 
argz,-argz, — m, 2, <0 


0, 2, z, are collinear and 0 lies between 7, & z,. 


1972 
(уп) |z -z| = |z +z] 


[а 


argz —argz, = + 


- and Z z, are purely imaginary. 

De Moivres theorem 

(i) For any rational number n, then 
(cos 0 +1 sin Ө )" = cosn 0 +i sinn Ө 
Le. , (е9) = етө 

(1) (cosQ,tising,) (cosQ t 1sing,).................. (cos, * 1sin9,) 
= COSCO FO sti FO) +i sin(0 t Ө „+............... *0, 

(ш)  Ifz—r(cosQ- 1sing) andne Z', then 


2rvr-0) .. [2+0 
zim = г!" | COS DT +151 т where r = 0, 1, 2, ........... (1-1) 


(n? roots of z) 
The n" roots of unity 


ж=а/ SS шил” (1-1) 


Let z= аг where a = ¢i27/2 





| 2n 2n 
The n? roots of unity аге (о °=) 1, о, о 2,......... о"! where а = e? T” = cos Fisin 
n n 





Properties 
(i) n” roots of unity are solutions of the equation z = 1'^ 
Le. 21-1 
z?-] = (z-1)(z- a.) (z- a.?).......... (z- a.) 
п roots of—1 are the solutions of z"+1 = 0 
(i) ^ n* roots of unity lie ona unit circle |z|= 1 and divide the circumference into n equal parts and 
are the vertices of a regular polygon ofn sides inscribed in the circle |z| = 1 





108 


UDOON 


A program to give wings to girl students 





















































(i) Product of n^ roots of unity =(—1)"! 
(ш) | Sum ofn” roots of unity is always zero. 
(v) nroots of unity form a GP with common ratio е!27/" 
(vi) Sum ofp" power of n? roots of unity 
0 ;if pis not a multiple of n 
= 14 | 2ур4 Зур 4 р = : А : 
Ira t Co P TC P +.............. Cra n ;if pisa multipleof n 
8 Cube roots of unity 
ү 2m .. 2тл | EE 
= соз +isin y ;r=0,1, 
| -1«iJ3 -1-і/3 
| 2 7? 2 
If one of the non real complex roots be c, then the other non real complex root will be оз. 
—1+iv3 -1-143 
i.e. if о = =1+iv3 , then o? = 1-63 
2 2 
г. the 3 cube roots of unity are 1, © & 02. 
Properties 
(1) 2-1 = (2-1) (2-6) (2-02) 
(1) о & о? are roots of z*+z+1 = 0 i.e., 22+2+1 = (z-o) (27-02) 
(ІІ) агро =27/3 & argo? = 47/3 
(iv) cube roots of unity Пе on the unit circle |7] = 1 and divide its circumference into three equal 
parts 
(v) IfA(1), B( 6) & C( 9?), then д ABC is an equilateral triangle. 
(vi) o?=1;1l+ot+@’*=0; o"=1;0"™'= o; (032 = g? 
CT -— тн 
(vi) өз 790955279 
(УШ) e Х2-у?-(х-ну) (х-іу) 
e ху” = (x+y) (х+ oy) (х+@?у) 
e х.-у"-(х-у)(х-өу)(х-о%у) 
e X^xyty' = (хоу) (X-’y) 
e х?—ху+у* = (xt oy) (x* oy) 
е Xy tZ -xy-y z-zx = (х+у o tzo’) (x*y o?*z о) 
e Xy Zi 3xy z = (xtytz) (x+y o +7 o?) (х+у o?*z о) 
Note -. e Ifatbtc = 0 = а2+62+с2 , thena:b:c- 1: о: 9? 
| геа! рагї 
» Any complex number for which — € 1: J3 or 4/3 : 1, can be expressed 
in terms of œ, o? &1 
9 Square root of a complex number 


Let z = atib 
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10 


11 





Jatib = + аео ei etel Rn 





Le. Ja+ib = + ШЫ -а) "үче +b? -»| 


To find the square root of a—ib, replace i by — i in the above result. 
Logarithm of a complex number 


Let z=athb=r о 


El-r- fa? +b? 


log z = log |z| + iarg z 








Expansions 
(i) cosng="C, cos" 9—C, cos"? Ө sin? g ^C, cos" 0 sin* 60 +............ 
(1)  sinng = "С с05" 1 Qsing—C,cos"?sin? Ө "C,cos"^sin? Q ........ (using De-Moivres theo- 
rem) 
1 
(Ш) со80- PII U'C,cosn Ө +C соѕ(п-2) 9 +'С,соѕ(п-4) +.................... H 
| Эр Gi . 
(м) sin'g- y {соѕп 9—"C cos(n—2) Ө ^C, cos(n-4) 0 7........... H 
nt 
EN Лү (-1) i 1 n Н ny > 
sin” = | {sinn 9—C,sin(n-2) 9-7 C,sin(n-4) 9 7........... H 
D 


Solved Examples 


a + bo + co? a-bo-co) . 
ра isequalto 
с + ас + bo Ь- со + ao 


(a) -1 (b 2 (с) 20 (4) None ofthese 
Solution : 


If œ isa complex cube root of unity, then the value of 


1 (а Бо? + co?) А ЕЯ (ao? + bo? + со“) 
O awtaw +c o? b - co ao? 
1 1 
=— +-7 RE od нан. 
© © 
Ans (а) 
2 2 2 
1 2 ‚1 272, d or. 
If x?+x+1 = 0, then the value of тш» PIX Se SI PP эы ы; TX += | Is 
X X 
(a 27 (b 72 (c) 54 (d) None ofthese 
Solution: 
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Roots оЁх2+х+1 = 0 are mand o? 


Рих= о 
2 2 2 2 
ы ең) (©) oleae] 
Жалы EDS GE БЛ жа Е Ho +—— 
Г. | а | o ©? o? 
= (-1y + (1)? + (2)? +................. +(2)? 
= 18x] + 9x4 = 54 
Ans (с) 
3 If a, В, Y are roots оЁх?—3х?+3х+7 = 0 and о isa complex cube roots of unity, then 
%—1 3—1 ү-1 . | 
++ WE 
= J— aa 1s equal to 
(а) о (b) 20 (с) 202 (4) Зо? 
Solution: 
(x-1)? =-8 
x-l=F 


x=1==2,2 0,-2 0? 

х= — 1,120, 1-20? 
Le а =-1 В =1-20, y= 1-2 o? 
a-1=-2;ß-1=-20, у =1-20° 














=> 

а-1 B-l у -2 -20 -20 

cpu - | | 

В-1 v-1 a-l -2ө9 -29°  -2 
1 1 

= —+— + 02 = 3 02 
о о 
Ans (d) 

4 If (x-1)* 16 = 0, then the sum of non real complex roots of the equation is 
(а) 2 (b 0 (c) 4 (d) None of these 
Solution: 

(х-1) = 16 
2 
х-Ї (16)4 
х1=+2, +21 
х=1+2, 1+21 
Sum of non-real roots is (1+21) + (1—21) =2 
Ans (a) 

5 | _Ifzisanon-real root of 7/_1 , then 25° +z'*+ 229 is equal to 
(a) 0 (b -1 (© 3 (d) 1 
Solution : 

Ж-Л pez 


" 786 + 715 -- 7259 = (27)? 72 + (РАН 


111 


А program to give wings to girl students 


-g-]-z-- 


ni PRACTICE QUESTIONS 





о. 2nk .  2nk 
Ї The value of 2. PU 7 noes 7 18 
k=l 
(а) -І (b) 0 (с) d (4) 1 
2 For positive integers n,, п, the value of expression 
(1+1)" + (4+i)" +0147)" +(1+17) isareal number ifand only if 
(а) п=п,+1 (D n,-n-l (с) n,-n, (d п,>0,п,>0 
3 The minimum value of |a+b œ +c о where a, b & c are ай not equal integers and œ (+ 1) isa cube 
root ofunity, is 


1 





























(а) 43 (b 2 (с) 1 (4) 0 
4 If x is a complex root of the equation 
1 x x 1-х 1 1 
х 1 aapt 1-х 1 | е then 20054! _ jg 
x x 1 1 |] dex x 
(а) 1 (b -I (с) i (d о 
5  Ifz-ilog, (2-3 ), then cosz = 
(a) 0 (b 1 (c) 2 (d) None of these 
1 1 1 
6 If о is acomplex cube roots of unity and а, b, с are such that | | =2 0? 
acto b+@ с+о 
d : + | + ! 2, th | + — 
d aco) beo) ceo) M atl 41 cel 
(а) 1 (b -1 (с) 2 (4) -2 
7 If œ (> 1) bea cube root of unity and (1+ 02)" = (1+ 00)", then the least positive integral value of 
mis 
(a) 2 (b 5 (с) 1 (d 3 
і х +1 
8 cot | -ilog, : 
x —ly 
@ Ua © ug -y © „у? QE 
9 . 2n M Am . 8л 
sin *sin- tsin- = 
7 -1 1 
(а) E (b) 3 (c) 8 (d) None ofthese 
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п-1 














о. 
ІШ Маб он ‚а, | Веће, n^ roots of the unity then the value of 2 Ва, is equal 
i=0 Ti 
to 
3 b n-1 n+l 1 п+2 
Answers 
1 4 2. а 3. с 4. а 5. с 


с 7. а 8. а 9. а 10. 
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COMPLEX NUMBERS - УП 


Rotation Theorem 
GEOMETRY OF COMPLEX NUMBERS 
1. Distance between two complex numbers z, & z, is Iz, —7 A 
2. Section formula 


Two points P & Q have affixes z, & z, respectively in the argand plane, then the affix of a point 

К dividing PQ is the ratio m:n 

1. internally is e 
m+n 


2 . mz, —nz, 
i. externally is 


iii, TfR is the mid point РО, then affix of R is 21:22 


3. Special ыг ofa 8 


Perpendicular Circumcentre А sin2A+z, sin2B+z, sin2C 
sin2A+sin2B+sin2C 





bisectors (Equidistant from X nli e.) 





vertices) 
Angle 


az, + bz, cz, 





bisectors Incentre (equidistant |z.= 
at+b+c 


from the sides) to the sides) a= 12 b= Е 
c=|z,-z, 
Medians Centroid ( distance 


from vertex to G is 


2 
3 of total median) 


Z (tanA) +Z, (tanB) +Z, (тапС) 
tanA+tanB+tanC 





Altitudes Orthocentre (canbe | 245 


inside, outside or on 


the right angle) zb ~z,\z, *z,-z) 


Mz -z) 
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T 
4. Area of the triangle with vertices Z,, 7, & z, is yi Iz, (22 = 24 
5. Equilateral triangle 


In equilateral AABC , where the vertices are given by z,, z,, 7, and the circumcentre is Z, 





: 2 2 209.9 
1. XI +7; = 32, 
ii ?-zb-z- + - 
00 Zp +Z% +Z% = ZZ, + 7›7у+ 757 
1 1 1 
iii. t t -0 
Wa Sy Жаса, 7,—7, 


6. Ifz,,z,,z,,z, are vertices of a parallelogram if and only if z,+z,=z,+z,. 
7.  IfZ,,Z,,Z,,Z,are vertices of a square in the same order, then 


1, Zt Z, 222, 
Il. Iz, -z,|=|z, - zi | 5-241-Ї 7-2, 
Ill. Iz, -z;|=|z, —z,| 
o a-z, - 
IV. LLL 2! 1s purely imaginary 
|2, —z, 


8. Equation ofthe straight line joining 7, & z, is 











: 2—71 : Z-Z; po Я _ 7—7, 
1. arg =m or OL.e. must be real i.e. = —— or 
Z; =j Z, — Z Z -Z 2-7. 
® 7 1 
Z, Z, l|-0(non-parametric form) 
Z, Z, 1 


i. — z— Az, *t(1-A)z, (parametric form) 
ш. General equation ofa line is az + az +b = 0 whereb ER. 


Note: Condition for 3 points 2,7,2, to be collinear is that arg 43741 (огл 
Z4 —25 


Two points z, & z, lie on the same side or opposite side ofthe line az +az + = 0 according as 


az, - aZ, +b and ах, + az, +b have same sign or opposite sign. 


9. Slope of the line segment joining 2, & z, is Zi?» Two lines with slopes о), & o, are 
Zi =Z 
a. perpendicular if o, + ө,-0 


b. parallel if в, = œ, 
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10. 


11. 


12. 


13. 


14. 


az, +ад +b 
24 


Equation of the perpendicular bisector of the line segment joining 7, & z, is 


Length of the perpendicular from z, to az+az+b=Ois 


ЖАЛГЕР 
ziz, -z,)*zlz,-zj)-|z| -|2 





Equation ofa circle 

1. 2 - Zol =T O ZZ—ZZ— ZZ + 77у —T° = О where z, the centre & r is the radius 

$e 2 2 2 . . р Шы : 

io [z-z +|>—7,| =|z, —z,| (circle described on the line joining z, & z, as diameter) 


iii. General equation ofa circle is zz+az+az+b=Owhereb ЕК. Centre is —a and radius 


is Маа Б 





4 : lic if lvif 2,-23)2,-74). | | 
Four points 7,,7,,7.,7, are concyclic ifand only i (z, = =, © - 2.) is purely real. 

Loci in complex plane 

1 Z— Z,| =r 


circle with centre z 2% radius г. 


1 2 - Zol <r: interior of this circle 


1 2 = A > г: exterior of this circle 





i E-z|-E-z| 
perpendicular bisector of the segment joining z, & z, 
is an ellipseif К» 2 -z| 


Ш  [-z*-E-z|-k 
is а straight line if К = 2 - A 


| isa hyperbola if К < 2 -2, 
о а аса 
is а straight line if К = 2 - z,| 


2-7 "m" 
za) = а,а fixed angle is a circle. 
Z-Z, 


у. argument 
Complex number as a rotation arrow in the argand plane. 
Let z = re? 

=> OP-2r&ZXOP-0 

ze"is a complex number whose modulus is r and 


argument (ХОР = 0 + а. To obtain ze" , rotate OP through an 
angle a in anticlockwise direction. 
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Note: Let z, & 2, be two complex represented by Р & О such 
that ZPOQ=a.ze“is а vector of magnitude 


ОР = z, | along OQ . 7з ы isa unit vector along OQ. 


| 


A vector of magnitude 7 3 | = OQ units is given бу |z| El е 
21 


a 





е. 42> 21 


Note: general formula for rotation 
If AB is rotated to AC but AB # AC, then 





23—20] 2,72, 





1 Multiplication ofz with i rotates the vector z through a right angle in anticlockwise direction 
(. i= 1e?) D 

1 Multiplication ofz by— 1 rotates the vector z through Qc) 
an angle of 180° in anticlockwise direction. 

1 Let АВ & CD intersect at z,. Let P(z,) & Q (z,) be : pS : 
two points оп АВ & CD. Then the angle 0 is given Бу | | a 








1 0 


2,-7. 
9 =arg | 2 ) = агр (2:-2 | — arg (7—7) / 
Solved Examples 
1. = Ifz,,z,,z, are the vertices of an equilateral triangle having its circumcentre at the origin such that 


z, = 1+1, find z, and z,. 
A(z.) 
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Solution: Clearly, ОВ and ОС are obtained by rotating OA through 2л /3 and 4л / 3 respectively. 
ОВ = ОА еі"? and, ОС = OA еі"? 


121/3 147/3 


2,-7,6 and, z,=Z,e 
=> z,=(1+i)(cos2n/3+isin2n/3)and, z, =(1+i)(cos4a/3+isin 47/3) 
> z, (1+9 (-1/2+/3/2)апаз, -(4-41-1/2-443/2) 

(2+) (£=) (=£) (£) 
= = +i - and 2, = 1 


2 2 2 


5 








Example: 2 Let z, and z, are roots of the equation 7?+р>+д = 0, where the coefficients p and q may 
be complex numbers. Let A and B represent z, and z, in the complex plane. If ZAOB = a + 0 and 
OA = OB, where О is origin, prove that p? = 4qcos?a/0. 
Solution: Since z, and z, are roots of the equation z*+pz+q = 0 
z +z, —-pandzs =q 


Since OA = OB. So, OB is obtained by rotating OA in 





х) 


anticlockwise sense through angle a. 
OB = ОА ё? 


22 а. 
> Z,=Z,e 


2 2. 

=> ~=cosatisina 
2 
1 


Z, 22 
=> —+l=1+cosa+isina 
7, 
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Z +Z а a .. a s 
= 22 “1 — 2cos—| cos—+isin— |-2сов--е4/2 
2 2772 2 2 
7„ +7 о. 
2 j aa D 119/2 
5 UR. a 
7, 


2 
Z +Z] _ 20 ia 
> ea = 4с05 —e 

21 2 


к 2 
_ ши -а (8 
Zi 23. 
ээ (у = 40,0057 7 
> (ср) = 44с08 > 


> p= 4qcos* > 


Example: 3 If the points A,B,C represent the complex numbers 2, ,2,,2, respectively and the angles 


л-о 


a 
ofthe AABCat B and C are both (==) . Prove that (z, —2,) = 4(z,7z, (z,-z,)sin’ (2) 





Solution: We have, 


р рвы 


А-л те = 
2 2 








Since AC is obtained by rotating AB through anglea. 


А(21) 








В (25) C(z 4) 
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AC= AB e” 
= (У,—7,)=(>,—7у)е“ 
2,-?, 2 
> 3 1=cosatisina 
25 — 21 
Z, —Z m 
= 3 1 _1=_-1+cosa+tisina 
Z,—Z, 
7,—7 тээг qa 
= 3.72 — 2sin? — + 2isin—cos— 
Ec 2 2 
Z,— .. a a.. a 
= 3 7? — 215 т (со +151 ) 
Z; =. 2 2 2 
Z, — ex Q; 
= 3 -2івіһ-е 2 
И, 2 
;—2 “эр 
= (= a) = 4i? sin? лэн 
20 z 
= —4sin? ~ e" 
= [= a) 2 
@|7,—7 
> (ш a) = -asin [2—5 
22-7?) 
2 : 4 
> ЛЕЛ = 42, —z,)(z, - z;)sin 2 


Example: 4 Show that the area of the triangle оп the Argand plane formed Бу the complex 


1, 2 
numbers z, iz and z + iz is 28) 


Solution: We have, iz = ze"? 


This implies that iz is the vector obtained by rotating vector 
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x 
- 

Q 

x 





y 


zin anticlockwise direction through 90°. Therefore, OA 1 AB. So, 


Area of AOAB = SOA x OB 


lia 1, 2 
оО 


Example: 5 Let z,,z,,z, be the affixes of the vertices A,B апа С respectively of а ААВС. Prove 
that the triangle is equilateral if Z? + 22 + zi = ZZ, + 7,2, +221. 
Solution: First, let z,,z,,z, be the affixes of the vertices A,B,C of an equilateral triangle ABC. 
Then, we have to prove that z? + 25 + Z; = ZZ, + ZZ, + Z4Z,. 


Since AABC is an equilateral triangle. 
Therefore, 


AB = BC- AC and 4A = ZB- ZC-a/3. 
Clearly, AC can be obtained by rotating АВ in anticlockwise sense through 60". 
о-и | ues (1) 
— -—— qm 
Also BC can be obtained by rotating BA by 3 anticlockwise 


E Zo-4 (Z Z) ры (2) 
From (1) and (2) 


2›—7| 20—73 


Solving we get z? + 25 +7; = ZZ, ZZ, + ZZ. 
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PRACTICE QUESTIONS 
2 Желі | 
The complex number z = х+ ty which satisfy the equation "T =] lie on 
a. the x-axis b. — Ше straight line y=5 
c.  acircle passing through the origin d. none of these 


Let & w be two complex numbers such that |z| < 1, 





w|x1and[z + iw| = z -iw|- 2 then z= 
a. lori b. ior- c. 1 or —1 d. ior-l 

Let z, & z, be the nth roots of unity which subtend а right angle at the origin, then n must be of 
the form (wherek ez ) 





a.  4k*l b. 4к+2 c. 4К+3 d. 4k 

The complex number 7,,7, & 2, кува © = 2 = ES are the vertices of a triangle 
7›—7» 

which is 

a. of area zero b. right angled isosceles 

c. equilateral d. — obtuse-angled isosceles 


For all complex numbers z,,z, satisfying Я =12 апа 7; =3= 41 =5, the minimum value of 
2 - z,|is 
а. 0 b. 2 с. 7 d 17 


The shaded region where P = (—1,0), 0-141-42,42),8 = (-1* 42 ,- 42), S = (1,0) is 
represented by 










al 
Ц 


Ё 
4 7 


А 


(PQ=PS=PR) 


11 


e 
IM, 


| 
| 






а. -1»2, 








arg(z t 1) « 2 b. |z + 1 <2, arg(z t 1) « - 


с. 2+1] >2, 





arg(z +1) | д. lz- || <2, 





Л 
1 22 
arg(z+ ) > 5 


A man walks а distance of 3 units from the origin towards the North-East (N45? E) direction. 
Form there, he walks a distance of 4 units towards the North-West (N45° W) direction to 
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9.* 


10. 


11. 


12,” 


13. 


reach a point P. Then the position of P is the Argand plane is 


а. Зе" +41 b.  Q-4iJe"^ с (4+3) | а 3+4“ 
A particle P starts from the point z,— 1+21. It moves first horizontally away from origin by 5 
units and then vertically away from origin by 3 units to reach a point z,. From 2, the particle 


л ^ 2 л 5 
moves ,/2 units in the direction of the vector; + jand then it moves through ап angle = in 


2 
anticlockwise direction on a circle with centre at origin to reach a point z,. The point z, is given 
by 
a. 6+71 b. —7+61 c. Ты d. -6+7i 
Match the following 

Column I Column II 
а. The set of points z satisfying p.  anellipse with eccentricity 4/5 
7 - ІМ = 7 + 14) is contained in 
or equal to q. the set of points z satisfying Im(z) = 0 
b. The set of points z satisfying т. the set of points 7 satisfying IIm(z) «1 
Iz +4|+ [z — 4| = 0 is contained in 
or equal to 
c.  If|w|z 2, then the set of points s. the set of points satisfying IRe(z) «2 
1. CE : га. 
z = W —— is contained in or equal to t. the set of points z satisfying 2 <3 
уу 


4 If |w] = ], then the set of points 


1. : : 
z = W + — is contained in or equal to 
w 


If a,b,c and u,v,w are complex numbers representing the vertices of two triangles such that 
c = (1-г) a *rb, у = (1- г) и + rv, where r is a complex number, then the two triangles 

a. ауе the same area b.  aresimilar 

c.  arecongruent d. none of these 


The locus of the centre of a circle which touches the circles |z — z,|- a and |z—z,|=b externally 
is 

a.  anellipse b. аһурегбо!а c. circle d. none of these 
If one of the vertices of the square circumscribing the circle 7 - 1 -4/2182--1-/3 , then which of 


the following can be a vertex of it? 
8: — des b. за! 6%. dieu d. none of these 


Read the passage and answer the following questions: 
A(z,), B(z,), С(ғ,) are the vertices a triangle inscribed in the circle 2 = 2. Internal angle bisector 
of the angle A meets the circum circle again at D(z,). 
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1. Complex number representing point D is 








_ ZZ _ 2223 _ ZZ 
а. 47 b. Z4 = с. 24- 4. none of these 
7, 21 23 


ii X argument (z,/(z,—z,) is 


Л Л п. 2n 
a. 1 b. 3 e 2 d. 3 
ii. — For fixed positions of B(z,) and C(z,) all the bisectors(internal) of ZA will pass through a 
fixed point which is 
a H.M. ofz, and z, b. A.M. ofz, and z, 
с. GM. ofz, and z, d. | попе of these 


Note:* Questions with more than one option is correct. 


ANSWERS 
1.а 2.c 3.d 4. с 5.b 6.a 7.d 
8.d 9. a> q,r; b >p; c > p»s,t; d get 10. b 11.b 


12. a,b,c ІЗ (1) d (ii) c (iii) c 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS - 1 


Quadratic Equations 
Quadratic equations 
The general form of a quadratic equation over real numbers is ax?*bx*c = 0 where a, b,c eR & a + 
0. The solution of the quadrati equation ax*+bx+c = 0 is given by 


- byb? — 4ac 


x= 7 . The expression b?-4ac is called the discriminant ofthe quadratic equation 
a 
апа is denoted by D. 
Nature of roots : For the quadratic equation ах?+Ых+с = 0, wherea, b, ceR and az 0, then 


"uU ELEME 





D>O р= 0 р<0 
Roots аге real and Roots are real & Roots are imaginary {If p+iq is 
unequal (distinct) equal (coincident) one of the roots then the other 


must be the conjugate p—iq 


where p,qeR&i= |J 1) 
For the quadratic equation ax*+bx+c = 0 where а, b, ce Qand az 0, then: 


D>0 and is a perfect square. D>0 and not a perfect square. 
Roots are rational and unequal (distinct). Roots are irrational {If p+ 44 is one root, 
then the other root must be the conjugate 


p- 44 Не, Irrational roots occurr in 
pairs if a, b, ce Q. 
Notel : Ifa isarootof f(x) = 0, then the polynomial f(x) is exactly divisible by x-a or (x-a ) is 
a factor of f(x) and vice versa. 
Note 2 : ах2+6х+с = 0 cannot have three different roots. If it has, then the equation becomes ап 
identity in x. ie, а= b-c- 0. 
Relation between roots and coefficients 























lom. € a „are roots of the equation ((ху-ахча x"'*a „х®?+......... a x^ta xta = 0, 
then f(x) = а (x- a ‚(ха „)(Хх— a ,).............. (x-a,) 
. -1 22 2 = Ж 
7. axa, x" тас ш iba ..Lax^ta xta,- a (х а О зене. (а) 
Comparing the coefficients of like powers of x an both sides, we get, 
—а,,  —coeft. of x"! 
S = Ра ............. +а =» 04 = == 
| p i ood а, coeft of x" 
a ft f n-2 
aja n-2 coeft. of x 
= + + 2 17] 2 = (1\2 
B5 0270 a esee i (-1) Р (-1) RCM EC 
an- ft. of х"? 
aaa п-3 соет. O1 X 
= + + 2,008, -( ір = (1)? 
5, = OUO Oe OUS (b Og ind omens жа. CI 8 (-1) ас 
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BG S C= ae 





а constant term 
27 (17  coeftofx^ 


Here S, denotes the sum of the products of the roots taken ‘K’ at a time. 


Particular cases :- 


-b 
S,=a+B = —,&S,-ap- 


then 


Quadratic equation : If a & В аге the roots of the quadratic equation ax’+bx+c = 0, then 


2 
а 
Cubic equation : If a ,ß,y are the roots of the cubic equation ax*+bx*+cx+d=0, then 


—b 
B a t py = pu 


о јо 


с 
а 


[eA 
Il 


аар рате = 


-4 
а 





5 


! 


1)? _ 
3 о. В Ү (= ) а 
Biquadratic equation : If о, В, У, $ are roots of the biquadratic equation ax*+bx*+cx*+dx+e = 0, 


cons tant term 


-b coeft of x" 
a 





S,=atpty+s = 





su br Bye бэ BY+B 8+78=Cly = 





Or S,=(a+B) (156) а. B+Y 8= қ 
4 
5, = < В у+В у б+7ба+а В 5 x 
-d 
Or $,= a В(+8)+Ү 8(atB)= — 


= uq ee 
andS,=aByY 6 CI, қ 


Formation of a polynomial equation from given roots 


ЇГ 0, бз» Oba eiecit ‚ а „аге the roots of an n^ degree equation, then the equation is 

35-9 KTHS жи” +(-1)" 5 = 0 where S, denotes the sum of the products of roots 
taken k at a time. 
Particular cases 


Quadratic equation : If a,ß are the roots of a quadratic equation, then the equation is 


x?-S,x*S, = 0 ie, x'- (a. * B)xt ac В — 0. 
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Cubic equation : If о, В, у are the roots of a cubic equation. Then the equation is , 
8 38555, = 0 ie,x =a +B+y)x (aBp*BY-ro)x-apy-U 
Biquadratic equation : Ко,В, у, $ are the roots of a biquadratic equation, then the equation is 
хэвтэх ЭЭ x +S, ex 

ie,x^-(a*B*vy-*àá)x'*t(ap-pv*vaá*oaóa-pa-*tav)x?- 
(a vYB*apa*pyvó*tavóo)xtapyYóo =0. 

Quadratic Expression : An expression of the form ах?+Ых+с, where a, b, ce R & az 0 is called a 
quadratic expression in x. So in general quadratic expression is represented as: f(x)=ax?+bx+c огу = 
ax Нос, 


Graph of a quadratic Expression 
Let y = ax?+bx+c wherea + 0. 


b с 2 bx b c b 
naso eS) хуга Ун +— + 














a а 4a? a 4a? 


b Час _ mon ie ыг 
nj 4a в 2а - У да ? 2а 


о. 
СУР Sa 
Y 


- Y-aX? or X? = = 





-b -D 
Clearly it is the equation ofa parabola having its vertex at 2 , 2) : 
Ifa>0, then the parabola open upwards. 
If a<0, then the parabola open downwards. 
Sign of quadratic Expression 
(1) The parabola will intersect the x-axis in two distinct points if D>0. 


0) a0 (1) а<0 
а В Х а В x 
Let f(x) = 0 have 2 real roots Let f(x) = 0 have 2 real roots 
о (о <В ).Тћеп f(x)>0 о & B (о <В )Then f(x)«0 
v Xe(-o, a )u (В оо) and (х)<0 vXe(-o,a)u(p o) 
vXe(a,p) & f(x)>0 forall x e(a..p) 
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(2) The parabola will touch the x-axis at one point if D=0 


() a0 (ii) а<0 
X 
X 
Их) >0ухеК f()z0vxeR 
(3) The parabola will not intersect x-axis if D<0. 
(0) а>0 (1) а<0 
—> 


ZX 


f()*0v xeR fG9)«0 y xeR 


NOTE: Condition that a quadratic function f(x,y) = ах” 2hxy-by^*2gx42 fy+c may be resolved 
into two linear factions is that 





m 08 


арс-2/өр-4а/7-062-012-- 





а Б 


e 


a 
h 
8 


МХОТЕ: 





—b -D 
(i) Fora>0, f(x) =ax*+bx+c has least value at x= Лас This least value is given by E 











zs -D 
(ii) Еога<0, f(x) =ax?+bx+c has greatest value at x= 7a" This greatest value is given by da 


Solved Examples 


1 If о, В are roots of ах?+Ых+с = 0; a +h and В +h are roots of px°+qx+r = 0 апар, D, are their 
discriminants, then D: D, = 


N 


(a) а (9) сн (с) = (4) None ofthese 
р 4 r 

Solution : a—ß = (а +6)-(В-В) 

=> (а-В)= ((a+h)-(B +В) 


— (a. *B)-4a В =((a th)+ (8 *h))-4(o. +h)(B +h) 


2 
_ь\ 2 4т 
eJ -a =(=) _ 4 
а а р р 


N 
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2 2 _4рг р, D, 
b инж > =. 
Di а 
=» р, = р? 
Ans : (а) 
2 Ifae Zand Фе equation (x—a)(x—10)+1 = 0 has integral roots, then the values of a аге 
(а) 10,8 (b 12,10 (c) 12,8 (d) Noneofthese 
Solution : (x-a)(x-10) = —1 
> xa=l & х-10--1 OR x-a--1 & х-10-1 
9-а = 1 x= 10-1 И-а=-1 х= 11 
а=8 х=9 а =12 
Ans : (с) 


3 If о, В are roots of the equation (x—a)(x—b)+c = 0 (c + 0), then then roots of the equation (х—с— 
a.) (x-c- p ) = c are 
(a аад рс (6) atcandb (c) a+c and b+c (d) None ofthese 
Solution: х?—(а+Ы)х+аб+с = 0 
=> atf =atband а В =аб+с 
Now (x-c- a.)(x-c- p ) = c 
>  (x-cy-(a-*pB)(x-c)* a B-c=0 
(х—с)?—(а+Ь)(х—с) +ab = 0 
(х—с)?— a(x—c) -b(x-c) tab = 0 
=  (x-c-a)x-c-b)-0 
^ х= c+a and b+c 
Ans (с) 
4 Let л be the discriminant and a, B be the roots of the equation ax*+bx+c =0. Then 2а0 + A and 








2ар- д can be roots of the equation 

















(а) x2+2bx+b?=0 (b) x22bxtb =0 
(c) x?+2bx—3b*-l6ac =0 (d) x?^2bx-3b/-16ac =0 
-bt4^ 
Solution: о,В = = bt val 
2a 
_—b+A е2 ж _-b-A 2 gabe 
WU ga x m 2a к OW ugs gee к= 2a 
2аа, =-bt+ A 2ap ——b-A —2aatA--b&2ap —-A--b 
2aatA=—b+2 д 240) -д--Б-2А SS--2b and P=b? 
<. S=- 2b and Р= +244? 
— 5 -402-4(12-4ас) 
- О, = = ы 
Pata Capt) = —3b’+ lac Heve S means sum of the roots 
P=(2aa +A). (2a p- А)= 16ac -3Ь° Р means product of the roots 
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г. quadatic equation is г, quadratic equation 18 
x^t2bx-3b?-16ac = 0 x?+2bx+b? = 0 
Ans: (a) and (d) 
5 The polynomial equation (ax?*bx-c)(ax^-dx-c) =0, ас» O has 
(a) four real roots (b) atleast two real roots 
(c) atmost two real roots (d) Noreal roots 
Solution : ac z 0 
=> ас>0 ог ас<0 
Now D,-b-4ac & D, = d’+4ac 
When ac> 0 = D,>0 but D, may positive or negative 
When ас<0 = D,>0 but D, may be positive or negative 
In either case the polynomial has atleast two real roots 
Ans (b) 
а> +20+1  p^«-2p«1. 


2 aA = 
6 If a., B are roots of x/-p(x*1) -q = 0, then the value of Patera + 824284 1 





8 





(а) 1 (b 2 (с) 3 (d) None ofthese 
Solution : x^-px-p-q- 0 
—otp-p and а B=—p-q 
Now (a +1)(B +1) =(atB)ta В+1 
=р-9-р+1 = 1-4 


o^ +20+1 В? +28+1 
































Now о? +2а+а  В?+2В+а 
(a +1)? (8-1) 
(4418 -4-1 (В+)? -4-1 
(0+1)? (В +1)? 
(841) (а) (8-1) -(0:4118-1) 
| | 1 oal PBH 
= Вау 0+1 (0+1) (В +1 +1- (0+1) 
Ny " D (®+1)—(В+) P 
a+l В+ a -1-p-1 
^. ав Ва a-p 
о-р 
= apos 
Ans (a) 

7 Гера, „В, у be the roots ofthe equation x*+4x+1 = 0, then (a +B ) (p Су a.) equals 
а) 2 (b 3 (с) 4 (4) 5 
Solution: a+B+y =0, 00015870 =4, aß y =-l 

1 1 1 E 1 1 ap + py + yo. 4 
“ажр Bey уча та B apy -(4)-4 
Ans : (с) 
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(i)* 


(i) 


PRACTICE QUESTIONS 


The minimum value of f(x) =х?+26х+2с? is greatest than the maximum value of 
в(х)--х2-2сх-42, then (x being a real ) 


| lel 
@ КР 6) b 
(с) -I«cc 2b (d) Nonreal value of b «сс exist 


If P(x)isa polynomial of degree less than or equal to 2 and S is the set of all such polynomials so that 
Р(1) = 1, P(0) = 0 and P'(x)>0 у x [0,1], then $ = Here, Р(х) = b х+ ax + c 

a) ф (b) {(1-а)х?+ах,0<а<2} 

(c) {(-а)х?+ах,а>0} (d) +{(1-а)х2+ах,0<а<1} 

In the quadratic equation ах?+Ых+с = 0 if A = b/-4ac and о +В, a.?* B? and а +В? are in ОР, 
where о, В are the roots of the equation, then 

(а) Az0 (0 ba =0 (c) ca =0 (d л-0 

Ifa, b, care the sides of a triangle ABC such that x*-2(a+b+c)x+3 à (ab+betca) = 0 has real roots, 
then 





4 s ES ШӘ 
со ® A3 © AXe(y3) @ ^= 33 

Let a & В be the roots of x*-6x—2 = 0, with a > В. Ша, = a"— В "ога > 1, then the value of 
ао-2а | 

m 2a is 

(а) 1 (b 2 (с) 3 (d 4 

If x-10ax-11b = 0 have roots c & d. x?-10cx-11d = 0 have roots a & b, then a+b+c+d is 

(a 1210 (b 1120 (c) 1200 (d)  Noneofthese 


Ift. denotes the n" term of an A.P. and t- 4 апа t5 р , then which of the following is necessarily 


a root ofthe equation (p+2q—3r)x?+(qt+2r—3p)x+(r+2p—3q) = 0 is 


(а) t O + () t, @ t. 
The curve у= (4,1) x*+2 intersect the curve y= 4, х+3 in exactly one point, if А, equals 
(а) {2,2} (b {1} c) t2 (d 12j 


Read the passage and answer the following questions. 

Consider the equation x*+(1—2k) х2+к2—1 = 0 where К is real. If x? is imaginary, or х2<0), the equation 
has no real roots. №х?>0, the equation has real roots. 

The equation has no real roots ifk є 


5 5 
(а) (С<-—1) (b Сы) (c) e (d) 3 =) 
The equation has only two real roots ifke 
(а) (-e-l) (b) (0,1) (c) (1,2) (d (1,1) 
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(ii) 


10 


115 


12 


13 


The equation has four real roots if k e 


5 
(а) (-».0) (b) (-L 1) (c) e (d) (1,0) 
If а, В are the roots of the equation ax*+bx+c = 0, then the value of 
1 cos(B—a) cosa 
cos(a —В) 1 cos is 
COS a cosp 1 
(a sin(a+p) (b  sinasinp (c) I+cos(at+P) (d) None ofthese 
If (1+k) tan?x—4tan x—1+k = 0 has real roots, then 
(а) k<5 (b tan(x+x)=2 © fork2,x- - (d fork =1,x,=0 
Ifp,qe {1,2,3,4}, the number of equations of the form px*+qx+1 = 0 having real roots is 
(a) 15 (b) 9 (c) 7 (d) 8 


Л 
In АРОК ХК = 2: If tan : & tan H are the roots ofthe equation ах?+Ых+с = 0 (az 0) then 


(a  atb-c (b btc=0 (c) atc=b (d b=c 


Note : * Questions with more than one option is correct 


Answers 
1. b 2. b 3. c 4. a 5. c 
6. a 7. c 8. c 9 () ad (i) d (шс 
10. d 11. a,b,c,d 12. с 13. a 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS - II 


Quadratic Equations(Locationo f Roots) 
Let f(x) = ax?*bx*c, a,b,c €R , az 0 and a, p(o « p) be the roots of f(x)=0. Let К be any 
real number 


a < k and | i. D > 0(тоої$ may be equal) 
В <k Both the ii. a. f(k) > 0 
roots are less than k iii. 2k> а+р 1.e2k>sumof 


—b 
roots ork > —— 
2a 


о> капа В > к | i. D > 0 (roots may be equal) 
Both the roots are ii. a.f(k) » 0 
greater than k iil. 2k < а +В i.e 2k < sumof 


—b 
roots ork < — 
2a 


a<k<B i.D>0 
k lies between (distinct roots) 
the roots ii. a f(k) <0 





Wavy Curve Method 
Let f(x) = (x -a,)^ (х-а,„)°...... (x —a, ^ - (1) 
Where k; eN Vi & а, eR such that a, <a, « ...... < а. Mark a,,a,...... a. on real axis check the 


sign of f(x) in each interval. The solution of f(x) > 0 is the union of all intervals in which we have put 
plus sign and the solution of f(x) « 0 1s theunion ofall intervals in which we have put the minus sign. 


Exponential Equations 
If we have an equation ofthe form 
ах = b where a > 0, then 


хефір<0; x= log, bifb>0,a #1; 
xeQifa-Lbzl; хев,На=1,6=1 
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Lagrange’s Identity 
Ifa., a, a, 5, b, b, ER then 
(a? +a? + a?) (b? +62 + Ы; Қа, +a,b, ға.) 


= (a,b, —a,b,) +(a,b, -а ы) * (a,b, = | 








Note: If т — Е = - , then each ratio is equal to 
| а+с+е+.... 
ра" + ас" «re^ +... |" 
ii. E EIE where p, qn neR 
ill. Jod А ат. 
SOLVED EXAMPLES 
1. The values of m for which both roots of the equation x^-mx--1-0 are less than unity is 
a. [= 2) b. (—о0,-2] с. [= 2, oo) d. none ofthese 
Solution: 
D>0 a.f(1)>0 а-р<2 
(—п)2—4.1.1> 0 1.(1-ш-1) > 0 т< 2 
(m2) (m+2)>0 -> т <2 = т є(=,2).......(3) 
=> metat 0 [2,о0) .... (1)| me(-o2) ....2) Form (1), (2) and (3) we have 


m є(-00,-2| 
Ans: b 


2. The values ofm (m eR ), for which both roots ofthe equation x—6mx+9m?-2m+2 = 0 exceed 


315 
а. (-оо,Ц b. [s 00,1) с. Ші») d. none ofthese 
Solution: 
D20 
(-6m)? -4.1.(9m?-2m42)»0 | a.f(3)>0 а-р»6 
8m-8 > 0 1.(37-18m+9m?—2m+2) > 0 |бт>6 
S M> цэн (1) 9т?—20т+11>0 m>1 542) 


От?—9т—11т+11>0 
(9m — 11) (0-1) 50 
11 


> т<1&т> у — (2) 
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From (1), (2) and (3) ше (2.4) 
Ans: d 


3. The values ofp for which 6 lies between the roots of the equation х?+2(р-3)х-9 = 0 is 


3 3 
a. Ё сн 3) b. [- a 2 ё. (- 00, 1| d. none of these 
Solution: D > 0 а./(6) 40 
(-2(р-3))? —4.1.9 > 0 1.(36+12(р-3) +9)) < 0 
р?—6р > 0 =>12p+9 < 0 
р(р-6)>0 

-3 

р>0,р> au (1) Р< ЭЭ (2) 


From (1) and (2) Р Є (- 522) 


Апѕ: а 


4. Га, б, сєВ ,and the equation ах?+Ых+ с = 0 has по real roots, then 





a.  (atbtc)>0 b. а(а+Ы+с)> 0 
c. b(atbtc)>0 d.  c(atb+c) <0 
Solution: 
a>0 a«0 
f(0)>0>c>0 f(0)«0 >c<0 
f) > 0=>a+tb+c > 0 f) <0 => a+b+c <0 
af(1)>0&cf(1)>0 s af(1)>0&c.f(1)>0 
a(a+b+c) > 0 and с (a+b+c) > 0 a(a+b+c) > 0 and с (a+b+c) > 0 
Ans: b 
PRACTICE QUESTIONS 
1. Ifthe roots of equation х?—2ах+а?+а—3 are less than 3, then 
аг а<2 b. а>4 с. 3<а<4 d. -2<а<3 


2. Read the following passage and answer the questions:- 
f(x) = ax*+bxte = a(x = ах — В), where а < В are the roots of f(x) = 0. № Л 2 b? — 4ac is 
negative, then its sign is same as that ofa, the coefficient of x?. If f(x) = a(x x а/х — В) , where 
a < B. ais positive, then for any number р which lies between о & В; f(p) is negative and for 
any number q огт which do not lie between a & В, f(q) or f(r) both will be positive. Also if a? 
«x?«bthena«x«bor-b«x«-a. 


i If x? -2(4. - 1)x + 1522 -24-7 20V x ER ,thenA e 
a. (0,2) b. (1,3) 
c. (2,4) d.  noneofthese 
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п. Let f(x) be a quadratic expression which is positive for all real x.If g(x) = f(x) 
+ f'(x) + f"(x), then for any real x, 
a 20) > 0 b. 0020 c.  g(x)<od. g(x) < 0 


= |x| =2 
ш. The inequality 2-х? -2 > 2 holds only if 


-2 2 
а. о oy b. only for ; «x«l 
2 2 
с. ея 1 4: —1<х<-—ог—<х<] 
3 3 
| | (х - a fx — Ь) : : 
iv* for real x, the function ——————- will assume all real values, provided 
a. a«b«c b. a>b>c 
с. a>c >b d. a<c<b 
3. УаШев of ‘a’ for which the roots of the equation (a*1)x?-3ax--4a = 0 (a * -1) greater than 
unity is 
-16 | 16 ) 
a el e ав —-l 
a. | 7 | b. € 7 
—16 
c. ac 471 d. none of these 
4*. Іх eR satisfies (log, (100x)) + (log, (10x))? + log, x < 14, then the solution set contains 
the interval 
a.  (L10] b. homil c. (0,6) d CL») 


5*. Ifa, bare the real roots of x?*px-1 = 0 and c, d are the real roots of x*+qx+1 = 0, then 
(a — c) (6-с) (a + d) (b + d) is divisible by 
a.  a-b-c-d b a+b+c-d 
Qe atb+c+d а а-0-с-4 





6. Match the following:- 


ColumnI Column II 
45 -1 
а. The value of x for which log (x — 3) < 1 is (p) 0, 7 
The value of x for which 100, х > log, „х is (q) (0,1) 
If log, ,(x—1) «log, ,,(x— 1), then x lies in the interval (п) (2,8) 


d.  Iflog,,, sin x 22 and x є[0,3л] then sinx lies in the interval (s) (3,3 +e) 


J5 +1 
@ [ 2 | 
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7. 


10 


11. 


12. 


13. 


Read the paragraph and answer the questions that follow: 

Let la +b) + еее МА саа. 1. (аа 5) =1 

ie = 5 +в vo)" 

і If ТЕН ІҢ /5|”-62, then 
[1.2 


a. x eļ-3, -2)u 1,2) 


с 
ж 
m 
| 
w 
кә 
м 
С 
| 
кә 
«сі 





с. х ЄГ-2-1)912,) 4. x €[-2,3)U[-1,2) 
x? 2x41 х2-2х-1 4 
ii. Solution of b T 45) + b Е 45) = 5. Jae 
a. 1+ 434 b. 1+ 424 
e 1+ 43,2 d. 1+ 42,2 
iii. The number of real solutions ofthe equation 1 5-4414 | + \ 5-4414 | — 30 are where 
{= х?—2 |х| 
а. 0 b. 2 
c. 4 d. 6 
| 3x? +9х +17. 
The maximum value of f(x) =—; 18 5k+1, Then К is 
3x° +9х + T 
a. 41 b. 40 с. 8 4. none of these 


2 2 2 
x уя Ү--а 20-34 


а b 


If 





, then (x+y+z) (atb+c) is 


Kes, 
a. axt+by+cz b. at+b+c с. шигчин 4. none of these 





O; х2- о 
The value of x satisfying the equation|x —1 Ба” (х-1/ is 
а. 3 b. 9 с. 27 4. 81 


If x? —9x + 20 > x? -9x 4 20 then which is true? 


a. х<40гх>5 b. 4<x<5 

c. 4<x<5 d. none of these 
Ifx*+px+1 is a factor of ax*+bx+c, then 

a. а?+с? = —аЬ b. а?— с? = —ab 
С. а?— с? = ab 4. none of these 


À 
If = рапа X = 51. —3, и” = 5u — 3, then the equation whose roots опе Т апа 28 


а. х?—5х—3 = 0 b. 3х2+19х+3 = 0 
с. 3х2—19х+3 = 0 ‘ d. х2+5х-3 = 0 
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14. If the equation (cos p — 1)x*+ x (cos p) + sin p = 0, in the variable x, has real roots then “р” 
can take any value in the interval. 


a. (0,22) b. (- 7.0) 


-T л 
Xt ao ox 
15. If (cosa +isina) is a root of the equation ax°+bx+c = 0, a, b, c eR , then 


a. acos2a+bsina+c=0 b. acos2a+bcosa+c=0 
с. asin2a+bsina+c=0 d. none of these 


Note:* Questions with more than one option is correct. 





ANSWERS 
l.a 2. (i) c (11) a (iii) d (iv) c,d 3.a 4.ajbb 5. c,d 
6. a—>s; Беер 7. (1) c Gi) b (iii) c 8.c 9а 1034 
11.6 123.6 13.8 14.d 15. b 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS - Ш 


Quadratic Equations(Locationo f Roots) 
Let f(x) = ax°™+bx+c, a, b,c eR,a + 0 and a, B(a < 8) be the roots of f(x) = 0. Let k,, k, be two 


real numbers such that k, « k, 


Exactly one root 
lies is the interval (k,,k,) 


Both the roots lie 


k, & k, lie between 
the roots a < К, <k, <В 


Logarithmic Equations 


i. D > 0 (distinct roots) 
ii. f(k,) f(k,) < 0 


1,0 >0 
(roots may be equal) 
ii. а f(k,)>0 & a К.) > 0 


—b 
iii. К< —<k, 
lil. k, 2a 2 


i. D > 0 (distinct roots) 
ii. a (К) «0 & a f(k,) <0 





If we have an equation of the form as log, f(x) = b where а > 0, a £1 can be written as f(x) = a^ 


when f(x) > 0. 


Logarithmic Inequalities 


0 <х € y and 
log, x « log, y are 


equivalent 





0 <х < уапа 
log, x > log, y are 


equivalent 
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Descartes Rule of signs 


The maximum number of positive real roots of a polynomial equation f(x) = 0 is the number of 


changes of signs from positive to negative and negative to positive. 


The maximum number of negative real roots of a polynomial equation f(x) = 0 is the number of 


changed signs from positive to negative and negative to positive in f(— x) = 0 
Solved examples 


1. 


The values of m for which exactly one root of x?— 2mx + m?-1- 0 lies in the interval (—2, 4) is 


а (-3,-1)U@G,5) b. (3, -1) б; (3,5) d. попе 

Solution: D > 0 f(2)f(4) «0 

(-2m)? -4.1.(m?-1) > 0 (4+4m+m2-1) (16 —-8m+m2—1) < 0 

4-0 (m?+4m+3) (m?—8m+3) 

=> meR .... (1) (m +1) (m+ 3) (m-3) (m- 5) «0 
—mse(-3,-1)0(3,5) ... (2) 


From (1) and (2), m e (-3,-1) U (3, 5) 


Ans: а 
The values of a for which both the roots of the equation 4x? 2x + a = 0 lie in the interval 
(-1, 1) is. 


a 4-2) b. (-25] с. C2 d. none ofthese 
Solution: 

D20 a.f(-1) > 0 a. f(1) > 0 

С2у-44а»0 4.(4+2+a) > 0 4.(4 —2+а) > 0 

4а-1<0 а-6»0 а»-2 

I —(1) а>-6 -(2) &t(-2,0)  —(3) 


1 
From (1),(2) and (3),a Е (- 2, 2 
Ans: с 
The all possible values of a for which one root of the equation (a —5)х?—2ах-а — 4 = 0 is 
smaller than | and the other greater than 2 is 








а. [5, 24) b. (5,24) c. (5,24) d. none of these 
Solution: D> 0 (а—5) f(1) 40 (4-5) f(2) 40 
(-2ay-4(a—5)(a—4) 20 (а-5)(а-5-2а-а-4)<0 (a —5) (4(а—5) 4a + a-4) <0 
=> 9a -20 20 => (4-5) 9>0 ->(а-5)-9) «0 = (а- 5) (a—24) <0 

a >= -(1) a>5 -(2) —>5<а< 24 -(3) 


From (1), (2), and (3) а (5,24) 
Ans: с 
Ifa, b,c eR and the equation x?- (a+b) x + с = 0 has no real roots, then 
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a,  c(a+b+c)>0 b. с+(а+&+с)с>0 
c. c—(atb-c)c>0 d. с(а+б—с)>0 
Solution: 
f(0)>0>c>0 К0у<0->с>0 
fQ) > 0 = 1+а+&+с > 0 fj) ==> l+a+b+c < 0 
1—1) > 0 = 1-(atb)+c>0 1-1)50 
<. ЈО). f) > 0 and f(0). /(—1)> 0 —1-(atb)-*c«0 
gives b and c ^. f(0) f(1) > 0 and f(0). f(-1) > 0 

gives (b) and (c) 
Ans b and c 

PRACTICE QUESTIONS 


1. The values of a for which 2х2—2(2а+1)х + а(а+1) = 0 may have one root less than a and other 
root greater than a are given by 
a. 1>а>0 b. —1<а<0 с. a >0 а а>0&а<-1 
2. The value of a for which the equation (1—а?)х?+2ах—1= 0 has roots belonging to (0, 1) is 


1+ 4/5 1+^/5 
































а а> 2 b. а>2 с. 2 <a<2 d a> 2 
3. Та, Б, с, х, у, Z, eR be such that (atb+c)*=3(ab+be+ca—x?-y*—z’), then 
a a=b=c=0=x=y=z b.  x-y-2z-20,a-b-c 
с. a=b=c=0;x=y=z d x=y=z=a=b=c 
4. Number of positive integers n for which п?+96 is a perfect square is 
a. 8 b. 12 c. 4 d. infinite 
5. The curve y = (0 + Ix? + 2intersects the curve y = Ax + 31s exactly one point, if ?, equals 
a. 4-2,2) b. TU c. (2) d. {2} 


6. A quadratic equation whose product of roots x, & x, is equal to 4 and satisfying the 


X X5 


. 1 _ 97. 
relation + =2is 
xjl 


Хал! 
а. x?-2x+4 =0 b. х?+2х+4=0 с. х2+4х+4 = 0 d. х2-4х+4= 0 
7.  Ifa,b,c,d eR , then the equation (x?*ax-3b) (х?-сх+3Ъ) (x*-dx+2b) = 0 has 
a. 6 real roots b. at least 2 real roots 
c. 4 real roots d. 3 real roots 
8. Suppose P,Q,R are defined as P—a?b--ab?-a?c-ac?, Q-b?c*bc?-a?b-ab? & R-a?ctac?-b?c- 
bc’, where a>b>c and the equation Рх2--Ох--Е-0 has equal roots, then a,b,c are in 
a. AP b GP c. H.P d. AGP 


9. Тға(р+4)2+2абра+с=0 & а(р-г)?+2абрг+с=0 (a + 0) еп 


с 
a. дэр b. qr- p " c. qr--p d. none of these 
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10. 


11. 


12. 


13. 


х2-ху+у2-4х—4у+16=0 represents 





a. point b.  acircle 
c.  apairofstraight line d. none of these 
| К-1,К-2 | 
If the roots of the equation ax*+bx+c=0 are of the form ЕЕ & ГЕТЕ then (а+6+с)2 is equal 
to 
a. 2b ас b. Уа c.  b^4ac d.  b-2ac 


Read the passage and answer the following questions:- 
af( tt) <015 the necessary and sufficient condition for a particular real number ų to the between 


the roots ofa quadratic equation /(х)-0, where f(x)» ax^*bx-c. Again if f (u,) / (u,) «0, then 


exactly one of the roots will lie between p, & I; 

l. If |b| > |a + c|, then 
a. One root of /(х)=0 is positive, the other is negative. 
b. Exactly one ofthe roots of f(x)=0 lies in (-1, 1). 
с. 1 lies between the roots of f(x)=0. 
d. Both the roots of f(x)-0 are less than 1 

2.  Ifa(atb*c) < 0 < (a+b+c) c, then 
a. one root is less than 0, the other is greater than 1. 
b. Exactly one of the roots lies in (0, 1) 
с. Both the roots lie in (0, 1) 
d. Atleast one of the roots lies in (0, 1) 

3. If (atbt+tc) c<0<a(atbtc), then 
a. one root is less than 0, the other is greater than 1 





b. — one root lies in Е 00, о) and the other in (0, 1) 
с. Бо roots lie in (0, 1) 


d. one root lies in (0, 1) and other in (oc) 


Match the following:- 

ColumnI Column II 
(Number of positive integers for which) (p) 0 

a. One root is positive and the other 


is negative for the equation 
(m-2)x?-(8-2m)x - (8-3m) = 0 





b. Exactly one root ofthe equation (q) infinite 
x/^-m(2x-8)-15-0 lies in the interval 
(0, 1) (r) 1 

c. The equation х?+2(т+1)х+9т—5=0 has 
both roots negative 

d. The equation x*+2(m—1)x+m+5=0 has (s) 2 


both roots lying on either sides of 1 


142 


UDOON 


A program to give wings to girl students 


14. Іа, Pare the roots of 375x?-25x-2-0 & S, = а" +f", then the value of 


{tim Y 8, 
г-1 


noo 





15. If x,y,z are distinct positive number such that X + т zx "d + хэ» then xyz=....... 


ANSWERS 
14 2.5 3.ab 4.с 5c ба 7.5 8с 9.5 10.4 Il.c 


12. (1) 5 (1) а() Ы 13.aor;borcq;dop 14.4 15.1 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS - IV 


Quadratic Equations 

Problem solving skills. 
* If one root of ax*+bx+c=0 is n times the other, then (10-41) ac = nb? 
* If one root of ax°+bx+c=0 is square of the other, then (а?с)'3-+(ас?) "3+6 =0 
ж If a, В are roots of ax*+bx+c=0 then 

(i) - о, В are roots of ax*—bx+c=0 

ig 1 1 

(ii) a B are roots of cx*+bx+a=0 ; ac z 0 


(iit) ka, КВ are roots of ax*+kbx+k’c=0 
(iv) о >, В? are roots of а?х?—(Ъ?—2ас)х+с?=0 


* Ifthe sum of the coefficient of f(x) = 015 0, then 1 is always a root of f(x) = 0. Also х—1 isa facter 
of f(x). 


In particular, for ax’+bx+c=0 if 


с с 
at+b+c=0, then 1 is always a root and the other root = " (*- product of roots = " ). 


* /бӘ)=(х-—а )7-„(х—а.„„)?+..................... *(x-a )?, where a eR v i. 





f(x) assumes its least value when х= 


n 
* While solving an equation, if you have to square, then additional roots will occur as the degree of 
the equation will change. In such cases, you have to check whether the roots satisfy the original 
equation or not. 
Solved Examples 
1 Ка ‚В are roots ofthe equation х?—2х+3=0 


Then the equation whose roots are 

о 5—3 а 2+5 а 2 and ВВ +В +5 is 

(а) х2+3х+2=0 (Б) х2-3х-2-0 (с) х2-3х42-0 (d) None 
Solutions : 

a 2—2 a +3=0 and В 2—2 В +3=о 

2. 02=202—3 а апа В 2=2 В 2-3 В 

л. Р= 0—3 а +5 0-2 = 202-3 а 3 а 2+5 а 2 = –-а +2 а 2 

-3-2-1 

Similarly, we can show that О = В В ?- p +5 = 2 

г. Sum = 1+2 = 3 and product = 1x2-2 

Hence х2-3х-2-0 

Ans (c) 





1 | 
2 Ка, В are roots of the equatio х?+рх— 22 =0, y p e R-{0}, then the minimum value of a ^^ p * 
p 
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is 

(a) 2/2 © 2-42) 2 (d) 2+\у2 
Solutions : 

a*+B*=(a4B2? -2a?p?-7 ((a-- B-2a py) -2(a В)? 


2 
x. 1 | 1 1 
=|p +7] - — =p+— +2 

| pJ a ДЕУ 


2 
2 1 
= || oF 
| Е 252 
-. Min value is 25/2 : 
Ans (d) 
1 


1 
3 Let p(x) be a polynomial of least possible degree with rational coefficients, having 73 + доз 88 


one of its roots, then the product of all roots of p(x) = 0 is 
(a) 56 (b) 63 (c) 7 (4) 49 
Solutions : 
1 1 
73 7493 


| зург Qi а 
Cubingx'-| 73 | + 493 +3.73 .493 шал 


1 2 
sg = 44943. [^ 4-49? | 


=> х?= 56+21х 
— x3+0 x2-21x-56=0 
г, Product of roots is 56 
Ans: (a) 
4 If a, B, Y, 8 are roots ofx^-4x?-6x^* 7x—9-0, then the value of (1+ a7)(1+B 2)(1—ү 2)(1+ 5 2) is 
(a) 9 (b) 11 (c) 13 (d) 5 
Solution : 
х“ 4х7-6х"-7х-9-(х-а (XB )(х—ү )(х—8) 


Put x=i, -4Г-6Г--7-9-1-0230-030-13Х1-6) 


Let x = 

















--283-0-0)1-831-131-6).. sss (1) 
Рих--1 
2—31=(—1—0)(=1—[)(=1—у)(=1—8)..................... (2) 
Multiply (1) & (2) 


145 


UDGON 
4-98-(а2-2)(82-2Х12-2)82-8) 
=> 13=(1+@)(1+р3?)(1+ү?)(1+86?) 
Ans: (с) 
5 If a, B, Y, are roots of 8x*+1001x+2008 =0, then the value of (a +B (B y (y +a ) 18 
(a) 251 (b) 751 (с) 735 (д) 153 
Solution : 
atp+y =0 
арата сеча" 














-2008 
с == = шы 


Ans : (d) 
6 Total number of integral values of ‘п’ so that the equation х?+2х—п = 0 (пе №) апап e [5, 100] has 
integral roots is 
(a) 2 (b) 4 (c) 6 (d) 8 and ne [5,100] 
Solution : 
х2+2х-п = 0 
=> х2+2х+1 =ntl 
=> (х+1)=п+1 
х+1 = + р] =>п+1 should be perfect square 
ne[5,100] 
0151:516,1011| 
Perfect squares in the given interval аге 
9, 16, 25, 36, 49, 64, 81, 100 
8 values ... 
Ans : (d) 
7 If the equation p(q-r)x?*q(r-p)x*r(p-q) = 0 





2 
has equal roots, then q is equal to 


85 LT ist 
@ 25:09 рт © 517 Pt 


Solution : 


| ‚ 1-4 
Clearly x = 1 is one root and the other root is NES гу roots are equal, we һауе 


30-28) -1 Ё Pr oduct of roots = re-a) 
р(а-г) p(q-r) 
> rp-rq- pq-rq 

2rp=pqtrq 
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4* 


2 1 2 
^ арт 
Ans: (a) 
PRACTICE QUESTIONS 
The largest interval for which х!?—х°+х*—х+1>0 is 
(а) -4<х<0 (b  0«x«l (c) -100<х<100 (d) -о<х<о 


Read the following passage and answer the questions. 

Ifa continuous function f defined on the real line К, assumes positive and negative values in R, then 
the equation f(x) = 0 has a root in R, for example, if it is known that a continous function f on К is 
positive at some point and its minimum value is negative , then the equations f(x) = 0 has a root in В. 
Consider f(x) = ke'-x, v xe К wherekeR is a constant. 

(i) Тһе line y=x meets y=ke* for k «0 at 


(a)  nopoint (b) one point 
(c)  twopoint (d) тоге than two points 
(it) |The value ofk for which Ке-х-0 has only one root is 
1 
8) С (b е (c) 108,2 (4) 1 
(i) For k>0, the set of all values ofk for which Ке”-х-0 has two distinct roots is 
2) € et. 
(а) (0: 6) [> © ip (d (0,1) 


426 —154/3 
If = а? thenai 
4/2- (38 + 5-/3) a’, then а 18 


1 1 














(а) 3 (5) В ( <3 (d) None of these 
Solution of 21og, а +102, а +3108, a=0, where а>0, b=a’x is 
(3) са” ib). at (c). a” (d) None ofthese 
Solution of the system of equations 
3x – 
xt — Y -3, у- ы = 015 ог 
х“ +у х^ +у 


The number of ordered 4—tuple (x, у, 7, w) where x, у, z, w е [1, 10], which satisfies the inequality 
asin’ x aes y 4m боов? м > 120 18 

(8) 0 (b 144 (с) 81 (d) infinite. 

The number of solutions ofthe following inequality 


1 1 1 1 











sin x; . 35^ x; . Дт” ха нь p «n! where 
x e (0,2 m) әй ЛЕ БЕНЕН nis 
(a) 1 (b 2 © m (d) infinite 
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10 


11 


12* 


13 
14 


15 


The number of solutions of |[x]—2x| = 4 is 


(a) infinite (6) 4 (с) 3 (d 2 
How many roots does the equation 3“ [2-|x|| = 1 possess? 
(а) 1 (b 2 (c) 3 (d 4 


Let S be the set of values of ‘a’ for which 2 lie between the roots of the quadratic equation x*+(at+2)x— 
(а+3)=0, then $ is gives by 


(а) (-00,-5) (b) (5,0) (© (-о,-51 (d) [5,®) 
Match the following 
For what values of m, the equation 2x^—2(m-*1)x--m(m- 1) = 0 has (m e К) 
ColumnI Columan II 
(a)  bothroots are smaller than 2 (p {0,3} 
(b) both roots are grater than 2 (4) (03) 
(c) both roots lie in the interval (2, 3) ( (-с,0)546, ю) 


(d) exactly one root lie in the interval (2,3) ($) ф 


81446625 81—4/6625 
(e)  onerootissmallerthan 1, ће otherroot (0 32 , 32 
is greater than 1 





(f | both2 &3 lie between the roots (у) Coo -l)U[3,0) 
The real roots of the equation 


|+ кузук — 24 x +2V3x S 


(n radicalsigns) 
(a) 0 (b 3 (с) 1 (d) Noneofthese 
Solution of the equation 1+3*?= 2* is 
The number of real solutions of the system of equations 




















222 2x? aa 
= ; - ; 2- 18 
1+22 T dex ley? 
(а) 1 (b 2 (с) 3 (d 4 
If a, b, с > 0, а? = bc and a+b+c = abc, then the least value of a*+a’+7 must be equal to 
(a 19 (b 20 (c) 21 (d) 18 


'Note : Questions with * have more than one correct option' 


1. 
S: 
11. 


Answers 
d 2: 0) р (1) а (ш) а 3. d 4. a,b 
(2,1),(+1,-1) 6. с 7. р 8. р 9. d 10. a 
a—q;bop;cor;dov;eos;fot 12. a,b 13, 2 14а 15. 
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SEQUENCES AND SERIES -I 


Arithmetic Progression 


Sequence 
A sequence is a function of natural numbers with codomain as the set of real numbers. It is said to 
be finite or infinite according it has finite or infinite number of terms. Sequence a,, a.,........ а 18 


usually denoted by {a,} or <a > 
Series 
By adding or subtracting the terms of a sequence we get a series. 
Arithmetic Progression (A.P.) 
A sequence is called an arithmetic progression, if the difference of two consecutive term 
is the same always. 
i.e. а-а, = d, (constant), пе М. 
Here d is called the common difference (If d= 0 sequence is a constant sequence. if d>0 the 
sequence is increasing; if d<0,the sequence is decreasing) 
n^ term of an A.P = at+(n—1)d 
n^ term from end of an A.P = a *(n-1) (~d) 
where a, is the last term and d, the common difference of the A.P. 
Sum of n terms of an A.P 
The sum $, of n terms of an A.P is given by 


| [2а + (n - Dd] 
212 
Be no 
2 + а„) 


Where а is the first term, a, last term, d common difference 
Note that a sequence is an A.P if and only if its n? term is a linear expression in n, and in that 
case its common difference is the coefficient of n. 
Also sum to n terms is of the form Ап?+Вп where A & B are constants, and the common 
difference of the A.P is 2A. 
Note : 
а) d "аа! 
= (S-S, HS, 8, 
Б 8.28, | п-2 
(1). 5—35 099 29a 
= (5,5, ) 2 (S, -8, 258, 5-8, ) 
-а-2а “а, 
=Оаза, ,a, p a, are in A.P 
Selection of terms in an A.P 
In case of an odd number of terms the middle term is a and common difference d while in 
case of even number of terms, middle terms are а-а, аға and common difference is 2d. 








No. of terms Terms Common difference. 
3 а-4, a, atd d 
4 а-34, а-а, atd, a+3d 2d 
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5 а-24, а-а, a, atd, а+2а d 
Insertion of Arithmeitc Means 





a+c 
Ifa, b, c are in A.P, then b= is called the single arithmetic mean of a & c. Leta & b be two 
given numbers and А |, A. ,........... A are п А.М”з between them. Then a, A,,A,,,...A , are in А.Р. 
-а 
Common difference of this sequence d= m 
А = atd, А,= a*2d etc. we can find all the arithmetic means. 
Properties of A.P. 
1 Іа 8,, Bay sns are in A.P; then a, + К, a, + К,а, + К,..................... are also in А.Р. 
a 

2 ЇЇ ду, Bg, Өөхөн are in A.P, Шеп a à, 8,268, аын and Pu 

ua Iso in A.P (9, +0) 
"E are also in A.P (À = 

3 If 3,4 РЕТТЕ а are in A.P, then а „а анавы a,,a, is also ап А.Р with common 
difference (—d) 

4 Па, Sessions and Dir Oyy Эсийн dede are two A.P.s then 
а, + b,a, + b,,a, + Ъ.,..... are also in А.Р. 

5 Ға piyin and D D қы. are two A.P.s then a,b,, a,b,, a,b,............ and 
а а, 13 | 
P5 таны аге МОТ ш А.Р. 

6 If 3 numbers аге іп A.P we may take them as а-а, a, а+а. №4 numbers are іп A.P, we 
can take them as a—3d, а-а, а+а, а+3а. 

7 In an arithmetic progression, sum of the terms equidistant form the beginning and 


end is a constant and equal to sum of first and last term. 


Пе for {a аза ғала =а,+а =. 





a, р +а 
Also a, = Шек nk O<ck<n. 
8 Sum of n arithmetic means between two given numbers a & b is n times the single 
A.M between them . 
| a+b 
IEA TA Paane +A, =n 2 
n(middle term); if nis odd. 
9 Also S = атаана 


п | ae 
Сш of two middle terms); if nis even 
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(d) None of these 


Solved Examples 

1 If x, у, z are real numbers satisfying the equation 25(9x7+y7)+9z7-15(5xy+yz+3zx) = 0, then 
x,y,z are in 
(a) AP (b G.P (c) HP 
Solution: 


We have (15x)?+(Sy)?+(3z)?-(15x)(Sy)}-(Sy)(3z)-(3z) 15x) = 0 


ог (15х—5у)?+(5у-37)?+(37—15х)? = 0 





1 
х a’+b*+c?-ab—be—ca = 5 {(a—-b)’+(b-c)*+(c-a)?} 





=> (15х—5у)= 0,5у-32)- 0,(3z-15x) = 0 


15x =Sy=3z > 2-5-2 = 
cad 2 22240170875 
лке AY534755) 


So x, у, z are in А.Р 








> 


Ans (a) 
2 The number of common terms of the two sequences 2,5,8,11.................. 299 and 
3,5,7,9,11.....201. 
(a) 17 (b) 33 (c) 50 (d) 147 
Solution 
Sequence of common terms is 
ЗШ whose n? term is 
a, = 5t*(n-1)6 = 6n-1 
а, < 201 = 6n-1« 201 
2 
=> n<33 3^7 n= 33 
Ans (b) 
. . 1 1 1.5 1 
3 The value of x+y+z = 15. If a, х, у, z, b are in A.P, while the value of т | y + : 18 3” If 


1 1 1 1 
x Y'z'b 
(а) a=1,b= 
Solution: 


are in A.P, then 


5 
atx+yt+z+b = 2 (a+b) 
3 
=> xtytz- 2 (a+b) 


3 
= 15 = 5 (atb) 


=> а = 10 
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(d) None of these 
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1 1 1 11 5 Е у 
Bes um Р 
шаг y z b 2\а р 
1 141 3 Е 5 
= + 
х у z 2\а b 
5 8849) 
з 2\ ab 
5 3 10 
=> 3 = РЕ ар ар = 9 
Solving we get a = 1, b=9 or a= 9, = 1 
Ans = a,b 
4 ПОА mI анны а, be real numbers satisfying a, = 15, 27—2а,>0 and a, = 2a, ,-a, , for 
2 2 2 
+a, +....... + a, +а, +....... -а 
k = 3,4 ш... mi . i = 90, then the value of == i 
equal to 
Solution 
а = 19,4 $24, а. = а.ш а, are in A.P. 
| а +a, + тээл rau _ 15)  (154-d)^ +......... + (15 +109)? - 90 
11 11 
-9 (15511). ао 
= 70+301+27 =0 > d=-3, = + d Ut- + 304 (1+2+10) 
7 11 : 11 11 
27 _9 => 225+350 d +150 d =90 
given а,<-- -. d=-3&d = 3542- 150 d +135 =0 
d AP Clg енн +а 11 (30-3х10) 
=5 = = 
11 2 11 
Апѕ 0 


5 Suppose А, B, С are defined as А = a?b-rab?-a?c-ac?, В = Ъ2с+Ьс2-а%-аБ° and С = а?с+с?а— 


111 
cb?-c?b, where a>b>c>0 and ће equation Ах?+Вх+С = 0 has equal roots then a poa in 


с 


(4) АР (b) ОР (c) H.P (d) None ofthese 


Solution : 
-- A+B+C = 0, x = 1 is a root of Ах-Вх-С-0 
The other root = 1 (-. roots are equal) 


C 
ale => СЕА 


a?ctcla-cb?-c?b = а?5+аЬ?—а?с—ас? 

c(a—b)(at+b+c) = a(b-c)(at+btc) 

= ac-cb = ab-ac (-. atbtc z 0) 
— 2ас = ab+bc 
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111 . 
= =, рс аге 1п А.Р. 
Ans: (а) 
6 If a, b, c, d, are distinct integers in an increasing A.P such that d = а?+6?-с?, then a+b+c+d = 
(а) -1 (b 0 (c) 1 (d 2 
Solution : 
a,b,c,d eZ 


Let b = a+}, c= а+2)., 4 = а+3 А, A €Z 
at3 ), =a Hat) )?+(а+2 2, 

= 5 ),°+3(2а—1)),+3а?—а = 0................. (1) 
2, is real 

р-0 

9(2а—1)?—4.5.(За?—а)>0 = 24а2+16а-9 < 0 
-1 70 -1 470 

S 48 559 3 2 

мас! a--1,0 

Ifa=-l, 1 =landifa=0 4 eZ 





4 
atbtctd = 5 (atd) = 2(2a+3 A) = 27243) 22 


Ans (d) 
7 Consider the sequence in the form of groups (1), (2,2), (3,3,3), (4,4,4,4), (5,5,5,5,5),............ 
the 2000th term of the sequence is not divisible by 


(a) 3 (b 9 (2) 7 (d) None of these 
Solution 
Let us write the terms in the groups as follows: 
(1), (2,2), 0:3 osos consisting of 1,2, 3, 4, ............ terms 
Let 2000th term fall in n? group. Then 
Е nce +(а@—1)<2000 < 1+2+.................... +п 
v 1) 200 < n(n + 1) 


—n(n-1)«400 (0-1) 
n(n—1)<400 and = n(n+1)>400 
n?-n-400«0 and п2+п-400>0 
=> п= 63 
i.e. 2000" term falls is 63 rd group. 
Also 2000" term is 63 

Ans (d) 

8 Ifx'*=y"! =z", then 3log x,3log y, 7log,z are in 
(а) АР (b) GP (c) Н.Р (4) None of these 


153 


20,09 
ШРМ 
Solution 
Let х!8 = y! =728= 2 
18logx = 21log у= 28 1007 = log), 


ы 142223 
CEU аво 75s 34 es ag 


7 9 
> 3log x = 2, 3log y = 4, 7log z = 2 


=> 3,3log x, 3log y, 7log z are in А.Р 


Ans (a) 
PRACTICE QUESTIONS 
1* If, log x, log y, h15log,z are in A.P, then 
(а) 2=х (b хэу! (с) у= E (d) None of these 


a 
2 is so 5, 255-25- are three consecutive terms of an A.P, then a is 


(а) -12 (b) >12 (c) =12 (d) None of these 
3 Ifsing, sin?a, 1, sinta and sin? о, are in A.P, where — л<о <л, then а lies in the interval 


Gi oG) oG 
(a) 272 (9) 373 (c) 6'6 (d) None of these 


4 If the roots of x;-12x?*-39x—28 = 0 are in A.P, then their common difference will be 








(a) +1 (b +2 (c) +3 (d) +4 
5 If the sides of a right triangle are in А.Р, then the sum of Ше sines of two acute angles is 
1 2 
а) 5 © в 
5—1 5+1 
(с) | a | | 2 (d) None of these 
6 Read the passage and answer the following questions. Two consecutive numbers from 1, 2, 
ря ‚п аге removed. The arithmetic mean of the remaining numbers is E 
(i) The value ofn lies in 
(a) [45,55] (b) [52,60] (c) [41,49] (d) None of these 
(ii) The removed numbers 
(a) lie between 10 and 20 (b) are greater than 10 
(c) аге less than 15 (d) none of these 
(ш) Sum of all numbers 
(a) exceeds 1600 (b) is less than 1500 
(c) lies between 1300 and 1500 (d) none of these 


7 Concentric circles of radii 1, 2, 3, .....100 cm are drawn. The interior of the smallest circle is 
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8* 


10 


coloured red and the angular regions are coloured alternately green and red, so that no two 
adjacent regions are of same color. The total area of the given regions in sq.cm is equal to 
(a 10007 (b) 50507 (c) 49507 (4) 5157 
If three identical fair unbiased dice are thrown together such that the numbers а, b апа с, where 
a,b, ce {1,2,3,4,5,6} appear on each of them respectively. If r represents all possible distinct 
cases, о, represent the number of ways in which atb+c = 9 апа B represents the number of 
ways of obtaining а---с = 8, then match the following. 

ColumnI Column II 
(a) Ша represents the common difference of an A.P 

such that the arithmetic mean of the squares of these 

quantities exceeds the square of A.M by 9, then the 


number of terms of A.P are (p) °С, 
тах(о,В) 
Y тах(о,В) С |—5 
(b) NOW ) (4) 2 
(c) If 6th term in the expansion of (+В ) is the greatest 
term, then n is ir) 1 
(4) [= -P fa is equal to where [.] denotes the 
is equal to where [.] de 
y-a A B i: 
greatest integer function (5) 10 
A person is to count 4500 currency notes. Let a, denotes the number of notes he counts in the 
n® minute. ТЁа = а„=............ а= 150 and a „а||........... are in A.P with common difference — 
2, then the time taken by him to count all notes is 
(a) 24min (b) 34min (с) 125min (d) 135шіп 
Іа а. а, are іп A.P with common difference 4 ж0 then (sind) (seca, ѕеса,+ 
seca, seca, t......... seca, (веса ) is equal to 
(a) cota —cota, (b) cota,-cota, (c) tana —tana, (d) tana,-tana, 


Nnote:* Question with more than one option is correct. 


Answers 


1. a,b,c 2.0 3.4 4c 5.a 6.() а (и)с (10) 7.b 8.459;bq;cops;dor 
9.b 10.с 


155 


Pw 


UDA AN 


A program to give wings to girl students 


SEQUENCES AND SERIES - П 


Geometric Progression 


A sequence of non-zero numbers is called a geometric progression if ratio of a term and the 
term preceding to it is always a constant. This constant is called the common ratio of the GP. 





алы ны 
а 


а NORTE ‚а, is in GP. if Г = const., VngN. 


197727 
п 


п term of a С.Р. = aor, 


п-1 
1 
nth term from end of a G.P = a. 8 where а, is the last term and r the common ratio of the 


GP. 


Range ofr т>] 0<г<1 т>] 0<г<1 


С.Р. 18 increasing decreasing | decreasing | increasing 





Ifr- 1, the sequence will be a constant sequence. Ifr is negative the terms of С.Р. are alternately 
positive and negative and so the GP is neither increasing nor decreasing. 


Sum of n terms of а С.Р 


Let the first term of GP be а common ratio r and last term a „ then 











i) Sum to n terms 
= ог = енге 
r-1 1-1 
в. = 
па ;whenr=1 
à—a,r a,r-a 
Also 5 = or : whenr z 1 
я l-r -1 
Sum of an Infinite С.Р 


Sum of an infinite С.Р. with first term a and common ratio r (-1 <r < 1; rz 0 or 0<|r|<1) is given 


1-2 
у | ]-r 


Ifr>1, then the sum of an infinite С.Р tends to infinity. 


Selection of terms in a С.Р 
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In case of an odd number of terms the middle term is a and common ratio is r while in case of 


a 
even number of terms, middle terms are — , ar and common ratio is r?. 
r 


No. of terms Common ratio 





Note that it is convenient to take the terms as a, ar, ar? ......... if the product of numbers is not 
given. 


Insertion of geometric means 


Note : Ifa & b are two numbers of opposite signs then geometric mean between them does not exist. 
Solved Examples 


3 
1. Suppose a, b, c are in A.P and a’, 02, c? are in GP. If a<b<c and a+b+c = 2 then the value of 
а 15 
ET EE їл LER 
a. 242 b. 245 с. 2 ЁС 4. 2 J2 


Solution: Let the numbers be A-d, A, A* d 


Then A= 


N| - 


1 1 1 
--4, =, = + 
Numbers аге 2 4, 2^ 2 d 


a?, D c are in GP, 


2 
1 1 1 1 
Эмээ Logd log = qm 
= 16 E | 4 
Бос EU 
=> d 2 => d=+ 2 
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| 1 1 
Sincea<b<c,a=> - р 


Ans. d 


з (зү үзү аа)" № 
2. If 82-27 Fi +) —] eS. + (—1) 1 and b, = l-a, then the minimum natural number 


4 
п, such that b, га & n7 n, is 
a. 4 b. 5 c. 6 d. 12 
3 = 2) 
4 4 
Solution: а= 3:0 
1+— 


Ь >а = 1-а >а => 2а <] 
n n n n n 


= 9 4 = “(4 6 “14 6 

=» (-3)*! < 22n-l 

For n to be even, the inequality always holds. For n to be odd, it holds for n > 7. 
Least natural number for which it holds is 6. 


Ans. € 


3. Ifa bethe arithmetic mean of b and c and G,, G, be the two geometric means between them, 
then G’ +G, = 


а. О,О,а b. 20 Ца с. 3G,Ga 4. none of these 
Solution: b,a,careinA.P 
2а = b+c 


Also Б, G,, G,, саге in GP 
Geb => GP -—bGG 


2 


G? -О,0 — С? -cGG, 
G T6 = GG, (б+с) =2С|С„а 
Ans. b 
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| © 1 т? © 1 | 
4. Ші known that 2, (2—1)? аг , Шеп 2, ps 
2 2 2 
T T 
a шй b. — с. == 4. none of these 
24 3 6 
Solution: 
1 1 
Let 12 tort gy —— 00 =x 
ыы ы ee 
2. 2 лы ыш: Ви oe ee 
2 
T 1 1 1 1 
х= 8 | 4 E yy "ЕС, 2| 
_ |1 ES т” 
х= 8 ax = 47% = х 6 
Ans. с 


5% | fae RH, Ness n and all a,’s are distinct such that 
п-1 " п-1 п 
2 2 А 
5 а; ) S TAS < 0 then 98:58 емін are in 
i=l 1-1 1-2 


а. GP Ь. АР с. Н.Р 4. попе of these 


п-1 


п-І 
Solution : 2. (ах + а, ):<0 = 2, (ax ta, = 0 
1-1 1-1 


> ах+а=0 u.a T, 3, isis n-1 
аң : 

= =—х\у1=1,2,...... п-1 
а, 
СЕ ЕРТТЕР а are in СР. 
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Ans.a 
6. The 1025" term is the sequence 
1, 22, 4444, 88888888, ........... 18 
а. 2? b. 210 G2" d. none of these 
Solution : Number of digits in each term are in GP. 
Let 1025th term —2" 
then 
1+2+4+8+........ ДІНІ < 1025 <1+2+4+8+.....+2" 


1220 < 1025 «22-39 
=> 2-1< 1025 <27-1 
2"! > 1026 > 1024 = 2" 
= п >]0=п>9 
п=10 
Ans. b 


$ 


7. | If a'^-b'*-c'^and a, b, c are in geometrical progression, then x,y, z are in 
a AP b. ОР. c. H.P. d. None ofthese 

Solution : a'^-b'*-c'^ =k 

=> = a=k*, b=kY, c=k’ 

а, b, c are in GP. > b? = ac 

=> k»-k* 

=> 2y=xtz 

Ans. a 


8. Г the arithmetic mean of two numbers be A and geometric mean be G, then the numbers will be 


а АҢ (АО?) b. АА О 


A t AJ(A-- GY(A – G) 
d. 2 











" + (А+ GYA - G) 
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Solution: Let the number be a and b 


A= 440 атар 
2 


a and b are the roots of x; —2Ax4G?-0 


„_2А+Уу4А* -4G* 


2 


= A [ATO 


Ans. а 





PRACTICE QUESTIONS 


1. The sum ofan infinite geometric series is 2 and the sum of the geometric series made from the 


cubes of this infinite series is 24. Then the series is 


3 3 3 3 3 3 
a 3------....... Ь. 3-------...... 
2 4 8 2 4 8 
у ле; d fth 
б. “гоё . none of these 


2. Read the passage and answer the following questions. 


Let A,,A,,.....A, be arithmetic means between —2 and 1027 and G,, G,, .... С, be Geometric 


m 


means between 1 and 1024. Product of geometric means is 2? and sum of arithmetic means is 


1025x171. 
1. The value of nis 
a. 7 b. 9 с. 11 4. none of these 


li. The value of m is 
a. 340 b. 342 с. 344 4. 346 
ш. The value of G +G, rao dur. is 


a. 1022 b. 2044 c. 512 d. none of these 
iv. Тһе common difference of the progression A, А,, А......Ап 18 

a. 6 b 3 . 2 d. 1 
V. The numbers 2A,,,, Gi+l, 2A,,, are in 

a. АР b. ОР с HP d. AGP 


3. The difference between two numbers is 48 and the difference between their arithmetic mean 


and their geometric mean is 18. Then, the greater of two numbers is 
a. 96 b. 60 с. 54 d. 49 


1 1 1 
4. If a*=b’=c7=d", the value of x Е TT | 18 
y zw 


a. 105 (abc) b. log (bcd) c. log (cda) d. log (dab) 
5.  [Ifthree positive numbers x, у, z are in A.P. and also (ап !x, tan ly, tan !z are in A.P., then 


а  X-y— b x#y=zZ с. | X-7yzZ d. none opines 
6. ТГа,,а., a, are three consecutive terms of a С.Р. with common ratio К. Then the values of k for 


19772973 
which the inequality a, > 4a, — За, is satisfied is (if a, > 0) 
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10. 


11. 


12. 


15; 


14. 


15. 


a, (1,3) b. (- 00,1) U (3, oo) c К d. none of these 
The three successive terms of a С.Р. will form the side of a triangle if the common ratio г lies in 


-1,/5 А 
“2.7 




















2 2 
/5 –1 
с. uu ШЕШ d. none of these 
n 
Ifforü «x < 2: CXP (51п?х+51п°*х+51п®х+........ со ) 105 2) satisfies the quadratic equation 
sin X — COS X 
x*-9x+8=0, — is 
sin x +cos x 

аа 2-43 b 26.3 с. 43-2 d. none of these 
Match the following 

Column I Column II 
a. If a, b, саге non zero real numbers such that 

3(а2--52--с2-1) = 2 (a+b+c+ab+bc+ca) then a, b, c are in (p AP 
b. Ifthe square of difference of three numbers be in AP, then 

their differences are in (q GP 
c. Іа, ax—by, ax*—by’(a, b + 0) are in GP. then 

ax — by р ЭР 
EX b are in (r) 
(s) equal 

ШІСІ ерт-(1-р) (1+p’)(1+p*)(1+p’) (1-p!9) then the value of n (пе М) is 
а. 32 b. 16 с. 21 d. 15 
If sin0, ,/2 (sin6+1), 6sin0--6 аге in G.P., then the fifth term is 
а 81 b. $8245 6. 162 d. none ofthese 
Ifxe (1,2, 3, ....9} and f (x)=xxx......x(n digits) then f ?(3)+f (2) is equal to 
а. 260) b. ЖТП) ce LU d. 2f, (4) 
The number of divisors of 1029, 1547 and 122 are in 
а. АР b. ОР c. HP d. none ofthese 
Let X,, х„,.....‚х be a sequence of integers such that 


1) —1<х,<2{ог1=1‚2,„...п 

(1) Xx tx 519 

Gi) ?=99 

Let m and М be the minimum and Maximum possible values of x,*+x,’+....x,° respectively, then 


M, 
the value of — is 
m 


Let 16, 4, 1, .... bea geometric sequence. Define P. as the product ofthe first n terms. Then the 
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n/p 
п . 
value of xz 18 
4 


1 


а. 64 b. 64 


с. 32 4. none of these 


Note:* Questions with more than one option is correct 


ANSWERS 
1,0 2. (i) b (ii) b (11) a (iv) a(v) a 3:4 4.0 
5.а 6.5 7.а 8.а 
9. a—>p,q,s; b >T; c> p,q,S 10. с 1. с 12. с 
13 а 14.7 15.с 
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SEQUENCES AND SERIES - Ш 





Harmonic Progression 
A sequence a,,a,......a, of non-zero numbers is called a harmonic sequence if the sequence 
1 1 1 
тэл 22 is an А.Р. 
а, а, а, 
111 . : 
Eg: The sequence ys, isan Н.Р. because the sequence 3,5,7...... 15 ап А.Р. 


n" term of a Н.Р. 


The n? term of a Н.Р. is the reciprocal of n^ term of the corresponding А.Р. and the common 


difference of the corresponding A.P is d. i.e. d= ЕЕЗ 























а, a, 
i. n^ term of the H.P is given by 
1 1 Ш аа, 
= = 
кым ей bof Е 1 a, + (n- fa, —а,) 
а, а, а, а, 
li. n? term of the H.P. from end 
ЕЕ І - 1 
шэн 1 
+ (n 11 4) (п | | 
а, а, а, а, 
ааа, 





a,a,—(n—I)a, (a, -а,) 
Note: No term of H.P. can be zero and there is no general formula for finding out the sum 
ofnterms ofa H.P. 
Harmonic Mean 


If a,b,c are in H.P., then b is called the Н.М. between а & c. 
Now a,b,c are in H.P. 








1 
=> —,—,—areisA.P. 
а рс 
2_1,1 
= b a c 
2ac 
=> b= 
atc 


| . 2ac 
i.e. Н.М. between a & cis 
а-с 





164 


UDOON 


A program to give wings to girl students 











2ab 
Note: The single Н.М. between a & b is ENTE 
The single Н.М. (Н) ofn positive numbers а ,а,,.....а, is given by 
111 1 
—+——+—+....+— 
1 а, a, а, а, і 1-1 3 

= = = 

Н n Nya, а, а, а, 


Insertion of Harmonic Means 
Let a and b be two given numbers and Н,.Н......Н, be the H.M.’s between them. Then а, 
Н. Н. H, , b will be in Н.Р. Let d the common differece of the corresponding А.Р. 


b= (n Ё 2 term of H.P. 























ти 1 
—+(n+2-1)d 
NES 
| 1 0 a 
p^, d TE 
a-b 
= рв 
Қа "Em a-b 
Н, a а (n+l)ab 
Е 2820) 
; 8 а (п+1)аЬ 
A ul үд ы. 
Н, а а (n+l)ab 
2 2 
Eg: Insert 4 H. M's between = апа = 
3 13 
UN ANE. 
_ а_ 2 2 
п+1 4-1 
4-1 
La +1=—orH, = 
Н, 
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Ї 7 

=—+2= orH, =2 
Н, 2 7 
1 28 9 Е 2 
Е =— ог = 
H, 2 2 "ug 
1 3 11 

=—+4 = ав 
Н, 2 2 ii 


Note: The sum of reciprocals of n H.M's between two numbers is n times the reciprocal of 
single H.M. between them. 


i.e. if a,b are the numbers and Н ,Н.....Н be the H.M's between them, 


1 1 1 БЭ 
then — + — + ........ +—=п 
Н, Н, Н, 2ab 








TTD 
~ Y H.M. of aand b 


Solved Examples 

1. If а„а„а,......а are in A.P. and h ,„h,,h,,.....h або in H.P. If a =h, = 2 anda =. =3, 
then a,h, is 
a. 6 b. 7 e 18 d. none of these 
Solution: 


а„=3=3 = 249d d= 


һала, аге in H.P. 














1 1 1 1 -1 
=— +94, > —=—+9d, > d, =— 
he doo ^ $2 3778 M 
1 
a, =a,+3d = 2+3х : =2+—= 
9 
1 1 18 
= — +64 = 
ane h, В, аа 7 
7 18 
ahy -6 
Ans: а 
2: Ifa ,a,,a,.....a ate in H.P., then a a, + а а„+......... +a a, will be equal 
a. aa b. naa, с. (n-1)a,a. d. none ofthese 
Solution: 
ЕЕ а ET E3 are in A.P. 
а, а, а, 
1 1 1 1 1 1 
= = И —-— -=d 
а, а, a; а, а, а,1 
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а-а а-а; _ а 





> 
аа, а,а, аға 

= a — a, = ааа, 

= а, а, = даа, 

= 4,474 = даа, , 

Adding, we get a,- a, = d(a,a,ta,a,t....... заа ) 


n n-l 

















i.e. a a ta at... наа = as 11 + (0-04 
n n- d a, a 
_ E oL Loue 
f а а (1-1) > L- L- (md 
а-а) a —a 
= аа(0-1) | “n = (n-l)aan 
Ans: с 
3. If A,A,; Ч „С, and H,,H, be two A.M.'s , GM.'s and H.M.'s between two numbers а & b 
GG, Н,-Н 

repectively, then —— x ——— —- = 

lcd ТЭ? 
a. 1 b. 0 6; 2 4. 3 


Solution: 
a,A,,A,,bareinA.P > A tA, = atb 


1 


a, G,, G, b are in GP > G,G, =ab 








1 1 
a, H., H,, b are in H.P 2-3 ‚ — areis А.Р 
pe ~ an Ab 
1 р 1 .1,1 
> H H, a b 








Gi „СО, Ё LJ. ab eae 
ivenexpressionis A +A, (H, H,/ а+Ь\а b 
Ans: a 
4. Ifnine A.M.’s and nine Н.М. 8 are inserted between 2&3, then A + » =....(where A is any of 


the A.M.’s and Н the corresponding Н.М.) 
a. 5 b. 3 б; 15 4. none of these 





Solution: 

2А „А ы: A,,3 are in А.Р. 
_5-а_1 
n+l 10 


i 
=2+id=2+—31=1,2....... 
ADAE = 2,0,9 
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ix d dis 

y SH шонг T Р 
a—b -1 

р 1,2449 


Gana оо 


пез (1) адо " 9 
| ® узш DN 9 

ылла. ш 9 
Ans: а 


Н,42,Нь, +3 _ 
H=2 Iho-3 





5. If H,,H......H,, be 20 harmonic means between 2&3, then 


a. 20 b. 21 с. 40 4. 38 























Solution: 
Н,+2 Hy +3 
H,-2 H4-3 
1 1 1 1 
2H зн 
-- 1 20 
E ЕГЕ 
2H, 3 Hy 
2a Бүс а 
E 2 2 ТЕ 3 
11 
а | Sid 
2 2 3 3 
2 
--4 
= 1+а 3 шэн T 2 1 
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8,* 











1 1 1 2 
= —х424—2 Ё =—+(22-1/4 > 1-42 

а” 2. 
Ans: 40 

PRACTICE QUESTIONS 
If x,y,z are in H.P., then the value of expression log(x+z) + log(x—2y+z) will be 
a. log(x—z) b. 2log(x-z) с: 3log(x-z) d. Alog(x—z) 
ТГа,б,с,4 are positive real numbers such that a+b+c+d = 2, then М = (a+b) (c+d) satisfies the 
equation 
a. 0<М<1 b. 14М-2 с. 2<M<3 d. 3<M<4 
: h а АЕ = 

If a „а„а,.......,а аге Н.Р. then, ра фа "а ча ча’ "a +а,.....+а, , 


аге in. 

а. A.P. b. GP. с. H.P. d. none ofthese 

If 8,8,,8,.....8,, ,, bare in A.P. ; a,b.,b,..,..b,. b are in G.P. ас „бб, „б are in H.P. 
where a,b, are positive, then the equation ах? —b xtc = 0 has its roots 

a. real and unequal real and equal 





b 
с. imaginary d none of these 
. x x * . 
If b—c, 26-х, b-a are in Н.Р, then а 2 ‚5 2 and с 2 are in 
a. A.P b. С.Р c. H.P d. none of these 
2 12 : . 
The first two terms of a H.P are 5 and; respectively. Then the largest term is 
a. 2™ term b. 6% term с. 4" term d. none of these 


| р Т, 
Ifa,b,c are in A.P, p,q,r are in Н.Р and ap, bq, cr are in С.Р. then 5 + р is equal to 








а c а c р р 
а. Lee b. Сэм с. 244 d. 2. 
с а са а b а 9 
111 1 1 1 
If a,b,c are in Н.Р, then the value of | = + + 18 
b с a/\c a b 
2 1 Ц3 ‚2 3 
bc b? p 4\с? ca c? 
22 d fth 
с. b ab . none of these 
Н,+а Hob 





If H,.H,......H, ben harmonic means between a and b, then Hos S H.-b is equal to 


1 


а. 0 b. n с. 2п d. 1 
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10. If a,b,c be in GP. and a+x,b+x,c+x in H.P., then the value of x is (a,b,c are district numbers) 
a. с; b. b С. а 4. none of these 

11.* The harmonic mean of two numbers is 4, their A.M.A and G.M.G satisfy the relation 
2A +62=27. The numbers are 
а. 6 апа 3 b. 3 and 6 c. can'notfind а. none of these 

12.  Ifn bea root of the equation 
x'(1-ab) —x(a’+b’) — (1+ab) = 0, then H,-H, = 

b-a 

ab 





a. ab (a-b) b. ab(b-a) c. d. none of these 


х 7 
13.  Ifx,yzare in A.P, ax,by,cz in G.P. and a,b,c in H.P., then - + "i 


a c 2ac 
а. 2 b. шилэн С. 
са а+с 





д. none of these 





1 1 1 1 
14. Ifa,b,c,d are in H.P., then the value of (4 B 3 18 


а. 1 b. 2 с. 3 4. 4 


Note:* Questions with more than one option is correct 


ANSWERS 
1.6 2.а 320 4. с 5.0 
6.а 7.0 8. а,с 9.c 10. b 
1l.a,b 12.a 13.0 14. с 
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SEQUENCES AND SERIES - IV 
Inequalities based on A.M., G.M. and H.M. 


Properties of А.М, GM & Н.М 


ii) 


iii) 


Let A, G, H be the arithmetic, geometric and harmonic means of two positive numbers a & b. 








2ab 
Then, a, G= Jab, H = p 
АН a+b  2ab b-G 
кене” 2 Та шы 
i.e. G?=A.H 


Gis the geometric mean between А & Н. 


a+b (а) a 
2 


Again A- G= —— Jab 





=> A>G 
Also G?-A.H 

G A 

H G 

1 G>H 
= H or 


Combining, A>G>H 


Note : If the numbers are equal, then A= G = H. Thus, A > G > Н, equality holds when the 
numbers are equal. 


The equation with a and b as its roots is x? -2Ax + G?- 0. 


a _AtVA?- G? 


or if A & G be the A.M and G.M between two positive numbers a & b then — 
р БА А07 


If A, G, H be the A.M, G.M, and H.M between three given numbers, a, b and с, then the 
equation having a,b,c as its roots is 


3 


3G 
х- 8 = 0 
Н 





х — ЗАх? + 


a+b+c 
3 


С = (abc)! = С? = abc 


Proof: A= 





> а+ь+с= ЗА 
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111 
1 ab ooh ab+bc+ca 1 
20-43 b с =. = 
Н 3 Зарс Н 
Зарс 3G? 
or ab + bc + ca = cim 
H H 


Equation having a, b, c as roots is 
x? — (a + b + с)х + (ab + bc + ca)x? - abe = 0 


3 


d^ nom 
Ho 





х —ЗАх + 


Example: For distinct positive numbers х, у, z, prove that (x +у)(у + z)(z + х) > 8xyz 
Solution: Wehave A>G 


For positive numbers x and y, x + у> 2,/xy 


For positive numbers y and z, y+ z^ 2,/у2 





For positive numbers z and x, z +x > 2,/7x 


Multiplying, (x +у)(у + z)(Z+x)> 84x/y?z? 


i.e., (x +у)(у + Z)(z + x) > 8xyz 


Solved Examples 
1. Га, Б, саге positive then prove that ((1+a)(1+b)(1+c))’ > 7 ас. 
Solution:  (1+а)(1+5)(1+с) = 1 cat b + cc ab + bc + са + abc 
>а+Ь-с + аь + бс + са + abc 
»7(a.b.c.ab.bc.ca.abc)" (..А>О) 
ie. (1+а)(1+Ь)(1+с) ыы 7 06)" 
((1+а)(1+Ь)(1+с))? > 7 ас" 








2. Maximum value of xyz for positive values of x, у, z if yz + zx + ху = 12 is 
a. 64 b. 4? c. 8 d. none of these 
Solution: Apply A> G for yz, zx & xy 


у2 + 7х +ху 
3 


> (х2у222)!? 
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3. 


3 2092" 


(xyz) «422 
Xyz <8 
Ans: c 
Maximum value of x?y? where x & y lie in 1“ quadrant in the line 3x +4у=5. 
3 5 3 
42 


5 
a. 16 b. g € g 516 


Solution: xy-^x.x.y.y.y 


Зх 3х 4y 4y 4y 
| = | ЫН | | 
ud ES RR астаса 








AG 


3x 3x, 4y | 4y Ay » 
2 2 3 3 3 | 
72272777 








Xe 
- ху cig 


Апв. а 

4. Ifa +b? + с2= 1 = х? + у? + 22, then maximum value of ax + by + cz is (а, b, с, x, у, z are 
positive real numbers) 
a. 4 b. 3 с. 2 4. 1 


Solution: A>G 
a? +x’? 
5 зарах > а? x? > 2ах 
Similarly b? + y? > 26у 
c? +z? > 2ez 


adding, (а?+Ы?+с?) + (х2+у2+22) > 2(ax+by+cz) 








1-1 
= ax+by+cz < EN 
Ans. d 
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b с 
5. Ifa, b, care positive then the minimum value of T s is 
b+c с+а a+b 
2 3 
а/ = b. = c. 1 d. none of these 
3 2 
Soluti ApplyA >H fi : : 
olution : pply A> тти те ет 
1 1 1 
+ 
b+c с-а a+b, 3 
3 а ББга 
— ЕЕ КЕТТІК л OE MN 
b+c cta a+b 2(a+b+c) 
а-р-с a+b+c a+btc_ 9 
=> + > 
b+c c+a a+b 2 
a b 1 с даг? 
ш b+c cta a+b 2 
a b с 3 
+ > 
= b+c ceca a+b 2 
Ans. b 


1 1 1 
6. Их, у, zare three positive numbers, then (x+y+z) 1 + Ps + 3 » 





2 
1 
а. 2 b. 9 € 3 d. none of these 
-у-? 
Solution : > (xyz)? С. А> С) 
1.1.1 
Se po 111 1/3 
Algo JEU. (+ AG) 
3 хуй 
уун 1-1 
Multiplying, X y Z) >] 





9 
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Ans.b (orapplyA>H for x, у, z to get the result) 





25 
7. Prove that: Зээ DEL CG хөхөн (Cy s | | 


n+l 
Solution: Let S = “С, + ZC, + 3°С, ШОО п қ. 
- P3 r."C = 2 Hu . n2 
r=] ral 


Now А> С 


О ОЕ ЕО аясы + сац оет -— 56.) 
ЇНЕЙ 4 35 дааган +n 

















=> 
2 
п(п+1) "c. 
aC aC 2 aC 3 aC n 2" í = 2" | 
=> сє. COV Су м... CC) < ue ай УЕ 
8. Ifa,b,c,darein Н.Р. then 
a. atd>btc b. ad» bc c. ad = bc d. none of these 


Solution: a,b,carein H.P => b isthe H.M ofa & c. 


a+c 
2 





A.M ofa & c= 


a+c 
we һауе A> H > —— >b > а+с>2Ь 


2 
Similarly b+d>2c 
Adding, atbtctd»2b420 = atd>bte 


Also a, b, саге in Н.Р. => bistheH.Mofa&c 
GM ofa & c= Jac 


G>H = ас >b 
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Similarly Ба >с 
Multiplying, abcd >be > ad > be 
Ans. a, b 


PRACTICE QUESTIONS 
Ifatb+c = 1, then find К such that 


k 1 1 1 
> 1 1 1 
27abc E Е IE | i 


a. 8 b. 7 c. 3 d. none of these 





A rod of fixed length К slides along the coordinate axes. If it meets the axes at A(a,0) and 


2 2 
1 1 
В(0,5), then the minimum value of t + Э + fo + Э 15 


4 4 
а. 0 b. 8 c. kt -4 d. pude; 
If positive numbers a, b, c be in Н.Р, the equation x? — kx + 2b?! — а!" – с!" = 0 (Кє R) has 
a. both roots imaginary b. one root is positive and other is negative 
©. both roots positive d. both roots negative 


2n 
af n+l . 
IfngN, n ЕЗ >k where К is 








а. (2п!)? b. 2(n!)? с. (aly d. none of these 
| YZ, XZ ху. 
Их у z е R',then is vam жа жаз is always 
1 1 1 1 
a. <> (к+у+7) b. Es ху? c. 5; (xtytz) d. 297 
501950333 
(izjz К) 
l b = 1 4 f th 
а. 27 * 208 e . none of these 
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7. 


10. 


11. 


12. 


13. 


14. 


—1)(х—2 
Minimum value of ч : 


3 v x>3is 


а. 342-2 b. 34242 с. 34243 d. 34242 
The least value of 6tan?0 + 54cot^0 + 18 is 

i) 54 when A.M. > GM is applied for 6tan?0, 54cot^0, 18 

il) 54 when А.М > G.M is applied for 6tan?0, 54со120 and 18 is added further. 
iil) 78 when tan?0 = cot?0. 

a. (11) 15 correct b. (1) is correct (11) is flase 

c. (1) and (i1) are correct d. none of these 


If A, G, Н are А.М, С.М, Н.М between the same two numbers, such that A-G=15 and 
А-Н-27, then the numbers are 


a. 100, 50 b. 120, 30 c. 90, 60 d. none of these 


If a, b, c £ В, the square root оёа2402-02-ар-0с-ас is greater than or equal to 


3 
a. У max {|b—c], |с—а|, |a-b|) b. 2 шах 4|р-с| |с—а|, |a-b|) 
3 
с. max {|б—с|, |с—а|, (4-0) 4. P max {|b—c], |с—а|, (8-0) 


If x,, X, X,, x, are four positive real numbers such that 


1 1 1 1 
X, x; 4, x, х, 1, Ж х, 4, х, Х, 1 then 
а. x, =x, and x, =x, b. x, =X, butx, z x, 
с. Ех | 4. х,х,=1,х,Х„ # 1 


1 1 1 
Ifa, b, c > 0 and a (1-b) > 7 » b (1-c) > 2:2(1-а)> д then 


а. never possible b. always true с. cannot be discussed d. попе of these 





1 1 
Ifa, b, с аге the sides of a triangle, then : 


; are also the sides ofthe triangle is 
Бес cra a+b 


a. sometimes true b. always true c. cannot be discussed d. never true 
Given nf < 10" for a fixed positive integer n > 2, then 


а. (orl) <= 10"! b. (nt+1)*>10"' с. nothing canbe said а. попе of these 
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l. a 

7. b 

13. b 
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SEQUENCES AND SERIES - V 


Arithmetico Geometric Series & Special Sequences 


Arithmetico-geometric Series 


A series is said to be an arithmetico geometric series if its each term is formed by multiplying 
the corresponding terms of an A.P and a G.P. 

E.g. ІК аа ens 

Here 1,2,3,4.....are in А.Р and Lx xx"... are in С.Р 


Sum to n terms 
Let S, = а+(а+а)г + (агт... (a+(n—1)d)r™! 
Multiply by r on both the sides 


rS, =art+(atd)r? +.......(a+(n—Id)r™.......(2) 








(n—1)terms 
п-1 
а+ to) - (а + (п — Па)" 
—r 
п-1 п 
= а а-г” | (a+(n—I1)d)r 
n 1-І (1 - г) l-r 
Sum to infinity 


If Ir < ]and n 5 œ, then Шаг" -0 
= аг 
i-r der 
Note: If we take the first term of a G.P to be b, then 


ab № авг = pet) (a +(n—1)d)br” 














S == 
à 1-1 io 1-1 
If |r| < 1, then sum to infinity, $ = E шд - 
1-1 (1-1) 
Use of Natural numbers 
1 Let S 01 42 43 жун +n', then 
. n(n +1) 
(D. Е +n = 2 
n(n+1)(2n+1 
(1) “Май оса UR tn? = Х ) 








6 
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2 +1) 
JH) 5-І 9 TO m= E ) c 
+1)(2п+1)(3п°+3п—1) S 
09) S,-1 25-3 ee pra та DOR on Presa 
4 30 a 
п?(п+1)?(21?+21-1 1 

GQ) Е. кп? = 12 = 5 $1 (48-0 

2 ЕР Розина to п terms = n? 
4n! -1 
3 1: A Ранен ton terms = "099 
+ Оооо {о n terms = n? (2n? -1) 
1-1" 

5 1-141 -—............... to n terms = 2 


1- CD" (2n +1) 





6 1-2-3 –..................... tonterms — 








4 
7 12— 27° + 3? —................... to n terms = CD arn =(-1)"'S, 
8 ЕЕЗ н to n terms = "Gn" "от са 
Application 


Ifn term ofa sequence is given by 
T, — an? + bn? + cn + d, where a, b, c, d c R, then 


-аул tb «сул -421 


Note: If T, is expressible as product of m consecutive numbers beginning with n, 
i.e. T, = n(n*1) (n22)....(n*m -1) then 








ncm 
8 = n(n+1) 12)... ана-1| ) 


т--1 


nin +1) 


Eg. If T, =n, then 8, = 2 


(Неге т = 1) 


(п + 1n + 2) 
3 





п 
E.g. T, = n(n*1), then S, = (Here m = 2) 


Method of differences 
Ifthe differences of successive terms оГа series are in A.P. or GP., we can find T, as follows 
(a Denote n^ term and the sum up to n terms by T, &S, respectively 
(b) Rewrite the given series with each term shifted by one place to the right 
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(с) 
(4) 


Subtracting the above two forms of the series, find T . 
Apply $, = Y T, . 


Note : Instead of determining the n? item ofa series by the method of difference, we can use the 
following steps to obtain the same 


(i) 


(i) 


(ii) 


(iv) 


If the differences Т„—Т\|, Т, = Т,................ etc are in A.P. Then take the n^ term as 
T,=an°+bn+c,a,b,c eR 

Determine a, b, c by putting n= 1, 2, 3 and equating them with the values of corresponding 
terms of the given series. 

Ifthe differences T, =. Т,—Т.,........... etc are in GP , with common ratio r, then take T = 
аг“! +bn+c,a,b,c eR 

Determine a, b, c by putting n = 1,2, 3 and equating them with the values of corresponding 
terms ofthe given series. 

If the differences of the differences computed in step (i) are in A.P, then take T = an? + 
bn? + cn +d 

Determine a, b, с by putting n= 1, 2, 3, 4 and equating them with the values of corresponding 
terms of the given series. 

If the differences of differences computed in step (i) are in GP with common ratio r, then take 
Lar + be card 

Determine a, b, с by putting n= 1,2, 3, 4 and equating them with the values of corresponding 
terms of the given series. 


Summation by У (sigma) operator 


ii. 


iii. 


iv. 


У. 


У1-1-1414 —- +n times = n 


г-1 


2, КТ, = кў, T; kis а constant 
г-1 г-1 


n 


5(221 qm 
і-і 


г=1 г=1 


Y DLP Ут, 


jel i=l 


(Note that i & j are independent here) 


vi 


Now consider У > f(i) х f(j) Here three types of terms occur, for which i<j, 17 j and 


O<i<j<n 


i=j. Also note that the sum of terms when i <j equal to the sum of the terms when i >j 
if f(1) and fG) are symmetrical. In such case, 
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n n 


jn zx Y tor 2 Y frg 2, LOO 





= 2 ЭЛ ШЫП 
- 210Х0)- > > ога 2,3 (000) 
2 


When f(1) and f(j) are not symmetrical, the sum can be obtained by listing all the terms. 


Example: pe > i(l+2+3)=> (i+ 2i+ 3i) 


i=l j=l 


(1+2+3) + (2+4+6) + (3+6+9) + (4+8+12) = 6+12+18+24 = 60 





55. «ы. 4x5 3x4 
Also, 2 = Di от (Since i & j are independent) 


i=l j=l i=l j=l 


Note that 2> aa, = (в +a, + TM +a,) (аа? + ТЕ +а?,) 


ісігі 


Ехатріе: 2 У. 21 


0<і<|<п 


DIDDI 


i=l j=l i=j 





N 





ЖЕТЕ REBEL 

2 2 
Е ХЕ 
чи 





Example:3 Consider 53 У ij 
isl jal 2 
There are 3 types of terms in this summation, 
1. Those terms when i <j (upper triangle) 
п. | Those terms when i > j (lower triangle) 
ш. Those terms when i =j (diagonal) 


It is shown in the diagram 
ке» 
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в 
5 


1) = sum of terms in upper triangle + sum о terms in lower triangle + sum of terms in 
іі j=l 











diagonal. 
ťa Ж X ij+ У; > ij (С. sum of terms in upper + lower tringles are same) 
i=l j=l 0<1< ј<п і=ј 
= = .. .. Ч Ч . = 2 
ууз УХУ УХ 
| = ізі j=l i=j ыы is 
саа 2 2 
п(п + 1) n(n + 1) n(n + ЦОл + 1) 
= 22 6 
2 
_ ца-1)(3п+2) 
24 
Solved Examples 
1. Find sum of the series to n terms 
Solution: 
laxo D Ics 
Lets = 1+3х+5х?+7х°+......... +(2п—3)х*?+ (2п—1)х"!........ (1) 
XS, = х= ТЭХ Тихий t*(2n-3)x**(2n-1)x" ........ (2) 


(1) - Q) given 
5$„(1—х) = 1+ (2х+2х?+2х°+......... +2х" 1) — (2n-1)x" 


п—1 terms 


n-i 
- на 15 ) (2n —1)х" 


-Х 


-— зэхЇ х") (22-1) н 
1 1-х 








1 1 1 
2, 34х98х2716х........ to œ = 


а. 3 b. 9 с. 3 4. none of these 
Solution: 
1 1l 1 123 
34х98 х2716х........ to oo = 34x38 х316х........ to oo 
I. to oo 
Е оа 
= З. (1) 
1 2 3 
=—+—-+——+.......... to 00................. 2 
Where 5 45 16 (2) 
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1 11 1 
@)-@) ss(1-1)-1-1.L емені to oo 
2 4 8 16 





| 
Р 4 _1 
(12 

2 

8-1 


Substituting in (1) 

1 1 1 
bU tc ae UI он to o0 23! 23 
Ans: а 








16 i e 
a 9 ! 16 

» : У m'n 
Solution: Let S = 242437 (п.3” + m.3"] 


Il 
Ms 





ЇЇ 
Ын 


m 








> 
= БЕ Y 
+— 
m m n 





cV 1 
9 = 2, 2-0 КЕЛЕС (1) 
Intercharging m & n 
X 1 
5- 2, 2, а(@ +a,) ааа (11) 
Adding (1) & (1) 
—v | 
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ш œ Where 2 o 1 2 3 
m n m n 
= —gg! = =— 4 + Нен 8) 
> =) (58) di 2s 28737373 
1 2 3 
201212 бз ы а (i) 
11.2 3 2 
S ec + ышкы © (ii) 
T же 22 3739-25-08 
16 Subtratiy equation (п) From (1) 
9 23 1 1 1 
2 Кула $ = | + еее н 
5 7 3 477274572 
-s UE 
3 3- 1. : 
Ans: d <= - 
Sum to n terms of the series 12—22+32—42+.......... is 


Solution: Clearly nth term is negative or positive according n is even or odd. 
Case I when n is even. 
In this case the series is 











(12—2°)+(32—4°?)+.................. +((т—1)?—п?) 
—n(n+1) 

- = 19293 +(n—1)+n} = 2 
Case II when п is odd. 
In this case the series is 

(12-22)Қ32-42)-................... + {(n—2)? - (п—1)2}+ п? 

= Ich +n’ 

2 
Ш —п+0+20° _ п? +0 n(n«l) 
2 2 2 


5. Find the sum of all possible products of first n natural numbers taken two Бу two 


байоо: Lie-Htrocrrs 


1<1< ј<п іі j=l i=j 





1 | n(n+ D) 5 n(n +1)(2n+ J 


2 2 6 


ы э (а +1п-1/за+2) 


1 " 2 " 3 
1417414 4422*22* 1545-3743! 





6. Find sum to n terms of 


n n 1 (n? +n+1)—(n? 2n 4.1) 





IL M (n? entin 2n 41) 2 (12 +п+ о? +1) 
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wala we aT AEA хл 


Putting n = 1,2,3......n and adding 


1 1 n’+n 
5, =, =H іі 


n’+n+1 n^ n«l) 











3 5 7 9 
+——+ + + 
4 36 144 400 
а. 2 b. 1 с. 3 4. none of these 
5 7 9 
+— + + + 
4 36 144 400 
_ + 2 + 1 + 2 + 
С (x2y (х3) (ха) (ах ^ 








Solution: 





22-р 2-2 Nein 
1x2? Su ^W 


1 1 1 1 1 1 
12 22) (22 32) *\ 32 пЭ шахан to oo 


Ans: b 








8.  Findthe n? term ofthe following series 
i. 3+7+13+21+....... 

Solution: 
15 consecutive differences 4,6,8,........ are in А.Р. 
: T, = ап?+бп+с 
Putting п = 1,2,3, 
а+Ы+с = 3, 4a+2b+c = 7, 9a+3b+c = 13 
=> а-1,0-1,с-1 








E: Т =п?+п+1 
ШІ, 5+7+13+31+85+.......... 
Solution: 
15 consecutive differences 2,6,18,54........ are in GP. with common ratio 3 


& а nre 

Putting n = 1,2,3 we get 

а+Ы+с = 5, 3a+2b+c 77, 9a+3b+c = 13 
> a=1,b=0,c=4 

Т = 3" 1+4 
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У, method 
1. 15, = : + : 22777 + | 
ааа, ВА CN MP аш: Е 
1 
„= TA Va PE (leave 1* term in denominator of T ) 
1 1 
Мамы B а 182 855443 арга аһа LLL Ani 
1 
= (а, ама) 
а.а цасан а, 
V-V T, (1-r)d 
-1 -1 
= У-Ү) 8, = У. -У 
Т, 421. п aa) n TEN n 0) 
БЭРЭН + ——— 
BE ja p a= п(141) n+l 
M тп К 1 _ Ц 1 1 ) 
123, 244 777707 n(n-1/n-2) 2112 (һ-1)п--2) 
NA E | 1 Е | 1 1 
1234 2345 77777 n(n+1)\n+2\n+3) 31123 (n+1)(n+2)(n +3) 
2 IFS = ааыа а, аа aes Хад ан га 
ТО аа (аша саар Varaa pen аз 
т. Oe: re ee: ааа 
= 8, ура: ЖАШ а (а. за) 
- T, (т+1)а 
! (ИУ > S, = : ( Vo) 
ин цаг ae uq» e 
1.2+2.3+.....tn(nt1) = п(п+1) (n 2) 
3 
1.2.3.4+2.3.4.5+........ + n(n+1)(n+2)(n+3) = n(nt+1)(n+2)(n+3) (п + 4) 
5 
Alternative method 
1 1 1 
1 S = — + Ч. ани, А 
у 1.2.3 2.3.4 n(n+1)(n+2) 
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1|3-1,.4-2 (n+2)—n 
+ шэг eo ыз ст 
2|123 234 n(n +1)(т +2) 


| (+5 53) t Ге ТІ шан E ) (n+ т + 5) 


111 1 
2112 @+10@+2) 




















| | | | к (n)(n+1)(n + 2)(n +3) 
2. 1.2.3+2.3.4+...... п(п+1)(п+2) (3+1) 
t,(n+3) 
E 3-1 
T, (n m) 


ie. Sumofthe product of m consecutive natural S, — 1 
m+ 


PRACTICE QUESTIONS 


1. Кс (0, л) denote the set of values which satisfies the equation 


2 1+|cosx|+| соёх | +| соз°х | Eus шав then В = 


ei 500 * qoum 


2. Find the value of the expression 2, 2 1 


i=] j=l k=l 


n 20 











3.  Ifinaseriest = (4-1) ‚ Then > t. is equal to 
: п=1 
201—1 21-1 1 
1:1:1 А 
4. The value of (024 rne — 5 T 
1 
a 1 b 2 & 2 





5. lim (1434) (143) (14+3-4)(143>)........ +з) equal to 


| к d 
а. З 2 с. 2 
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7.* 


10. 


11. 


1.2.3+ 2.3.4+3.4.5+.......... upto n terms . 


lim is equal to 


UP ай eg dedu upto n terms) 





21 1 
| 4 2 


Aj 


. : : 1 2 1 2 1 
Sum to infinite terms of the series tan ! — + tan ! + ап — + tan — + tan —+...... 
2 9 8 25 18 








41 E 
a. tan! 3 b. cot : 3 C. tan : 3 4. cot! 3 
= | | 24 | ny f(x) = | | 23, | ny юэ 
If f(x) = a,ta,xta,x V esiste га X т....... and =b +b x+b,x 125268 Fb х ТЕ ка 1 апа 
b, =3 and b,, =k"-1, and a, a,,a,,......are in С.Р then К is 
1 
a. 2 b. 3 c. 2 d.  noneofthese 


а. 3 b. 3 c. 4 d. 10 
If 12+22+32+......+20032 =(2003) (4007) (334) and (1) (2003) +2(2002) +(3) (2001)....... + 
(2003) (1) = (2003) (334) (x), then x equals 
a. 2005 b. 2004 c. 2003 d. 2001 
Read the passage and answer the following questions 
Let TT, =. Т. betheterms of a sequence and let (L -T,) = T, (I —LE) — E, sess 
ULT ad = T 
Case I: If T, T... T' аге in A.P., then T, is quardratic in ‘п’. IfT,'-T,', 
T, -T,,,....are in A.P., then T, is cubic is n. 


Case ET !,Т,!...... T, ,are not in A.P., but in GP. , then T, = ar"+b where r is the 


common ratio of the G.P. T,', T,, T,'.....anda,b eR. Again if T,', Т, ..... T, , are not in 
G.P., but T,’-T,',T,’'—T,,’,..... аге in G.P., then T, is of the form ar™'+bn+c and r is 
the C.R. of the G.P. Т!—Т|!,Т,!—Т,!,...... and a,b,c eR. 

1. The sum of 20 terms of the series 347144244374 ...... is 








a. 4010 b. 3860 с. 4240 d. none of these 

п. Тһе 100" term ofthe series 3+8+22+72+226+1036+.....15 divisible by 2",then maxi 
mum value of nis 

a. 4 b. 2 c. 3 d. 5 


term) 
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1 
а. 2 b. 2 с 1 
12.* Match the following 

Column I Column II 

a. Ifthe sum of the series 2 + A + = Tess p. 28 
7 3 21 
up to n terms is 5, then n = 
.  Aterm of the sequence 1,3,6,......is q. 10 

с. Sum of the series 1+2+3+......upto 

7 terms is т. 36 
d. If > n! =1296, then У; п is equal to s. 21 
Note:* QuestionS with more than one option is correct 

ANSWERS 
1.b 2, nat D@+2) 3.b 
6 

5.с б.а 7. a,b 
9.а 10. а 11. (i) c (ii) c (iii) c 


12.а-» 9,5; b > р,9,1,5; c5 p; d p 
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SEQUENCES AND SERIES - VI 


Sequences and Series - Problem Solving 


Sequence 
A sequence is a function of natural numbers with codomain as the set of real numbers. It is said to 
be finite or infinite according it has finite or infinite number of terms. Sequence a,, a.,........ а 18 
usually denoted by {a,} or <a > 

Series 


By adding or subtracting the terms of a sequence we get a series. 
Arithmetic Progression (A.P.) 
It is asequence in which the difference between two consecutive terms is the same. 
For a sequence {а } which is in А.Р, n^ term a =a+(n—1)d= ¢ (last term) which is always a linear 
expression in n) 
А-а-а , (If d= 0, then sequence is a constant sequence. if d>0 the sequence is increasing; if 
d<0,the sequence is decreasing) 
n^ term from the end a,' — / *(n-1)(-d) 


= (—(n-1)d 


208 +(а—1)4) 





Sum to n terms = or 
n 
---(а--/ 
| (a +) 
| | Эрт | 1 | 

(S, is a quadratic expression in n; common difference = 2 coefficient of n?) 

Alsod = SS; 
Arithmetic mean 

| atc, : | | 
Ifa, b, c are in A.P, then b= is called the single arithmetic mean of a & c. Leta & b be two 
given numbers and А |, A,,,........... А aren A.M's between them. Then a, A,,A,,,...A , b are in А.Р. 
-a 

Common difference of this sequence d= РЕ 

А =atd, A,=at2d etc. we can find all the arithmetic means. 
Properties of A.P. 
1 Пааа are in А.Р; then а, +k, a, + К,а, + К,..................... are also in А.Р. 

: а| а а 

2 rw ee: зоны аге in A.P, then а, Аа a, Аа Аанг апа 3073 77777 

are also in A.P (à = 0) 
3 Іа ess a, are in A.P, then а „a, nce a,,a, is also an A.P with common difference (— 

d) 
4 TE 3,3, 8,5 iiis and D, D, Dy, ecce are two A.P.s then a, + b,,a, + b,,a, + b,...... 


are also in A.P. 
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5 Па, а арены and Б.Б, анны аге two A.P.s then аЪ 


bp 8,48. буден: апа 


41 а, аз 
а АЛОО ГО are NOT in А.Р. 
b, ? р 2 ? b 3 ? 

6 If 3 numbers are in A.P we may take them as a-d, а, а+4. If 4 numbers are in A.P, we can take 
them as a—3d, а-а, а+а, at+3d. 

7 In ап arithmetic progression, sum of the terms equidistant form the beginning and end is a constant 
and equal to sum of first and last term. 
ie for {a}, 
ата, Е ауа, 


=а,+а отн 


1 2 


а —k чал К 
Also a,= M o0skenan 


8 Sum of'n arithmetic means between two given numbers а & b is n times the single A.M between 
them. 





| a+b 
le. A tA,+ А ТА, = 2 


n(middle term); if nis odd. 


= = ҮП Р р Р 
9 Also S, = а+а,+......Та,= 2 sum of two middle terms); if nis even 


Geometric Progression (G.P.) 
It is a sequence in which the ratio of any two consecutive terms is the same. For a sequence {а } 
which is in С.Р. n^ term a, = аг"! (last term) 
a 


Common ratio r= à с (rz 0. Ifr>1, the sequence is an increasing sequence, if 0<r<1 then the 
п-1 


sequence is decreasing ) 


п-1 
n^ term from the enda '=а Б (a '= nth term from end) 
n n Т n 


Note : No term of GP. can be zero 
а(т" – 1) 


Sum to n terms S, = re 
na, r-] 


‚Т #1 


If |r|<1, the sum of the infinite GP is given by $ oo = Те 


Geometric mean 
Ifa, b, c are in GP, then b?=ac or b= Jac is called the single geometric mean of a & c. Leta & 
b Бе two given numbers and G, G,, .....G, are n G.M.s between them. Then a, G,, G,,......... G, 


n 
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Ї 


b are in GP. Common ratio of this sequence r= e) эс 
а 


G „=ar, G, = ar? etc. we can find all the geometric means. 





Properties of GP. 
. а, а, а, 
1 ПА, €" are in G.P., then а,К, a k, а,К,.............. апа koko лүгээ аге 
also in ОР (k z 0). 
1 1 1] 
2 I анна are in G.P., then ар jas a, КРИ КЕЛЕР and à, аа are also 
in GP. 
3 Drm m а are in GP with common ratio г, then a, a, ,............. а,, a, is also in СР. With 
221 
common ratio 4 . 
4 Ifa, Ag нн and Da D, b eoe: are two G.P.s then a, + b, a, + b, a, + Ъ.,........ are NOT in 
Р. 
5 [fa p йл а хына and Б.Б. Оона are two G.P.s then a,b,, а,б,, a,b,............ and 
а аз а; . 
bib. b, менен are also in G.P. 
a 
6 If 3 numbers are in G.P., we may take them as D a, ar. If 4 numbers are in G.P., we can take them 
a a 
а5—у,—,аг,ат?. 
т 
7 ша geometric progression, product of the terms equidistant from the beginning and end is a 
constant and equal to product of first and last term. 
ie For {a,} 
aa, =a, d 7858 5 ана 
Also a, = аа оков 
8 Product of n geometric means between two given numbers а & b is n^ power of the single GM. 
between them. 
ie G,G,G,........G, - (Ма) 
9 Па аа ынаны» are in С.Р. (a70 y 1), then loga ова, Ююва,....... are in A.P. Its converse is 
also true. 


Harmonic Progression (H.P.) 
A sequence is said to be in H.P if the reciprocals of its terms are in A.P. 


1 1 1 


ie. 1Га|,а„,а,,....... a arein H.P., then 7, T are in A.P. 
E а а п 





193 


А program to give wings to girl students 


For а sequence (a, ) which is in H.P., 























n? term а = : - 4182 
| m 1 11 | a, +(п—1)(а|—а,„) 
ат аз а 
1 ауазаџ 
п" term from end а, ' = 
1 m 1 1-1 | аа аа) 
ay аз а 
Note : No term of H.P. can be zero. There is no general formula for finding out ће sum of n terms 
of H.P. 
Harmonic mean 
2ac 
Ifa,b,c are in H.P; then b = : is called the single H.M. between а & c. Let a & b be two given 
numbers and H,, Н................ ‚Н are n Н.М. between them. then a, H,, H.,....... H , b are in Н.Р. 
The common difference d of the corresponding A.P is 
a—b 
d= m + Dab 
1 1 | 
т =-+4, G7 =- + 21 etc. we can find all the harmonic means. 
Hj a Н, а 


Note: The sum of reciprocals of n Harmonic means between two given numbers is n times the 
reciprocal of single H.M. between them. 


1 1 
1 1 1 —+ b 
1 = pred. MCN — a 
те H, T H, Ен n 
Note : If a, b, c are three successive terms of a sequence. Then 


a : 
—=> a,b,c arein АР. 
a 


a—b 
b-c 





a . 

= 4— а, b,c arein С.Р. 
р 
а | 
—=> a,b,c arein НР. 
с 


Relation between A.M., GM., апа Н.М. 


For positive numbers a,, a,, 8, ................. 7 


а) +а) +....... +а 





А.М. =А = 
n 
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GM. =С = (a135...2, Jn 
n 
HM=H= 1 1 ' 
Ewes d 
ар 42 an 


A>G>H and G*=AH. 
(equality holds ifa, = а„=............... а) 





2 2 2 
а, ta, +......+а, а, ча, +........ та, 








Note : Also | 
п п 


(Root mean square inequality) 


Note : The quadratic equation having a, b as its roots is x°-2Ax+G*=0 anda: b=A+,/ A2 (2 


:A— 4 A2 —G2 where AG are respectively the A.M. and GM. ofa & b 


Note : Formation of progressions 
Two consecutive terms determine the required progression. If two numbers a & b are given, then 
(1) а, b, 2b—a is А.Р. 
b2 
(ii) a, b, — is G.P. 
a 








ы b ab WB 
(п) а, ab Р. 
Solved Examples. 
Ifthe p^, д“ and r^ terms of an A.P are in GP, then the common ratio of the С.Р is 
p+q 1-4 p-r 
a cac WD рте E с (d None of these 
о 20 
Solution : T, T. T are in GP 
Ta T, T, 1 T, 1 
>r = = = 
Т, L T, 1, 
ты Шок Т тей 
= = 2: = 
Т, Т, T, 1, - 1, 


18 (A*(r-DD)-(A*(q-1D) т-а 
^T, (A*(q-DD)-(A*(p-DD) 4-р 
Ans : (b) 
If 4a?+9b?+16c? = 2(3ab+6bc+4ca), where a, b, c are non-zero real numbers then a, b, c are in 
(a) A.P (b) GP. (с) НР. (4) None of these 
Solution : Multiply by 2 on both sides 
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4a?+4a2+9b24+-9b2+ 1 6c?+16c?—12ab—24bc—l6ca = 0 
-»(2а-35у-(35-4су-(4с-2а-0 


























=> 2a=3b=4c=} 
À À À 
a b c 
Rid E AU 
2,3,4 are in AP Ес in Н.Р 
3,4 аге ШАР = =, =, д меш Н.Р. 
T 3- 
=> 7> 3> 4 arein HP gives 
a, b, саге in HP 
Ans (с) 
3 Наа, а„а„,.......... ‚а„„ b are in AP and a, g, ‚б, 5, bare in G..P. and В is the 
single harmonic mean ofa & b, then 
а +а,, + аҙ та _1 + + an tany : 14 
РОГИ is equal to 
ТЕСЕ аа 77 
2n n 
а) = O m © m @ F 
Solution : 
алга, Tata p Tries =a На, atb and 
EET BE EL a essi —gp аб 
2ab 
Also h= —— 
a+b 
Gi | a+b | ас. a+b i 
г. Given expression = ab ab С?” 246 (n times) 
a+b n2 2n 
Pa в kh 
Ans: (a) 
n 
4 If0<x< >? then the minimum value of 
(sinx+cosx+cosec2x)? is 
27 27 
(a) 27 (b) > (с) 4 (d) None 
Solution : Apply A.M » GM 
1 
т sinx + совх + cosec2x 5 (sinx.cosx.cosec2x)^ 





3 





1 
sinx + созх + созес2х | sin x cosx Ї 


3 2sinxcosx 
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Cubing both sides 
(sinx + cosx + созес2х)” Ї 
шэг 
21 2 
ЭР ‚_ 27 
Minimum of (sinx + cosx + созес2х } = 3 
Ans : (b) 

5 Sum of certain odd consecutive positive integers is 57? —13?, then the integers are 
(a) 23,27.295 ахан 111 (b) 27.29 ep 113 
(c) 23:31:33 ғы 115 (d) None of these 
Solution : 

(2т+1)-+(2т-+3)+.............. п terms = 572-132 


5 (02281) -1)2)-572-132 


= п(211+п)=572—132 
п?+2тп+т?—т?=57?—13° 
(n*my-m?-57-13? 

= п+т =57 and т = 13, Solve to get n =44 

Hence, the series is 








21:23:31 рат ика ‚113 
Ans : (b) 
x+y у+7 
6 ТЕХ, у, z are three positive numbers in A.P, then the minimum value of 2y-x + 2y-z 18 


1 
(а) 2 (b) 4 (c) 4 (d) None of these 
Solution : 


ZtX. А А 
put y= mn the given expression 





ZtX 7-Х 


x+ 
= 2 + 2 
ZtX-X Z+X—-Z 














3x+Z Заах 
С 2z 2х 


3x 1 3z 1 
= 442 + 
27 2 2x 2 








x |м 








З[х 7 2 = 7 X Х 7 
- хэний За Now ·· АМ» GM => 2 > : > 7х 22 


2 Х 2 
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5* 


зе 
> 2 = 


Ans : (b) 

Ifn arithmetic means are inserted between 50 and 200, and n harmonic means are inserted 
between the same two numbers, then a,.h__, is equal to 

(a) 500 (b) 5000 (c) 10,000 (d) None ofthese 

Solution : 

30. а ананын а.200 агент АР ананнын (1) 

Also, 50, ,һ.,................ „В, 200 are in Н.Р 


5 1? 2? 


111 1 
— 





Multiply by 200x50 = 10,000 


10,000 10,000 10,000 10,000 | 
-» 50, h, > h "mE h; ы , 200 are in AP................. (2) 








Now (1) апа (2) аге identical. 


10,000 
= h gives a,.h , = 10,000 


п-1 
Ans: 
яа PRACTICE QUESTIONS 


Ра ayy ong а аге positive real numbers whose product is a fixed number c, then the minimum 


value of a,*a, t......... та 2a is 
(a) n(2c)!" (b) (и+1)с!" (с) 2nc'^ (d) (тегі) суа 


3 
Ifa, b, саге in А.Р. and a’, b’, с? are in GP. Ifa<b<c and at+btc = 5, then the value of a is 


Ї 1 11 1 1 
® 3608 356 о 9 5-5 
Let f(x) =ax*+bx+c, az 0 and A =6?- 4ас. If a p, ор? & о +В ?аге in GP, then 





(a) Аж0()  bA-0(c)  cA-0 (d bez 0 
Цэ c 2104: 
ad and За а’ епа, b,c, dare in 
() АР (b GP © HP (d AGP 
The 4" term of the A.G.P. 6, 8, 8,............. is 
32 64 
а) 0 0 2 о T 4 F 


Ifx= 111......1(20digits), y=333.........3(10digits) and 
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2 
2=222.......... 2(10digits) then ^ - - 
1 
a) 1 (0) 2 (0 5 (4) 3 
7 Read the passage and answer the questions that follow. 
* Ап odd integer is the difference of two squares of integers. 
* The cube of an integer is difference of two squares. 
* The cube of an odd integer can be expressed ав difference of two squares in two different 
ways. 
* The difference of the cubes of two consecutive integers is difference of two squares. 
(i) If 103= a*—b’, then а = 
(a) 5 (b) 0 (c) 10 (d) 15 
(ii) If 9°=a?—b*= c?^-d?, atb+c+d = 
(a) 720 (b) 750 (с) 800 (d) 810 
(iii) 15°-14?=a?-b?, ab = 
(a) 90000 (b) 95940 (c) 99550 (d) 99540 
8 Match the following :- 
n+l + pat! 
For the given number a апа b, ------- is 
a +b 
ColumnI Column П 
(a) A.M. (p) for n=1 
(b) GM (q) for n=1/2 
(c) H.M. (r) for n=0 
(s) for n=—1/2 
(t) for n=—1 
9 The sum of the products of the ten numbers + 1, + 2, +3, +4, +5 taking two at a time is 
(a) 165 (b) -55 (с) 55 (9) None of these 
10 Let a, =O апа a, а„ а,,............... а, Бе real numbers such that |а |= |а, +1 for all i, then the A.M. 
of the numbers a, à,, а................. а, has the value A where 
41 -1 =l 
(а) А<- () А<І б) А> () А-- 
Note: » Questions with more than one option is correct. 
Answers 
1. 2 4 3 с 4 с 5 са 6 а 7 (рс ша ща 
8. aorboscot 9. b 10. с 
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SEQUENCES AND SERIES - VII 


Sequences and Series - Problem Solving 
Some important Logarithmic and Exponential formulae 


1 Ifa* =y, then x = 105 y 
2 log а= 1 & log 1=0 
3 дт — т 

4 log mn=log m+Hog n 


m 
5 ЭН =1орт—1орп 


























6 log m"-nlogm 
log.a 
7 Іова = log. Б 
8 log a" = 2 
B, = n 
Нь Р 
9 log,a = log, b 
10 108 (1+x)= Ел. 
08, x X 2 ! 3 4 Г... ннн, 
11 log (1-x) = 22 
og, x к=; 3 qc 
x? 4 x? 
= Зүг ——+——+——+............ 
12 log (1+х) (1-х) = log (1-х?) 5 17 | 
| 1+х үү 
— |=2|х+——+——+................... 
13 0g, ту 2 35 
14 log 2-1 d 
Og. 2 = 72 ! 3 4 а 
x x ox 
15 ей 199 | Банш 
1 2 3 
+ ey 
16 ечех-2 2! 4! T 
x X x 
17 е-ех-2 1! 3 3 nnn 
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1 1 
18 е=1+—-+— -+—-................ 


eis an irrational number & it lies between 2 & 3.e~ 2.7183 


2 3 


19 a= eye. = 1+y(log a) + 2 (log а)-- - (log а)*+.................. 


20 log, log, N 























21 ауа b = 
Vn - Method 
(i) To find the sum of series of the form 
1 1 1 
LI e + where a, a, 
Ajira ау. Agigea а йл P CE jp 2 
1 
Неге T, = 
Я — does 
1 . . . . 
шин are in А.Р. Let V = (avoiding first term for V iea in T ) 
®- Р КЕНЕ d. asd n “ба?а 


1 
Т, = d(r = 1) СУР, Е d(r = 1) (VV) 
putn = 1,2, 3............. n and add to get S, 











1 2 п с а(т = 1) (У-У, 





1 1 1 
© 4(т—1) асаа ИЕ ЕЯ 











jw 1 1 1 1 
Eg: (a) 123 | 234 нэг + n(n +1)(n +2) = 1.8-1) (12 (n - D(n + 2) 
1 1 
74 2(п+1)(п +2) 
№ 2 го 
ФУ Таз} mads ae n(n + 1)(n + 2)(n +3) 





1 1 1 
~ 14-1) [s TI 


(п) Summation of series of the form аа,......а+а,а,........ а: EIN йн а арады a where 
а на are in А.Р 
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Неге Т 544 ээн а 
п n n+l п+т—1 А 
Те V Saa _.............. a а (Take one term extra in T. for V ) 
n n n+l notl ner n n 
T == 


п (т + 1)4 У 
Риїп=1,2,3........ and add to get S, 





1 1 
SET анаан +T = 41-01) Deve d+) КЕЛТЕ CE E a) where 
ааа 
1 | n(n+)(n+2) 
Eg (a) НИ +n (0+1) = 10241) ((n+1)(n+2) – 0.1.2) = у о 
(b) 1.2.3.4 E2338 audeo Pepe + n(n+1)(n+2)(n+3) 
1 
- 14-01) (n(n+1)(n+2)(n+3)(n+4)—0.1.2.3.4) 
1 
E n(n*1)(n*2)(n*3)(n-*4) 
SOLVED EXAMPLES 
1 Ifthe sides ofa triangle are in A.P and the greatest angle ofthe triangle is double the smallest, then 
the ratio of sides ofthe triangle is 
(а) 3:4:5 (6) 4:5:6 (с) 5:6:7 (d) None ofthese 


Solution : 

Applying sine rule, we have 
a-d a . ad 
sinO — sin(x—30) ѕіп20 





a-d a а-ға 
> зш@ 3510—4500 26віпбсов0 




















а-4 а a+d . | _at+d 
> | 345120 2со80 8689080 7 54 4) 
Also, 3-4sin?9@ = — 
so, 3-4sin’ 9 = 774 

“иш шал 12 
= (1—08 9)= =_= gives — т) ad 

4а4 
= i.d = a => 4а4 = aad gives а = 5d 


- sides a-d : a : ad 
5d-d:5d:5d*d-4:5:6 
Ans : (b) 
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The sum of 
Jod dg ву тэ 
1272 t 2312 t 34 2 УЯ n terms 15 
1 1 1 
(а) 1- (п Hp (b 1- n2 (с) 1+ (п+12" (d) None ofthese 


Solution : 


nk dw 42 1434 
17 aed 2 (п nel 2 





























1 1 

>Т,= a2 (ш+1).2" 
Putting п=1,2,3,.............. ж 

ша 

("7207-22 

AN 

2 2.21 3.22 
T 1 3 1 

22 42 

1 1 
T,= a2 (п-1р” 
Adding , Тү+Т+Т+......... rT =S, 
1 
5,-1-( їр" 
Ап$: (а) 
Coefficient of x? in the expansion оЁ(х—1)(х—3)(х—5)......................... (x—99) is 
(a  -99 (b) 1! (c) -2500 (d) None ofthese 
Solution : 
(x-1)(x—3)(x—5) ................ (х-99) 
Зэ НЭЭС D T. 

г. Coefficient of x? 18-65, 50 
= —(1+3+5+...... T99) = E (14789) = —502=-2500 
Ans : (с) 
The coefficients of x? in the product 
СЕ) нон (1-25х) is 
(a). 215-24 (b) 212-210 (с) 2120-2104 (d) None of these 
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Solution : 
(1—х)(1—2х)(1—22х).............. (1-25х) 
= (-1)5(x-1)2x-1)2?x-1).................. (25х-1) 


1 1 1 
= ахлах aan- |5) — [к-з 
1 1 1 
ко (к-3] |=) ТР 2 


1 1 1 
- coeff of x5 is 21° {11+—+—+. . + 
2 2 2 





| | 
= —2120.] 2 = —212! ! - 23 = 2105 5121 


i 
2 


Ans: (a) 
5 The sum to 2n terms of the series 
3 7 15 31 63 127 
Ї Ї Ї + Ї DLP NN RR 
4 4 16 16 64 64 








2 | 1 10 | 1 13 1 
(a) 38-14 UP (b) 3n-71 UP (c) 38-71 17 (d) None ofthese 


Solution : 
Given expression 


1 1 1 1 
=| 1=— 2 1 2 
| i) 4 7] Ч x] 4 E) D NER NIE TOR AE N: 2n terms 
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6 The sum to n terms of the series 
1 | 1 | 1 + 
1 Т 1 T Ї T ОО 
1-- 1-3)-- 21 
(1+3) 1 (1+3+5) | 
2п b 4n 2 1 N 
(а) 21-1 (5) 20-1 (c) 20-1 (d) заг 
Solution : 
1 1 
T, (1+3+5+............ +n terms) Ш 











2 1 1 
Цэ 2-1 2п+1 





2 1 1 
B 21-1 2п+1 


Adding, S, ^ T, +Т,+............. +T =2 ! 





Ans : (b) 
7 The sum of the series 
1 2 3 


| | ЧОЛ ырады эр оо 18 


13 1.3.5 13.57 








(а) 1 (9) 5 (с) 5 (9) None 
Solution : 

n 
Л: eee (2n -12n «1) 
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15 





20-1-1 
ET (2п—1)(2п +1) 











mu 1 1 
8721145 aOn-b 153-0280) 





5, =. [ ! | 
2| 13.5...(2n - Dn +1) 


1 1 
So = 5 (1-0) = 5 
Ans : (b) 
PRACTICE QUESTIONS 
ПЕС Өгөөж be squares such that Юг each п> 1 the length of a side of S, equals the 


length ofa diagonal of S, Ifthe length ofa side of S, is 10 cm, then for which of the following 
values of n is the area of S, less than 1 sq. cm. 

(a) 7 (b 8 (с) 9 (d) 10 

If a, b, c are is А.Р and a’, b’, с? are in Н.Р, then b? = 


ca - са 


(a) > (b 2са (с) E (d) —2са. 
Let the HM & GM of two positive numbers а & b be in the ratio 4:5 then а: b is 
(a) 1:2 (6) 2:3 (с) 3:4 (d 1:4 
If cos(x—y), cos х, соѕ(х+у) are in H.P., then the value of cos x sec - 18 

1 
(а) +1 © 2422 © 442 (d £43 


If x & y are positive real numbers and m, n are positive integers, then the minimum value of 
х"у" А 
Пее унуу? 
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1 1 
@ 2 © z Ж @ 1 


6* There are two numbers а & b whose product is 192 and the quotient of A.M. by H.M. of their 


169 
greatest common divisor and least common multiple is = . The smaller of a & b is 


48 
(a) 2 (b 4 (с) 6 (d) 12 
7 Consider the sequence 1, 2, 2,3,3,3,............... where n occurs n times. The number that occurs 
as 2007" term is 
(a) 61 (b) 62 (c) 63 (d) 64 
8 Read the following paragraph and answer the questions. 


Let A,, G,, H, denote the A.M., GM., Н.М of two distinct positive numbers. 
Forn>2,letA,,andH, , have A.M., G.M., H.M asA,, G, H, respectively. 
(i) Which ofthe following statements is correct ?. 

(а) (oU, PU, ашиг 


1 


2 
(b GG, Ges 
(б) GCG аслана 
(d) Gj«G,«G,.. s and GG? G,^..... 


(1) Which are ofthe following statement is correct 2. 
(a) АРАА S sv 


3 


1 2 
(D) АА А 
(c) А>АРА>. нии шад АГ онн 
dy А. add ЗАГ ЗА аон ай 
1 3 5 2 4 6 


(ш) Which аге of the following statement is correct 2. 
(A) Н>Н,>Н;>.................... 


1 2 3 

(b) ШАН LS энээ 

с Н >Н,>Н >................... and Н„<Н <Н «.................. 
1 3 5 2 4 6 

(d): _Н,<Н,<Н.<................... and HH CH oes 


XyZ 


(1- x)1 - yyl-z 





9 If x,y, 220 and x+y+z = 1, the ) is necessarily 


1 1 
(а) >8 (b = 8 (c) < 8 (d) None of these 
10* Маһ the following : 
Column I Column П 

(a) 3 numbers a,b, c between 2 & 18 such that (p GL=4 

. | G | 
(1) atb+c = 25 (а) x 4 
(1) 2, a, b are consecutive terms of an А.Р. () GL=7 

... . | G | 
(ш) b, с, 18 are consecutive terms of a С.Р. (s) т іш 3 
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11 


12 


С а 
ШО = тах {a,b,c} & L=min {a,b,c}then (0) Б ў т E 





(b) 3 numbers a, b, c are in G..P. Such that 
0) atbtc = 70 
(1) 4а, 50, 4с аге 15 А.Р. 
If G= Max {a, b, с} and L = Min {a, b, с}, then 
The coefficient of x?? is the expansion оЁ(х—1)(х2—2)(х°—3).................... (х20—20) 15 
(а) -35 (b 21 (с) 13 (d) 25 
Read the following passage and answer the questions : - 
Let ABCD be a unit square and 0< a «1. Each side of the square цан. ac 
is divided in the ratio a : 1-a , as shown in the figure. These Ч 


points are connected to obtain another square. The sides of new 
square are divided in the ratio a : 1-a and points are joined to 
obtain another square. The process is continued indefinitely. 











Let a, denote the length of side and А the area of the nth square 1-а a 
oo 8 Aa іа В 
(1) The value of a forwhich 2, А = 3 18 
n=l 

(a 1/3, 2/3 (b 1/4, 3/4 (c) 1/5, 4/5 (4) 1/2 
(2) The value of о, for which side of n" square equals the diagonals of (n+1)th square is 

(a) 1/3 (b) 1/4 (0 12 (4) 11512 
(ш) Ша = 1/4 and P, denotes the perimeter of the п" square then 2: Р equals 

п=1 


8 
(а) 8/3 (5) 32/3 (с) 163 @ 5 (4+ ло) 


Answers 


b,c, а 2. с 3. а 4, с 5. b 6. 5,4 


с 


а-»1,5,0-»4 11. с 12. @) 


© 


8 © c @ а Gi) Ы b 
b G) с G) d 


208 


ОО» 


UDA AN 


A program to give wings to girl students 


SEQUENCES AND SERIES - VIII 
Special Series - Problem Solving 
Arithmetico - Geometric Series (A.G.S.) 
Jfa ағызып a is an А.Р. and b, В.а b. isa G.P, then the sequence a,b,, a,b,, ....... ab. 


is said to be an A.G.S. The sequence is ofthe form ab, (а+а) br, (а--24) br?,.......... .............. 
ab — dbrl-r" ) (a+(n-1)d)br" 








Sum to n terms = S 





















































a l-r (| 1-1 
If—1 <г< 1, sum to infinite numbers is given by 
ab dbr 
S oo == Tcr F A-r)? 
Important results 
1 Let S = TE I eurie rr, then 
1 п(п +1) 
(1) Бүл РАНЫ m m=- 
. g | n(n+1)(2n+1) 
(ii) Bc шаған imei n- 6 
n^(na1) 
(iii) ЕО Paseante n? = л ) mi 
-DQn«lDGn^«3n-1 8 
() 5=1+244+344 ji тамлал DON лене . Pre р 
4 30 - o! 
i-a +2п—1 1 
(iv) Ойл эг 277” HP = цэ = Цэ 3 5 (48:-1) 
2 Бау айны to n terms = n? 
4п^ —1 
3 | UM е ОООО: ton terms - 09 0 
4 aes атынан to n terms = n? (2n? -1) 
1-(-І)" 
5 1-4 851 еннан ЮИ 21220 
1—(-1)"(2n+1 
6 ]:—23 3 айынын to n terms — ( ы шаг 
—1)"'n(n+1 
y 0 ex йонын лэ ДИК D'S, 
2 
n-l 3 2 
8 13 — 23+ 33 —................. to n terms = сийн c == 
Note 1 : (х+1)(х+2)(х+3).................. т IC Sapa ibat 
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ma ds U 
: 2 
(т —1)п(п +1)(3п +2) 
22 24 
Шіл)! 2)п?(п+1)? 
Е: 48 


Note 2 : To obtain the sum У аа, we use the identity 


i<j 


2У а, а, = (а +а„+......... tay -(а тал сагта?) 


1<] 
More methods of summation of series 
If n? term of a sequence is given by 


T, = ar? + br? + cn + d, where а, b, с, d eR, then 


S-* T =Т+Т,+ 


1 есен ñ 


=а» п b> ar du d заул 


Method of differences 
If the differences of successive terms of a series are in A.P. or G.P., we can find T, as follows 


(a) Denote n^ term and the sum up to n terms by T, &S_ respectively 

(b) Rewrite the given series with each term shifted by one place to the right 
(c) Subtracting the above two forms ofthe series, find Т. 

(d) Apply S, = Ут : 


Note : Instead of determining the n" item ofa series by the method of difference, we can use the 
following steps to obtain the same 


(1) Ifthe differences T, -T VT ~ T, хөвөн etc are in A.P. Then take Ше n™ term as 
T =an?+bn+c,a,b,c eR 
Determine a, b, c by putting n= 1, 2, 3 and equating them with the values of corresponding 
terms of the given series. 

(1) Ifthe differences Т„—Т\|, Т, ани etc are in С.Р, with common ratio r, then take 
T =ar! + Ба + с, а, Б, с eR 
Determine a, b, c by putting n= 1, 2, 3 and equating them with the values of corresponding 
terms of the given series. 

(ili) Ifthe differences of the differences computed in step (1) are in A.P, then take T, — ап? 
+ bn? + сп +d 
Determine a, b, c by putting п = 1, 2,3, 4 and equating them with the values of corresponding 
terms of the given series. 

(iv) If the differences of differences computed in step (i) are in С.Р with common ratio г, then 


take 

T, =ar boca 

Determine a, b, c by putting п = 1,2, 3, 4 and equating them with the values of corresponding 
terms ofthe given series. 
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195151 
П Sum of series whose п term is 
1 
" [а+(а—1)4][(а+па)] 
Resolve Т into partial fractions, (or express the N" of T. in terms of factors of D" and 


T 


simplify), then find T, T,,, ............ T, and add to get S . 
Ш Sum of series in special form 
(a) Let the series consists of terms whose n" term 
— —— s 
1.5 a(a4-dya 4-2d)............- (а + (п —1)4) 


To find sum of such a series ( factors of аге in А.Р.) ав shown above, remove the least 
factor and multiply the denominator by the number of factors left out (here n—1), and also 
by the common difference (here d) change the sign and add a constant C. 
1 
TAL зар Л АЛ?) 270022 aum ГМ 
(n - Dd(a + 4)(а + 24).................. (а + (а —1)4) 
Find S, and hence value of C. This gives the required sum. 

(b) Let the series consists of terms whose n" term Т = а(а+а) (a*2d).......... (a*(n-1)d). 
To find sum of such a series, as shown above, add one more factor and divide by the total 
number of factors (here (n+1)) and also by the common difference (here d). Also add a 
constant C. 

a(a + d)(a + 2d)........ (a + (n – 1)d)(a 4 nd) 

(n. Dd Te 

Find $, and hence value of C. This gives the required sum. 


Thus, S, — 


Thus = 


Note : 


. brodi 5) n-1Y 
(1) or odd n, n- “ ЗЕ 


(i) Foranyn п? = e Ж ЕЗ] 























2 2 
3 3 3 2 2 2 
(ш) For odd п п? = Цан 2 = = шил! - дшш. 
ог odd п, 2 2 2 2 
SOLVED EXAMPLES 
з. 1 1 1 n 1 , 
1 It is given that 13 | 23 | 34 ОООО. от 90 Шеп, 13 | 34 | 54 Чаанын оо 18 equal to 
4 4 894 
(а) - (b) us (c) Е (d) None ofthese 
i. d. 
Solution : Let 13 31 5i энхийг o=S 
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N П 1 | 1 | = п 
OW 14 T 24 T 34 Dole nn 00 — 90 
ца ERES r 
1° 34 54 шаш + 24 44 6! ВЕРЕР = 90 
ватт м 
=> S+ of |e pe p "= = 
© 1 т? ло 
-99716:90 90 
соо 1-5)-2 15 m 
2 5 004 16) 90 16 96 
Ans : (a) 
3 14242 ааа +r terms 
Гб = 2 2! ‚ Шеп 


г-1 
S is equal to 
(a 2"-(n+1) (b 1-27? (с) mn-1-727 (d 2-1 
Solution : 











_1+2+2° Фаны r terms. 
r ga 
1(2°—1 
= ( ) =| — 27 
(2-1)2 
1 
= 3425 
ыш: 
o : + ! + п terms 
S =n A 





1-1 
2 
=n-1+27 
Ans : (с) 
3 The sum to n terms of the series 
+1)? 
ПОЗЕ 3982 4 T ны - MU when n is even. When n is odd, the sum is 
п (0-1) n(n? —1) 

(a) E (b) EE XE (c) n(n-ly(2n-1) (d) Noneofthese 
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Solution : Let n= 2k 

3: PEAL EI 2A + E а) +(2к—1)° + 2(2К)? 

_ 2kQk +1) 

Д 2 

Let п = 2К +1 (odd) 

o 12+ 2.2? + 32+ 2.4? +................ +(2к-1)? + 2(2ky + (2k-1y 


—O2k(Qk +1)? 








+(2k +1% 


_ 2к+1?(2к+2) maD 





2 2 
Ans : (а) 
4 Ifthe sum to n terms of an А.Р is cn(n—1); c z 0, then the sum of squares of these terms is 
2c? 
(a œn (orl)? (b) 3 n(n-1)(2n-1) 
2c? 
(c) -3 nat Dnt) (d) None of these 





Solution: T =S -5, 
= c(n—1) {n—n+2} 
=2c(n-1) 
aT? = 4с(п—1)° 

ES c edo ҒАН ниенің +(п—1)?} 

4c n(n 18 1) 


=cn(n—1)—c(n—1)(n-2) 





2 


2с 
= “ам ХА) 


Ans (b) 
5 Лиге 


10 
The», t^ is equal to 


г=1 








221 =| 221 -1 2?! 241 
(8) EM +20 (b) EUM +19 (с) 72% -19 (9) None of these 
Solution :t^-2'* 27 *2 
2 — 214224 +210 1 1,1, "E 2 
Sio = (255255 ана F2) 4 2 9» 7777 20 * 20 
10 1 1 
1 
ша) + Al 23 +20 
2—1 р 
[== 
2 
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1 
=2"_2 +] -5m0 +20 














ЕЕ 2" -1 

-2 ~ 500 + 19 = jn + 19 
Ans: (b) 
Sum to n terms 
1.(3n—1)+2. (3n-2) + 3.(3n-3) + ............. nterms is 

n(2n +1)(5п -1) n(2n + I)(5n +1) 
(a (b) 

3 3 

n(n + 1)(7п —1) 
(с) 6 (d) None of these. 
Solution : 
Т, =тп=) 

—3nr-r? 


n 


S = УТ, к у 
1 r-l г-1 


r=] 





п.(п +1) 10(п+1)(2п +1) 
3n. - 








2 6 
| п(п+1) (а-ы) 
2222 3 
_ n(n +1) GRO. n(n +1)(7n - 1) 
ШЕ 3 a 6 
Ans : (c) 
n 2 n m 
2i QU equal to 
г-1 m-l r=l 


1 n n 1 n n 
(a) ХҮ? 23) (b) [de -$] 

r=l r=l г-1 г-1 
(c) 0 


c2 © m(m-l) 
Solution : > D — > ----- 
г-1 1-1 2 


> 2 5 ig 
УЕ -— 
r-l 


г=] 2 


(d) None ofthese 
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- 


PRACTICE QUESTIONS 


1*. Fora positive integer n let 


го 223, тэн 
а(п) = Ї Ї Г....... ааа (2^°)—1 





21372 Шеп 


(а) а(100)<100 (Ы) а(100)>100 (с) а(00)-100 (а) а(200)>100 
2 113—10%+93—82+73—63+53—45+33—23+13 = 








(а) 756 (b 724 (с) 648 (4) 812 
Ч d 
3 Шауа еви а are in А.Р with common difference d, then > (ат! а 
ын т=1 аа | 
| па | (n 4 Dd 
WU. ып 1+а1а-1 „Б. 1--414:41 
| (n - Dd | (n - Dd 
Gy dae 81854] син аа 


4 The sum to 50 terms of 











3 5 7 | 
a m О э Тегинен 
yp Pa Е 
50 „ 1% 150 p 20 
(а) 17 6 17 © 17 ( 17 
5 The sum of the first 10 common terms ofthe series 17, 21, 25, .................... and 16, 21,25, ... is 
(a 1100 (b 1010 (c) 1110 (d) 1200 
6 Match the following : 
ColumnI Column II 
(a) 172—2243? —................. to 21 terms (p) 680 
(b) 13—23+33—43 + ........... to 15 terms (q) 2556 
(c) Г cidade to 8 terms (r) 1856 
(d) Эден to 6 terms (s) 231 
7 The sum of the series 2 cosec 14/414 +1 18 
г-1 
(а) m (b л/2 (c) 7/4 (d) None ofthese 


n n 
4 
8 Let Ут = f(n), then >. (2т-1) is equal to 
г-1 г-1 
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10 


11 


12 


13 


14 


1. 
7. 
12.с 


п-1 
(а) f(2n)-16f(n),yneN (b) леу 16/251) when п is odd 
n 

(c) Ға)-16/ (2) when n is odd (d) None of these 
Match the following : - 

Column I Column II 
(à) If п =210, then Ул” is divisible by 

the greatest prime number which is greater than (p) 16 


(b Between 4 & 2916 is inserted odd number (2n+1) 
GM'S. Then the (n+1)" GM. is divisible by greatest (4) 10 
odd integer which is less than 

(c) Inacertain progression, three consecutive terms 





are 40, 30, 24, 20. Then the integral part ofthe (r 34 
next term ofthe progression is more then 
ШИРИЙН! а 
(9) 1+ 52 53 Маай tO oo E , Where (s 30 
HCF(a,b) = 1, then a—b is less then 
fS | | hen the value of | Ч 
If S= + + + ин: then t Gr | 18 sonda 
3241. 4242 42347 6 44 № 
i ВЕНЕ 1 : 2 : i 
The value ofthe ratio 22 42 42 МЕТТІК | = 22 32 = 42 лол IS ....... 
lm x г l | 
i ee OST нынын Gan ee 
1 b) = : 4) М fth 
(a) 3 (b) 2 (с) 2 (а) one of these 
n 
ENEO A) Fer Tut y= 3 (1-1), then t, is equal to 
(a) т? (b 20 (c) 12-20 (4) None ofthese 
If (1+3+5+......... +p) + (1+3++5+............. +q) DET eser t r) where each set of 


parantheses contains the sum of consecutive odd integers as shown, the smallest possible value of 
реф(улесерэ6)18 ох ни өлөн 
(а) 12 (b 21 (с) 45 (4) 54 
Answers 
ad 2. a 3. а 4, р 5c 6. a—»s, b>r, c>p.d>q 
c 8. a 9. а >р,,1,5; b 1,5; c > p.q; 1,5 10. 2 11.2 
13.4 14. b 


216 


Орд АМ 
PERMUTATION AND COMBINATIONS -I 
Properties of "P. and "C, 

Fundametal principle of counting 

(i) | Addition principle : If an operation can be performed in ‘пл’ different ways and another operation 
which is independent of the first operation, can be performed in ‘п’ different ways then either of 
them can be performed in (m+n) ways. 

(1) | Multiplication Principle. If an operation can be performed is ‘m’ different ways; following with 
a second operation can be performed in ‘п’ different ways, then the two operations in succession 


can be performed in ‘mn’ ways. 
Factorial 


The continued product of first n natural numbers is n!. 
155122 S бына n 
value of0! is 1 

Exponent of prime p is n! 


Let n be a positive integer and p, a prime number. Then the exponent of p is n! is given by 






































n n n n 
E (n) = Б + р? + d eee + p where s in the largest positive integer such that 
р <n< p^" 
Permutation 


Number of permutations ofn distinct things taking r(1 <r<n) ata time is denoted by "P. 
n! 

“7 (n-r)! 

e Number of ways offillingr places using n things if repetition is allowed =n" 


Circular Permutation 
Number of circular permutations of n things = (n-1)! 


n 





n 
r 





Number of circular permutations ofn different things taken r at a time = 


Number of circular permutations of n different things when clockwise and anticlockwise circular 
(п – 1)! 
2 
Note : When position are marked, circular arrangement is assumed to be linear. 
Combination 
Number of combinations of п distinct things taking г at a time is denoted by"C.. 





permutations are considered as same is 


n! 
Ty эше. MÀ 
С. (0-1)! 


Note: "P. =т! (С) 
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Properties of "P. and "C, 
i) Еее 
Ш o "PS5 P or r P 


ii)  Dr.p-ep -1 
г-1 


№) С=С. > either rs or r+s = n 


; if nis even 


у "C is greatest, 2 
) ээ ; if nis odd. 


1 п n n п-1 
© «come т=п, 





vil) "С 
viii) C + С. = "HC. 


Solved Examples 


1. How many 5-digit numbers divisible Бу 3 can be formed using digits 0, 2, 4, 6, 8, 9, ifrepetition not 
allowed? 
Soluton: 
Sum of digits =0+2+4+6+8+9=29 
so 5-digit numbrs can be formed using the digits 0, 4, 6, 8, 9 or 0, 2, 4, 5, 9 as sum of digits is 
divisible by 3. 
'. total number of numbers formed is 
2(4.4.1у-192 
Ап$. 192 
2, How many 5-digit numbers divisible by 4 can be formed using digits 0, 2, 4, 7, 8, 9, if repetition not 
allowed? 
Soluton: 
Number is divisible by 4, ifthe last two digits of the number are a multiple of 4, so we can have 04, 
08, 20, 24, 28, 40, 48, 72, 80, 84, 92 at the last two places. Hence total number of numbers can 
be 5.(*P,)+6.3.°P,, as the first place cannot have zero. 
the answer is 228. 
Ans, 228 
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3. How many 5-digit numbers divisible by 6 can be formed using digits 0, 2, 4, 5, 6, 8, if repetition not 


allowed. 
Soluton: 
Sum of digits is 


0+2+4+5+6+8=25 
. the numbers can be formed with the digits 0, 2, 5, 6, 8 as their sum is a multiple of 3 provided 
unit’s place has an even number. So it can be done in 4!+3.3.3!=78 ways. 


4. The total number of odd natural numbers that can be formed with the digits 1,3, 1, 5,4, 1, 4 and 
are greater than 2 million are 
(a) 120 (b) 160 (c) 180 (d) none 
Soluton: 
Odd digits Even digits 
1,3,5 4 
1 4 
1 


Number of arrangements can be 





Ка шашин 
— à 
аа 5 
cM ag ------- 1 
5! 
шэн See i 
-— РЕ 
ae. 5 
ш ЛЭ Ш ыыы. _ 3 PEDE 3 
ин 
“Әз La a 5 
5! 
-ә-з- m- ———————— ! 
ee 28 
MEL ен 5 
Ts 390—- -— —— — — —— 3 
Toal no. = 10+30+60+20+20+30+10=180 
Ans. с 
5. The total number of 4 digit numbers greater than 4000, whose sum of digits is odd is 
a. 2800 b. 3000 c. 3600 d. none ofthese 


Soluton: 
Thousands place can be filled in 6 ways. Hundred's and Ten's place can be filled in 10 ways each. 
First 3 places given the sum either odd or even. In either case last place can be filled in 5 ways. 
2. Number of 4 digit numbers is 
= 6х10х10х5-3000 
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Ans. b 
6. Mohan writes a letter to five ofhis friends and addresses them. The number of ways in which the 


letters can be placed in the envelopes so that that three of them are in the wrong envelopes is 
a. 44 b. 119: с 21 d. 20 


Soluton: 
i ii | 
"СА! = m + 2 3 -20 (dearrangement of n pairs) 
Ans. d 
7. In how many ways the squares of the figure given below be filled up with letters of the word 


“КОНПЧГ, so that each row contains atleast one letter. 





























Soluton: 


| C,- 2)x 3; 265360-9360 ways 


as six squares can be slected in such a way that no row is empty is (С —2)=26 ways. 
Ans. 9360 


PRACTICE QUESTIONS 


1. Number of polynomials of the form x*+ax*+bx+c that are divisible by х2+1, where a, b, c 8 (1, 
2,3,.....9,10} 


а. 30 b. 1000 c. 10 d. none of these 


2. The number of ways in which we can select four numbers from 1 to 30 so as to exclude every 
selection of four consecutive number is 


a. 27378 b. 27405 с. 27399 d. none of these 

3. The number of ordered pairs of integers (x, y) satisfying the equation х?+6х+у? = 4 is 
a. 2 b. 8 с. 6 d. none of these 

4. How many six digit numbers are there in which sum of the digits is divisible by 5 
a. 180000 b. 540000 с. 5x105 4. none of these 


5. Ten IIT and 2 DCE students sit in a row. The number of ways in which exactly 3 ПТ students sit 
between 2 DCE students is 


a. DC X21x3!x8! b. 10! 21 3!x8! с. 51x21!x91x 8! d. none of these 


6. Let there аге n>3 circles. The value ofn for which the number of radical centres is equal to the 
number of radical axis is (assume that all radical axis and radical centres exist and are different) 


a. 7 b. 6 с. 5 4. none of these 
7. Total number of integers ‘n’ such that 2 <n < 2000 and HCF of n and 36 is one, is equal to 
a. 666 b. 667 c. 665 d. none of these 
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8. Match the following :- 
Column I Column II 
a) The number of five digit numbers having р) 77 
the product of digits 20 is 
b) A man took 5 space plays out of an engine q) 31 
to clean them. The number ofways in which 
he can place atleast two plays in the engine 
from where they came out is 
с) The number of integers between 1 and 1000 т) 50 
inclusive in which atleast two consecutive 
digits are equal is 
1 ЯР 
d)  Valueof у; 2,211 8) — 181 
15 == 159 
9. |The number of ordered triplets (a, b, c) such that LCM (a, b) = 1000, LCM (b, c) 2000 and 
LCM (c, a) = 2000 is 
10. Read the paragraph and answer the questions that follow :- 
Number of ways of distributing n different things into г different groups 15 г" when blank groups 
are taken into account and is r^ ^C, (r-1)^ + 'C.(r-2) ........ + (-1)** 'C. , when blank groups 
are permitted. 
1) 4 candidates are competing for two managerial posts. In how many ways can the candidates be 
selected? 
а. 42 b. ‘C, с. 2° 4. none of these 
i) 8 different balls can be distributed among 3 children so that every child receives at least one 
ball is 
а. 38 b. 8C, с. 8 d. none ofthese 
ii 5 letters can be posted into 3 letter boxes in 
a. 3° ways b. 5? ways с. °C, ways d. none of these 
Answers 
1. с 2: 3. b 4. a 5. а 
6. с 7. а 8. а-г, b-q, c-s, 4-р 9. 70 


10. (i)-b, (ii)-d, (18)-а 
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PERMUTATION AND COMBINATIONS -П 
Simple Applications on "Р and "C, 


Important Results 

1. Sum of digits in the unit place ofall numbers formed by a,, a,......... a, taken all at a time is given by 
(n-1)! (а,+а,+......а ) ifrepetition of digits is not allowed. 

2. | Sumofallthe numbers which can be formed using the digits a, a.......... а, (repetition not allowed) 


= (n аы щй -1) 
9 


- (1-1)! (sum of digits) | 1....... 1 ] 


n times 


Number of integral solutions of linear equations and unequations (Multinomial Theorem) 
1. Total number of non negative integral solutions ох, +х„+.....х —nis"'"'C,, 
Total number of positive integral solutions of x *x,t.....x —-nis С. 
ii In order to solve inequations of the form x,+x,+......+x,<n, we introduce artificial (dummy) 
variable х, such that x,+x,+....... +x +x_,, =n where x, >0. 
Number of solutions of this equation are same as the number of solutions of inequation 
X E roux <D. 


iti Number of solutions of 0--20--3ү--....4-40-:1118 


coefficient of x" in (1- x)" ( - x?) ! ( -х” Г m ( -x^ it zero is included 
coefficient of х" in x'?*-*(1— x)" ( -х” р eh ( – х“ J if zero is not included 
Number and sum of divisors 


Let М = aPb*c'where a, b, care primes & р, q,r EZ”. 
1. Number of divisors of N = (р+1) (9+1) (7+1) 
Sum of divisors of N = (1+а+а?+....а?) (1+b+b?+....b9) (1+cet+c?+....c') 
ii | Number of ways in which N can be resolved as a product of two factors is 


B + 1b + 1|с + 1) if N is not perfect square 
р (а + Ц + Ic + 1) + ii N is a perfect square 


Number of ways in which a composite number N can be resolved into two factors which are 
relatively prime (or co prime) to each other is 2^! where п is the number of different prime 
factors is N. 

Divisibility 

Condition for divisibility of a number 

A number abcde will be divisible 

1.  by4if2d-eis divisible by 4 
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2. by 8 if 4c+2d+e is divisible by 8 
3. by3ifatbtc+d+e is divisible by 3 
4. by 9ifatb+c+d+e is divisible by 9 
5. byS5ife=Oor5 
„а+с+е- bed .,... 
б; УШИ is divisible by 11 


Sum of digits зат of digit 
at odd places at even places 


7. | by6ife- even and a+b+c+d+e is divisible by 3 
8. by 18ife=evenand a+tb+c+d+e is divisible by 9 


Solved Examples 

1. Ten different letters are printed round a circle. The number of different ways in which we can select 
three letters so that no two of them are consecutive 18 
a. 26 b. 50 с. 56 d. 72 

Soluton: 
Number of selections is 


9С.-10-10.С,- 50 ways as total ways of selection is "C, (number of selections is 

"C-n — n.™*C,) 

Number of ways when three are consecutive is 10 

Number of ways when two are consecutive is 10.°C,. Subtract these two cases from the total 


number of ways. 
Ans. b 
2. The numberof triangles whose vertices are the vertices of an octagon but none of whose sides 
happen to come from the sides of octagon is 
a. 24 b. 22 с. 48 4. 16 
Soluton: 


Proceding in a similar way as in solved example 1, we have number of selection as 
°C, — 8 -8.^C, =16 (number of selections is "С —п-— n." C.) 


Ans.d 
3. The maximum number of points in which 4 circles and4 straight lines intersect is 
a. 26 b. 50 c. 56 d. 72 
Soluton: 


Maximum number of points of line - line intersection = *C,=6 

Maximum number of points circle - circle intersction is “Р,-12 

Maximum number of points of line circle intersection is (2х4)х4=32 
total number of points of intersection is 6+12+32=50. 


Ans. b 

4. Ina plane two families of lines are given by y = x+r and (y =—x+p) where re{0, 1, 2, 3, 4}and 
12:40:12 2 ‚ 9}. The number of squares of diagonals of length 3 units formed by these 
lines is 
a. 36 b. 24 C. 20 d. none ofthese 

Soluton: 


It means we have to select two lines from each family in such a way that there is a gap of 2 
lines between the selected lines. First pair can be selected in two ways and second pair can 
be selected in seven ways. Hence, number of squares selected is 7х2 = 14 
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Ans: d 
5: The total number of words that can be made using letters of the word CALCULATE so that 
each word starts and ends with a consonant is 





5.7! 3.7! 
a. > b. 25 с. 27 d none ofthese 
Solution: 
Consonants Vowels 
GET AUE 
GL A 
Arrangements can be as follows. 
7! 
С 201 С 
7! 
С 2 L 
7! 
L 2 С 
7! 
С 201 Т 
7! 
Т 201 С 
7! 
С 20) Т 
7! 
L 20) Т 
7! 
Т 20) Т 
7! 1 1 1 1] 1] 
Total number of arrangements can be 201 +1+1+ 2 + 2 + 2 + 5 + | 
5.7! 
Ta 


6. The number of 5 digit numbers of different digints in which middle digits is the largest is 


9 


a. 2.5 b. —33(3) c. 30(3!) d. none ofthese 


n=4 
Solution: Fix the middle digit. Number of arrangements is 
CP ца В Fersa 0р.) 
Ans: d 
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10. 


PRACTICE QUESTIONS 
Last digit of (1!+2!+.....+2005!)* is 
аа 9 b 2 с. 7 d. 1 
Number of integral solutions of x+y+z = 0 with x 2 —5, y 2 5, z > —5 is 
a. 134 b. 136 c. 138 d. 140 


Let x,,x,......X, be divisors of positive integer n (excluding 1 & n). If x + x *.....*x, = 75, then 


Ec] 
2, x, is equal to 
75 75 75 
а. Яс: b. == с. = d. none of these 
n n k 
The total number of ways in which n? number of identical balls can be put in n numbered boxes 


(1,2,3,....,n) such that i" box contains at least i number of balls is 





n? 2 n?4n-2 
a. C, Ін 7-22 с. E og d. none of these 


п-1 
Total number of positive integral solutions of 15 < x,+x,+x,<20 is 
a. 685 b. 785 c. 1125 d. none of these 
Ifn is selected from the set {1,2,3....10} and the number 2"+3"+5" is formed. Total number of 
ways of selecting n so that the formed number is divisible by 4 is equal to 
a. 50 b. 49 с. 48 d. | попе of these 
Ais a set containing n different elements. A subset P of A is chosen. The set А is reconstructed 
by replacing the elements of P. A subset Q of A is again chosen. The number of ways of choos- 
ing P and О so that P A Q contains exactly two elements is 
а. OU B. xe б 3 d. none ofthese 
The number of three digit numbers of the form xyz such that x < y and z < y is 
a. 276 b. 285 c. 240 d. 244 
Number of ordered triplets (x,y,z) such that x,y,z are primes and x* +1 = z is 
аа 0 b. 1 6%: 2 d. none of these 
Read the passage and answer the following questions:- 
Suppose a lot ofn objects having n, objects one kind, n, objects of second kind, n, objects of 
third kind,....,n, objects of k^ kind satisfying the condition n,*n,*....*n, = п, then the number 
of possible arrangements / permutations of m objects out of this lot is the coefficient of x" in the 


ni x 
expansion of m! П 2 al 


2-0 


1. The number of permutations of the letters of the word AGAIN taken three at a time is 


а 48 b. 24 с. 36 4 33 
i. The number of permutations of the letters of the word EXAMINATION taken 4 ata time is 
a. 136 b. 2454 c. 2266 d. none of these 


ii. The number of permutations of the letters of the word EXERCISES taken 5 аға time is 
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1.4 
5.а 
9. b 


a. 2250 b. 30240 c. 226960 d. none of these 
The number of ways in which an arrangement of 4 letters of the word PROPORTION can be 
made is 


a. 700 b. 750 c. 758 d. none of these 
The number of permutations of the letters of the word SURITI taken 4 at a time is 
a. 360 b. 240 с. 216 d. none of these 
ANSWERS 
2.b 3.b 4.с 
6.9 7.b 8.a 


10. (i) d, (ii) b, (iii) a, (iv) c, (v) d 
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PERMUTATIONS & COMBINATIONS - Ш 
Simple Applications on "Р and "C 
Important Results 
1 Total number of selections of one or more objects from п different objects 
тш Ор atti =2—1 
2 Total number of selections of any number of things from n identical things 


(n+1); when selection of zero things is allowed 
n ; when at least one thing is to be selected. 


3 Total number of selections from р like things, q like things of another type and r distinct things 


(p+1)(q+1) 2° – 1 (if at least one thing to be selected) 
Е (p + 1)(9+1) 2' - 2 (if none or ай cannot be selected) 


4 Total number of selections ofr things from n different things when each thing can be repeated unlimited 
number of times = "C. , 

5 Total number of ways to divide n identical things among г persons = "С, 

6 Results on distribution 
Distribution ofn things to r boxes 


Empty boxes are not allowed coefficient of x^ in n!(e—1) 


nidentical things Empty boxes are allowed 


7 Division of items into groups 
(i) Groups of unequal size. 
e Number of ways in which (m+n+p) items can be divided into unequal groups containing 





. . (m+n+p)! 
m, n, p items 18 (orate 
m!n!p! 


e | Number of ways to distribute (m+n+p) items among 3 persons in the group containing 


m,n & p items is (I * n <р)! 31 
m!n!p! 
(it) | Groups of equal size 
e Number of ways in which (mn) different items can be divided equally into m groups 
each containing n objects 


(mn)! 


(n!)" m! 


! 
шш, if order of groups is impor tan t 


(n)" 





; if order of gorups is not important 





Note 
(i) І there are m items of one kind, n items of another kind, then the number of ways of 
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choosing г items out of these = coefficient of x" in (1+х+х?........... as TEX +x") 

(1) І there are m items of one kind n items of another kind, then the number of ways of choosing 
ritems such that at least one item of each kind is included 
= coefficient of x' in (x+x?+...... о | 

8 Results related with points, Lines, Rectangle, Polygon, Circle, etc. 

(i) If these are n points in the plane, number of line segments "С, 

(1) | Number of points n, then the number of triangles "С, 

(iii) Number of diagonals in a regular polygon having n sides = "C,-n 

(ivy) Number of parallelograms when a parallelogram is cut by two sets of m lines parallel to 
its sides = "C, "2C, 





Number of rectan gles — > г 
г-1 
(У) п 


Number of Squares = Хг 


г=] 


Number of rec tan gles =""' C,""'C, = - (m+1)(n+1) 


(D | Number of Squares = ? (m - r -D(n- r1) 


r-l 


m 


(vii) Maximum number of parts in which a plane can be divided by n straight lines = 1+ > r 


r-l 
(viii) Maximum number of points of intersection of n straight Lines = 1Х"С, 
(ix) Maximum number of points of intersection ofn circles = 2x"C, 
(x) Maximum number of points of intersection of n parabolas = 4х"С, 
De-arrangement 
Number of arrangement of m things in a row so that none of them occupies its original place is 


1 1 1 m 1 
m! li-i*3-3* T 4(-1) I 
Exponent of prime p in n! 








n n n n 
E (n!) = H ES 5 | + | 3 | укый: T H where k is the largest positive integer such that 


р 
р*<п<р®! 
Solved Examples 
1 The number of zeroes at the end of 100! is 
(a) 23 (b) 24 (c) 25 (d) None of these 


Solution : 


Ши ie 
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= 20+4+0 
= 24 
Ans (b) 

2 The total number of integral solutions ofthe triplet (x,y,z) for the equation xyz=24 is 
(a 30 (b 60 (c) 120 (d) None of these 
Solution : 

3! 
2411 9 я ^ 3 
1221 - 3 = 6 
641 > 3! = 6 
831 - 3 = 6 
3! 
622 — 2 = 3 
432 - 3 = 6 
Total = 30 


30 positive integral solutions 
Total number of integral solutions with negative integers included is 30x4 = 120 





Ans (с) 
3 The total number of squares in a chess board is 
(a) 64 (b) 65 (c) 204 (d) None of these 
Solution : 
8(8 +1)(16 +1) 
| эл элээ +82 = 6 = 204 
Ans (с) 
4 20 lines pass through a given plane. The maximum number of parts in which the plane can be 
divided is 
(a) 210 (b) 211 (c) 212 (4) None of these 
Solution : 
Use 1+ > n 
20.21 
- dee e 
Ans (b) 
5 The number of quadrilaterals that сап be formed using 10 points in а plane out of which 4 are 
collinear is 
(a) 210 (b) 209 (c) 185 (d) None of these 
Solution: 
1C CC. 6C I5 
Ans (с) 


2.25 : р 
6 The total number of distinct rational numbers x such that 0<х<1 and x = q where 


Pde { 1,2,3,4,5,6} 18 
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(a) 15 (b) 13 (c) 11 (d) None ofthese 
Solution : 
Values ofp Possible rational numbers 
1 1 1 1 1 1 
273747576 
: 22:22 
3’ 4° 576 
: воа 
47576 
4 4 
37-0 
5 B 
6 
Out of 15 possible rational numbers, only 11 are distinct. 
Ans (c) 
The sum of 5 digit number in which only odd digits occur without repetition is 
(a 277775 (b) 555550 (c) 1111100 (d)  Noneofthese 
Solution : 
Sum ofn digit numbers 
ск @0°—1) 
- f digit -1) 
(Sum of digits) TE (1-1) 
(10° —1) 
= (1+3+5+7+9 5-1) 
gos qu 
-25х11111х24 
= 6666600 
Ans (d) 
PRACTICE QUESTIONS 


Ann digit number is a positive number with exactly n digits. Nine hundred distinct n-digit numbers 
are to be formed using only the three digits 2, 5 and 7. The smallest value ofn for which this 1s 


possible is 
(a 6 (b 7 (c) 8 (d) 9 
Match the following : 
Consider all possible permutations ofthe letters ofthe word ENDEANOEL 

ColumnI Column П 
(a) The number of permutations containing the word ENDEA is (p 5! 
(b The number of permutations in which the letter E occurs in 

the first and last position is (q) 2x5! 
(c)  Thenumber of permutations in which none of the letters 

D, L, N occurs in the last five positions is (т) 7х5! 
(d) Thenumber of permutations in which the letters A, E, О 

occur only in odd positions is (5) 21х5! 
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7* 


10 


11 


Five balls of different colors are to be placed in 3 boxes of different sizes. Each box can hold all 5 
balls. The number of ways we can place the balls so that no box is empty, is 

(a) 116 (b) 126 (c) 144 (d) 150 

A student is allowed to select atmost n books from a collection of (2n+1) books. If number of 
ways in which he can select atleast one book is 63, then n = 

(а) 3 (b 4 (с) 6 (4) 5 

A rectangle with sides 2m—1, 2-1 is divided into squares of unit length by drawing lines parallel to 
sides of a rectangle. The number of rectangles with odd side length is 

(а) (т+1+1)? (b  mn(m*l)n*tl) (c) mr (а) aE 

Out of 5 apples, 10 mangoes and 15 oranges, the number of ways of distributing 15 fruits each to 
two persons, is 


(a) 56 (b) 64 (c) 66 (d) 72 
Match the following 
Column I column II 
(a) The number of positive integral solutions of the 
equation x,x,x,x,x,= 1050 is А, then 1 is divisible by (p) 3 
(b) Let y be the element of the set A= {1,2,3,5,6,10,15,30} (q) 4 
and x, X,, x, be integers such that x,x,x, = y.If à be (r) 5 
the number of integral solutions of x хх, = y, then л, 
is divisible by (s) 8 
(c) Leta be a factor of 120. If à be the number of positive 
integral solutions of x ,x,x,=a, then л, is divisible by (t) 16 
The maximum number of points into which 4 circles & 4 straight lines intersect is 
(a) 26 (b) 50 (c) 56 (d) 72 
A is a set containing n elements. A subset Р, is chosen and A is reconstructed by replacing the 
elements of P,. The same process is repeated for subsets Р, .......Р with 1, The number of ways 
of choosing P, Р.,....... ‚Р „50 that P U P,O ooon UP_=Ais 
(а) (2-1у" (b (2™-1)™ (с) 29 (4) None of these 


Number of points having position vector ai +bj +ck where a,b, ce {1,2,3,4,5,} such that 
2°+3°+5° is divisible by 4 is 

(a) 70 (b) 140 (c) 210 (d) 280 

Read the passage and answer the following questions. 

A is a set containing n elements. A subset P of A is chosen and the set A is reconstructed by 
replacing the elements of P. A subset Q of A is chosen again. Find the number of ways of 


choosing P & Q when 

(2 Qis subset of P is 

(a) 3 (b 2 (c) 137" (d) None of these 
(и) P &Q contain just one element is 

(a) 2 (b 3^ (с) qu (d) None of these 
(1) P=Qis 

а) 2 (by = (с) зе (d) None of these 


Note:* Questions with more than one option is correct. 
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Answers 
1. р 2: aoOpboscoq;doq 3. 
: с Ta apr; b> q,s,t; c>q,s,r,t 8. 
10. a 11. (1) а (ii) с (iii) 
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PERMUTATIONS AND COMBINATIONS - IV 
Simple Applications оп "P and "C, 


Important Results 

1. Sum of digits in the unit place of all numbers formed by a,, a.......... a_taken all at a time is given by 
(1-1)! (а+а,+......а ) if repetition of digits is not allowed. 

2. | Sumofall the numbers which can be formed using the digits a,, a,......... а, (repetition not allowed) 


3 QE =. 


- (1-1)! (sum of digits) | 1....... 1 | 


n times 


Number of whole number solutions (x ‚> ovi) (non-negative) of x -х.-..... x 5 nis С, 


Number of solutions of @+2B+3y+....+q0=nis 





coefficient of x" in (1- x)" ( х?) Чї x — (x) їе zero is included 
ни ofa" ink эн agp ( —x? р ied ( -х4 J if zero is not included 
Number and sum of divisors 
Let N = aPb*c'where a, b, care primes & p, q,r EZ”. 
1. Number of divisors of N = (р+1) (9+1) (7+1) 


Sum of divisors of N = (1+ata?+....a?) (1+bt+b?+....b9) (1+c+c?+....c") 
ii | Number of ways in which М can be resolved as a product of two factors is 


20 + 1b Me 1) if N is not perfect square 
р (а + 1 + Ic + 1) + Ци N is а perfect square 


Number of ways in which a composite number N can be resolved into two factors which are 
relatively prime (or co prime) to each other is 2^! where п is the number of different prime 
factors is N. 

Multinomial Theorem: 

Coefficient of x" in (1-x) ^ = "С, Number of ways of making a selection from т+п+р = М 
things where p are alike of one kind, m alike of second kind and n alike of third kind taken r at 
a time is given by coefficient of x' is expansion of 

(1+х+х?+....... x™) (1+х+х?+....... QUIE cr Qu x?) 


Example: Number of selection of 4 letter words from the letters for the ward PROPROTION 
is 

(РР, ВВ, ООО,Т,1, М] 

Coefficient of x^ is (1+x+x?) (1+х+х?) (1+х+х2+ x?) (1+х) (1-х) (1+x) 

Condition for divisibility of a number 
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A number abcde will be divisible 


























1.  by4if2d-eis divisible by 4 

2. by 8if 4c+2d+e is divisible by 8 

3. by3ifatbt+ct+d+e is divisible by 3 

4. by 9ifatbt+c+d+e is divisible by 9 

5.  by5ife-0or5 

g БИН ^^ за 


Sum of digits sum of digit 
at odd places at even places 


7. by6ife=evenand a+b+c+d+e is divisible by 3 
8. by 18ife=evenand a+tb+c+d+e is divisible by 9 


Solved examples 


1. 


The number of divisors of (6!)?' is 


a. 364 b. 9100 с. 2275 4. 75 
Solution: (6!)*! = (2.32.5!) 

= 224.312.56 

no.of divisors = 25х13х7 = 2275 

Апѕ: с 


The number of ways in which three district number in AP сап be selected from 


a. 132 b. 372 с. 264 d. 150 


12.11 
Ans: 2С,+0С, = aq = 132 (First and last number should either be both even or both odd 


and the middle number is average of the two) 

If x,y,z are integers and х>0, y 21, z>2 and х+у+х = 15, then the number of ordered 
triplets (x,y,z) is 

a. 91 b. 455 ё 7-0, d. none of these 
Solution: x>0, y21, z> 2апіх+у+2 =15 Put y-1-Y,z-2-z,, xtyt+z=12. so, we can say 


12 objects ( alike) are to be distriuted among 3 persons. (distribution of alike objects) 


Apply "С, when n= 12, r=3 


1243-1C — ЯС = 14х13 = 91 
3-1 2 
pM 2 we сап say 12 objects (alike) are to be distrib- 





a,b,c,d are odd natural numbers such that a+b+c+d = 20, then number of quadrapulets (a,b,c,d) 
is 

а. 165 b. 455 c. 310 d. 255 

Solution: Let a = 2р- 1, b = 2q+1, с = 2r+1, а = 2s+1 

=> ptqtrts=8 

го “С, ="C,= 165 (distribution of alike objects) 

Ans:a 
The number of positive integral solutions of x+y+z < 10 is 





234 


UDOON 


A program to give wings to girl students 


Solution: Let x+y+z+a = 10 (where х21,у21,721,асє7Фёа20) 
Required number = “ЭС , 
— Вы = "E, 
_ 10.9.8 _ 120 
1.2.3 
PRACTICE QUESTIONS 
1. Number of divisors of the form (4n+2); (n > 0) of the integer 240 is 
а 4 b. 8 c. 10 d. 13 


2.  Ifrs.tare prime numbers and p,q are the positive integers such that LCM of p,q is r’s*t?, then 
the number of ordered pairs (p,q) is 
а. 222 b. 254 c. 225 а. 224 

3. The number of seven digit integers, with sum of the digits equal to 10 and formed by using the 
digits 1,2 and 3 only, is 
а. 99 b. 6 Gr 77 d. 88 


4.  Letnandk be positive integers such that n >! C, . The number of solutions (x ,.x,,.....x,); 


x, 212x, 22,....x, > К all integers satisfying x, *x,t......*x, 5N iS 
i ЕЕ пей ЕЁ анг 
а. 2 С, b. 2 С, с. 2 Со а. 2 бол 
5. The number of divisors of the form 4n+1, n 2 0 of the number 10!°11!'13 is 
a. 750 b. 840 c. 924 d. 1024 
... . . . Х Х . 
6.  Thenumber of positive integer solution ofthe equation 99 || 101 İS 
a. 2500 b. 2499 c. 1729 d. 1440 
. ЭР IV 
7. | LetN Бе natural number. If its first digit (form the left) is deleted , it gets reduced to 57: Тһе 
sum of ай the digits of N is 
а. 15 b. 18 с. 24 d. 30 
11 
8. The number of positive integral pairs (x,y) such that — + — = ———.x < y is 
x y 2007 
a. 5 b. 6 с. 7 4. 8 
9. The number of ordered triplets of positive integers which satisfy the inequality 15 < x+y +z < 45 
is 
8: 7295: b. v0 ёс %С,—5С, d. none ofthese 
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10.* Match the following: 


Column I Column II 
a. Total number of functions f{1,2,3,4,5} p. divisible by 11 
— {1,2,3,4,5} that are into and f(1) = i is а. divisible Бу? 
b. Их, x, x, = 2.5.77 then the number of r. divisible by 3 
solution sets for (x, x, x.) where 
х, ЄМ,х, » lis s. divisible by 4 
c. | Number of factors of 3780 are divisible 
by either 3 or 2 or both is 


d. Total number of divisors of n = 2?.3^.5!? 
that are of the form 4X. + 2,А > 115 


11. Read the passage and answer the following questions 
Five balls are to be placed in 3 boxes. Each can hold all the five balls. In how many ways can 
we place the balls so that no box remains empty, when 


1. Balls and boxes are all different 

a. 150 b. 6 С. 50 d. 2 
li. balls are identical but boxes are different 

a. 150 b. 6 c. 50 d. 2 
ii. balls are different but boxes are identical 

a. 150 b. 6 С. 50 d. 2 
iv. balls as well as boxes are identical. 

a. 150 b. 6 c. 50 d. 2 


Note: * Questions with more than one option is correct 


ANSWERS 
l.a 2.с 3.с 4. с 5. с 6.b 7.а 8. с 
9. b 10. a—>p,s; b> q,r; c—p,s;d—r ll.())a(i)b(in)c(v)d 
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BINOMIAL THEOREM -I 


Principle and simple applications 
Binomial Theorem for Positive Integral Index 


Ifx and y are real, then for all n e N 
(x+y) = "O хэн SS PC IU y +....... TU P yap ary rx gs 
- > Cry 
(х—у)" = C= aC ху! + "xn ME Жо! D? ы С.” i x ly "PC C узуп 
уу. ] 
рае. ] 
(1x) ="C C PC E haad O RX basado X 


(Тех) С "C x- C seen (П)... HC (-Тух" 





Properties of Binomial Expansion 
(1) The number of terms in the expansion of (x+y)" where n e N is (n+1). 


(1) The sum of exponents of x & y in (x+y)" is equal to n, the index of the expansion. 


Gi) Smce"C—C :1-0,1,2,. п, the binomial coefficients equidistant from the begin 
ning and the end are equal. 


ie. "C=C °C, = С. and so on. 
(tv) Тһе general term is the expansion of (x+y)" is given by 
T = “С, хт у' 
(v) | Coefficient of (r+1)" term in the expansion of (1+x)" is "C =coefficient of x’. 
(vi) Ifnis odd, then {(x+y)"+(x—y)"} and {(x+y)"-(x—y)"} have same number of terms equal to 
n+l 
75). 
Ifnis even, then 


{(xty)"+(x—y)"} has E + ) terms and 


{(x+y)"-(x-y)"} has 8 terms. 


(vil) Middle term 


n 
Ifn is even then in the expansion of (х+у)", E + ) t terms is the middle term. 
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n+3 


2 IL are the middle terms in the 


n+l 
ІҒл 16 odd natural number, then en th and | 


expansion оЁ(х+у)". 


(уш) ОЕ +C ху" "+" С у" where пе М 


n 
= n пл 
= ХЭС xt ty 


г-0 


Replacing r by n— we get, 


5 — > БӘЛЕ xy 


= aC yC акт xt ЭС. 
i.e. By replacing г by п-г, we are writing the binomial expansion in the reverse order 
Properties of Binomial Coefficient 


(1) Sum of two binomial coefficients, "C +С ,—""C. 
.. n 
(ii) С, — - Са 


" “С. п—г+1 
(ш) "С n 


г-І r 





(v) С = "С, > eitherr=sorrts=n 
Multinomial Theorem (For a positive integral index) 


n! 





> nl n2 
(ХХ а РЛ ЕТЕНЕ, Ži Хо аны Xk 
Where n +n,+......+n mand 0 <n, п„,....... n<n 
n! 
. The greatest coefficient іп this expansion is = - Where а is the quotient 
Р (49 (q+!) санах 


and r is the remainder when n is divided by К. 
Eg. Find the greatest coefficient in (x+y+z+w)’? 


15! 
n=15, К-4 we have 1574x343 i.e. 4-3, r=3 greatest coefficient = QD ay (ау 
, Number of distinct terms in the expansion is "*'C,_, (Total number of terms). 
e Number of positive integer solutions of x ,+x,+....+x,=nis"™'C, |. 
e Number of non negative integer solutions of x; +x,+....tx 5n is "С. 
. Sum of all the coefficients is obtained by setting x ү=х„=.....хү=1. 
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Greatest Coefficient and Greatest term 
Consider the binomial expansion of (x+y)". where n e W. For a given value of n, 


Maximum value of ЭС, is "C 19 ifn is even 


| Qon аб, 
Maximum value of "C. is Cia = “ан jfnis odd. 
2 2 


To find the greatest term in the expansion of (x+y)", 


Ф  Findm- 2+1 


їе 
y 


ii If mis an integer we have m" and (1-1) terms as greatest terms. 
g g 


(ші) | If mis notan integer, then ([m]--1)th term is the greatest term where [.] denote the greatest 
integer < m. 


Divisibility Problems 


From the expansion 





(1+a)" = 1+°С,а+"С„а?+.....+°С а", we can see that 
(1) (1*a)"-1 is a mutliple of a= M(a) 
(1) (1+a)"-1-na is a mutliple of a? = M(a’) 

















n(n-1 
(i) (1-а)-1-па- ( 2 а? isa mutliple of a? and so on. 
For example 
° (1+8)°°-1 = 9"-1 is M(8) 
e (1+8)°9—1 —50х8= 97-399 is M(8?) = M(64) 
. ТЕКЕ _ 50х49, _ "гэ 
(1-8)%-1-50х8 M(8°) = М(512) and soon 


Binomial Theorem for any index (for negative or fractional index) 





If neQ, then (1+x)"=1+nx+ a lr 480 DUA ва... оо provided | x | « 1. 





3! 
$ For any index n, the general term in the expansion of 
1. (1+х)" is T= СО ЕР х! 
r! 


ii. (1+х) "1$ T = (—1)'п(п +1)......... (п+г—1) " 
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ші (1-хугіз T., = (-1)n(n- 1)......... (n-r-41) xt 














r! 
(I-x)*is T, = n(n -+1)......... (п+г—1) а 
r! 

. The following expansions should be remembered (for Ix|« 1). 

1. (1+х)'=1-х+х2-х3+ ........ со 

il. (1—х)!=1+х+х?+х? + ........ oo 

ili. (1+x)?=1-2x+3x?-4x3+ ........ oo 

iv. (1—х)2=1+2х+3х2+4х3+........ oo 
, Note : The expansion in ascending powers of x is valid if x is small. If x is large (i.e. 


1 
|x |» 1), then we may find it convenient to expand in powers of x which then will be 


small. 
Exponential series 




















X X X 
° e*= 1+— + + +.....00 
и 2! 3! 
: + : + ! +.....00 
. e- Ізі aj up es (62.72 ) 
-1 1+—+ : +—+ 
° е +е ‘= 2 2! 4! 6! ..... 
-1 : - : + : + : +.....00 
| эш at st gp 
Logarithmic series 
For-l<x<l 
log (1+x)= Ae 
og (1+x)=x зад 
x^ x" xí 
, 1 1-х)--Х- +.....0,-l<x<] 
og (1-x)= -x cM a › X 
1+х E xt 
. -21:5| x+-—+—4.....00} _ 
log) al 3 5 | 1<х<] 
log 2-1 ын 00 = 0.693 
og, 2= -3 3 up e 5-0), 
Solved Examples 
1. ІЕС, С, C,,......Cn denote the coefficients in the binomial expansion of (1+x)", prove that : 





C+2C,43C,+.....¢nC =n.2™ 
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n 
ie. È r.C n2" 
г-1 


Solution : 
We have 


п п n, 
= S n PE a E С, = —. M 


rd Г 


n 


У IC 


т=1 


nt CC teat а ED ee] 





= n.2™! 

2, ІЕС С, C,,......Cn denote the coefficients in the binomial expansion of (1+x)", prove that: 
92921026 “(20-1)С -(n*).2*. 

Solution 
We have, 


C,+3C,+5C,+.....+(20+1)C, 





= D (2г-1)С, 
- 2 (2r+1)°C, L C=C] 
= (СС) 
= 22г"С+ > "С, 
т=0 т=0 


п п й n, 
= 2 У Т. Лаа Сл s 2. "С, г С, Lx 27 


г=1 т r 
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202330 "XC. 
г-1 г-0 


= 2п.2”!+2" 
= п.2°+2"=(п+1)2" 

3. IfC,, С, C,,.......Cn denote the coefficients in the binomial expansion of (1+x)", prove that: 
1?.C +2?.C,+3?.C,+.....+n?.C =n(n+1)2"? 


Solution 
We have, 
156; F2*C A 95 n -n?.C 








n 
mp 
г-1 ш 


= > 0-1) C. 


ii- 


imn mS id 
= уел. > = бы: к Са 


=п(п – $ ши ‚ис, | 


м °С eo ee i) 
Tu Go C + кс) 

= n(n-1).2^?*n.2*! 

= n(n—1+2)2"? 

= п(п+1)2"2 


4. IfC C,, С„......Сп denote the coefficients in the binomial expansion of (1+x)", prove 
that: 13.C +2?.C,+33.C ла omae) 


Solution 
We have, 
С СОС, 
= UPC, 
= Lg aC. 


г-1 
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= 2, [г(т—1)(т—2)+3г(т—1)+г] "С, 
= 2, r(r-1)(1-2y'C + 2, 3r (т—1)°С + 2 Iu. 


n n-1 n- 23 


- Xn 1)(1-2) 
г. 





ie S 
n n-l D on. 

+ Узцт-1 )-.— "С, +" ИС, 
r r-l rl 


=n(n—1)(n— {> um ee 3) зма- ТР mp. ра” 


т-1 


+n mic, +C, ea M E 
- n (n-1) (1-2). 2743n(n- 1). 22 "Fn 
- {(n—1) (1-2) *6(n-1) +4} п2"° 
= n (т?+3п) 255 
= n? (n+3) 255 
5. ЇГС,,С,,С.......С, „С, denote the binomial coefficients in the expansion of (1+x)", prove 
С, C, _n(n+!) 


that: Ciga isg дог 
EC а 7з С 


n-1? 














Solution: We have, a ee og Са tse Е, 
С С С 
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n 


Е п(1+1)- Yr 


п(п +1) 
2 
6. HCL Cac 


С denote the binomial coefficients in the expansion of (1+x)", prove 


CCC nce at 


n-1? 





that: (C,+C,) (C,+C,) (C,*C,) (С,+С,)..... (С +С, = 





n! 
Solution: 
We, have (C+C) (C+C) (C TC us (C, С.) 
- CU Сна 1-99) "M c C. | 
C, C, C, 





n "C, 
= CCC TH нд | 





И CCC, нэн! 
- Саа 


п 1Г 
= (CC ие 
г=1 s 


071 


7. | If C,C,.C,,.....Cn denote the binomial cofficients in the expansion of (1+x)", prove that 








n+l 
gg ш эзен + С, = 
2 d п+1 n+l 
Solution: we have, C, + e га € ES Ca 
2 п-1 


"С 
= yp 


2011 


21 


essel 


n 
Е 


а dad. 


m n+] т-1 


r 
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_ 1 у 


nele rl 


14 +1 
ни n+l 2 ЖЕ [e Dx = n л с, 
п+1 29 г+1 


1 n+ п+ n+ n+ 
- ---1 IC 2 С, +H C, eC 


п+1 


СЕ 1 юм 1 


п+1 
PRACTICE QUESTIONS 
1 1 1 
The sum те руу ч 31(п —3)! i 51(п — 5)! ii 
2.  Ifthecoefficient of x" in (14x)?! (1-x+x’)!° is non-zero, then n cannot be of the form 
а, 3r+1 b. 3r с. 3г+2 д. none of these 
3. Тһе coefficient of х; 0 <г<п_1, is the expansion of (x+3)™!+(x+3)"7(x+2) +(х-+3)" 2 
(х+2)?+......(х+2)'*! аге 
а. 724-277 взета) — LO d.  noneofthese 
4. The number of real negative terms in the binomial expension оГ(1-1х) 2, п e N,x > 01$ 








a. n b. n+l c. nl d. 2 
5. (n+2) "C, (п+1) мал, 2" s equal to 

a. 4 b. 4n c.  4(n+1) d. 2(п42) 

25 1 к-1 

6. (1 + 1 = 

а. n(n-1) b.  n(n*l) о № d. m 
7. The sum ofrational term in (/2 43/3 49/5 | is equal to 

a. 12632 b. 1260 c. 126 d. none of these 
8.  Lasttwo digit of (23)'* are 

a. 01 b. 03 c. 09 d. none of these 
92 Jf (4 ФАЇЗ | = [+f, where n is an odd natural number, I is an interger and 0<f<1, then 

a.  lisanatural number b. Тапеуеп integer 

с. (+f) (I-F)=1 d. 1-£=(44 5)" 


10. The number of rational numbers lying in the interval (2002,2003) all whose digits after the 
decimal point are non-zero and are in decreasing order is 


а. 2.8 b >? e 254 d. 294 
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11. 








Match the following: 
Column I Column П 
ge LUE O90 ССС oae p.  Thecoefficent of x" in the expansion of 
+(— 1 ЭРЭЭС, мас ds (( 1 +x)" 1 үш 
| | (1 + ху" 
b. GO РЧЛ ЭС suus rmC is а.  Thecoefficent of x" in —— —— 
x 
с C Ct CC 48266518 r. The coefficent of x^ іп (1+х)2" 
d. СИ. s.  Thecoefficent of x* in the expansion 
"xC is (1+х)" 
Note:* Question with more than one option is correct 
ANSWERS 
nel 
1. 2:6 3.5 4.а 
п! 
5.с б.с 7.4 8. 
9. a,c,d 10. с 11. ар; Б-9; сәг; dos 
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BINOMIAL THEOREM - П 


Applications of Binomial Coefficients 
Bino-geometric series 





"СЭР DS С,х*............ +" Cx" =(1+х)" 
ЕЕС IC тано +C 3" = (1+3) = 4" 
2 Bino-arithmetic series 
a^ C, + (a - d)" Cj +(а+24)"С, +................. + (a * nd)" C, 


This series is the sum of the products of corresponding terms of 


M Gp gens "C, (binomial coefficients) and a, аға, а+24, ............ ,atnd 


(arithmetic progression) 

Such series can be solved either by 

(i) _ eliminatingrin the multiplier of binomial coefficient from the (т+1) terms ofthe series 
(i.e. using r "C, agr С.) ог 

Gi) Differentiating the expansion of x*(1+x‘°) or (If product of two or more numericals occur, 
then differentiate again and again till we get the desired result) 

eg. Prove that "C 12 "С +3"С„+.............. +(n+1)"C = (n+2). m 
aC +2."C +.....H(0+1) "C, 





= Ута) ас, 


г=0 


Ўтас, P C, 
r=0 


= Èr mC ут DE C, 


= Г r-l 


n.27-42? = (n+2)2™ 

















OR 
Consider the expansion 
“СС, x "C, со” C x= (1+х)" 
Multiply Бух 
Элч X PC. X ages PC жее) 
Differentiate w.r.t.x 
A C XC OX Paco ЕС (n*1)x^- xn(19x)" (19x) 
Put x= 1 
АСЗ OF т rar eC = n2™!+2" = (п+2)2*! 
3. Bino-harmonic series 
n n n n 
Co ER Во ЖО "Зи. 
а аға а-24 а-па 


This series is the sum of the products of corresponding terms of 


TCs Eq сан ПС, (binomial coefficients) and 
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1 1 1 
а’а+4’а+24’ 
Such seris can be solved either by 
(i) eliminating rin the multiplier of binomial coefficient from the (r+1)" term of the series 








(harmonic progression) 





l an 1 
1 Ы C. = nuc 
(ie using E ) or 


1 п-1 йн 
(Ш) integrating suitable expansion 
Note 
(i) Ifthe sum contains С, C,, С............. С are all positive signs, integrate between limits 0 
to 1 


(1) Ifthe sum contains alternate signs (1.е.+ & —) then integrate between limits —1 to 0 

(ш) Ifthe sum contains odd coefficients (i.e. C , C,, C ,........ ) then integrate between —1 to 
+l: 

(iv) Ifthe sum contains even coefficient (i.e. C,, C,, С,......... ) the find the difference between 
(1) & (11) and then divide by 2 

(v) Ifin denominator of binomial coefficient is product of two numericals then integrate 
two times first time take limits between 0 to x and second time take suitable limits 

















n nC nc nC gat -1 
eg: prove that —® + — + — 2 2222222... +— = 
EP 1 2 3 n+l п--1 
" 4 СБ Ї 25 Ї “Са _ < "С, 
A 5 шн mE 2 т 
1 n ^C, 
= — nC 
п-1 > 1-1 T 
1 o n+l 
т. bou C 
1-1 г-0 m 
22 1 2n HIÇ 
| n+l E ) 
- EN (271) 
n+l 
OR 
Consider the expansion 
(1-х)" = "СС PO x’? — +C xX” 


Integrate between limit to 0 to 1 


Г na |! 2 3 4 ii 
бак _ еси >t m" Ф Саю 

















n+l n+l i 
n+l 
2 m 1 -C | "С, | "E | mi 
n+l n+l 0 2 3 ........... n+l 
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“С, 
Lab E д ын 
2 3 


Bino-binomial series 








Сл 


n n n n n n n n 
Co Coo Ci Ciy t C» Сл +... +С С 


"mor G. +" Ос qu Cj "C, 2 ШЕ сайтай ym 


gen Е 1 
п-1 


(2571) 


Such series сап be solved by multiplying two expansions, one involving the first factors as 
coefficient and the other involving the second factors as coefficients and finally equating 
coefficients of a suitable power of x on both sides. 


Prove That 


1. 


IC CFIC CHIC AC teen MIC ЭС = MIC 


We have 





1 








Е. ӨС х 
(tx)! 
SCC XPC X HE XC ha PC ae) UO. 


С) C, 





BM KEIO K Teiran proe 








РС KPC aas [EO х1!) = exe 


Equate the coefficients of x"! on both sides, 1C ^C 425САС--.............. е с=с, 
Note : For the sake of convenience, the coefficients "C,,"C.,......... "C.,......"C. are usually denoted 


by Cp Cpt E sce C, respectively 


Use of complex numbers in Binomial Theorem 
We know (cos Ө зщ Ө } = cosn Ө *sinn 0. 


Expand and the binomial and then equating the real and imaginary parts, we get 
cosn Ө = cos" 9 C. cos"? sin? 0 "C cos" * 0 sint Q +................ 
sinn Ө —"C,cos"' Ө sin 9 —C,cos"? Ө sin? 0 +C cos" 0 sin? Ө +............... 





"C, tan0—" C, tan? 0+" C, tan? 0............... 





=> апп ө == 1—" С, tan? 0" С, tan Ө" C; tan? 0+ — 


Solved Examples 


ШС su Us Саны C 
that 


nl? 


C,C,4€,C,+C,C,t......4C,,C, 


(2n)! 
~ (n-D!(n +1)! 


1.3.5(2n —1) 
С (n+l)! 


.n.2" 


Solution : 
Using binomial expansion, we have 


C, denote the binomial coefficients in the expansion of (1+x)", prove 


ОЕ eg C HC as Pus +Сх'+.....+С х'.......(А) and 
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_ 1.3.5....(2n- 1) эп 
n! 





Solution : 
Using binomial expansion, we have 
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ПЕСО cag OF ван PUO ТК наи TC ХҒС. (В) 

Multiplying (A) and (B), we get 
(1+х)”" 
= (С+С,х+С„х?+.....+Сх'+....+С х")х(С,х"+С ХЭН X... HC Р” s FC, xtC) 

or (С+С,х+С,„х?+....... PO R Pow FC XC SEC x" CI POK od Со. 
Х+С БОХ ажилаас (С) 

Equating the coefficients of x"! on both sides of (C), we get 5 | General Term 
C,C,*C,C C, С=С ерте 
о С=С = (m. S 

цайн " (n + 1)! (п – 1)! 

Now, 

(2n)! 
(n+1)!(n-1)! 
1.2.3.4.5.6..........(2п — 2)(2n —1)(2n) 
Е (n + 1)! (п — 1)! 
{1.3.5......(2n—1)} {2.4.6........2n} 
Е (п +1)! (0-1) 
_ {1.3.5......(20-D} 2711 
(n + 1)! (п – 1)! 
1.3.5 ТОГ (2n - 1) 2n n. (n—1) | 
(n +1)! (п – 1)! 
2-35... (2—1) эв 
(n +1)! 
Hence, 
(2n)! 
ее CC, = (0-1 (а-41) 
_ 13.5... (2n-1)n-2" 
(n+1)! 
2. WC Cp Cy Cys: C, C, denote the binomial coefficients in the expansion of (1+x)", prove 

that 

2. 2 2 2 (201 
CTC КЄ байаа Ся (n)? 
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Ged ees C HC X+C, cu аны РСС x5. д, (А)апа 

(Ix) = OP ane Oe alas OF cua erent 26 ТН Кызын +С ТС. В) 
Multiplying (A) and (B), we get 

(1+x)" 

= (СС,х+С„х?+.....+Сх'+....+С XC XC X TU S HX es FC, С) 
or (С+С,х+С,„х?+....... PO X uus ЕС X 165-246 XC ITO ugs POR азы C. 

ӨН )=(1+х)*.................. (С) 
Equating the coefficients of x" on both sides of (C), we get 

С+Сг?+С,+.......С2=С, тесу" 

К (2n)! Té " 


= C+C HAC HC? 


Now 
(2n)! Ш 1.2.3.4.5..........(2п = 2)(2n – 1)(2n) 
nin! о n!n! 


{1.3.5.......(2n —1)}{2.4.6........(2п - 2)(2п)} 
n!n! 








_ {1.3.5.......(2п—1)}х 2*x1.23.... Та) 
n!n! 





 1.3.5.....(2n - D 2" n! 








n!n! 
3e (2n - 1) эп 
i n! 
2n)! 
Hence, C tC UC T TUN С2- Em 
n n!n! 





EO 4 
n! 
3. IFC C, C,........C, denote the binomial fulfillments in the expansion of (1+x)", prove that ; 
CAC б Е 


0 „if nis odd 
7 C"? Ca if 118 even 


Solution : We have, 
(Ix = (C tC XH EEG х")......... (1) 
Also, 
(ех теа RHO R аы FO РЕ asses (11) 
Replacing x Бу—х in (1), we get 
(I-XY ССС СЕС (11) 
Multiplying (1) and (ш), we get 
(CC on Oe СТН X(C X O HC... TC, x*C ) - (1+х)(1—х)" 
or (CC X+C, СС. Т, ыы HOLC X(C x FC эн K.. +C) = ie 
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Equating coefficients of x" on both sides of (iv), we get 
C-C NO C usto о = Coeffecient of x” in 1-Р анаан (v) 
Clearly, RHS of (v) contains only even powers of x when it is expanded with the help of binomial 
theorem. Therefore, 
2. Coefficient of x^ in (1—х2)" = 0, if n is an odd natural number. 
Ifn is even, suppose (r+1) the term in the binomial expansion of (1—x? )n contains x". We have, 
T 59 Irc) ele 
For this term to contain x", we must have, 
2r=n > r=n/2 
~. Coeff. of x” = "C Dye 
Hence, 
QC UG Dot de 


| ,if n is odd 


r2 . . 
(-D'^"C,, ,if nis even 








4. Т(1+х)"=С,+С,х+С,х?+....+С x^ prove that 2, ><, *C,) =(nt1) 


Sloution: We have, 


е0) 


г=0 5=0 





= à YC, +2 >С, 








m 
о 
ГД 
о 
m 
о 
т 
о 


ll 
4 
в 
АНЫ UN 
1 з 
© 
© 
Хуш” 
+ 
T = 
© 
E TE 
1 = 
> 
Le 
NY” 


=0 


_ Sang Son 
s=0 г-0 
= (n+1)2™+(n+1)2" 
= 2(n+1)2" 
= (п+1)2" 








5. If (14x) СС ХС, х2. С x" prove that 2, 2.С.С, = 2 


г=0 5-0 
Solution: we have, 
n 


> оС 


г-0 8-0 


=F (532 


г-0 8-0 


п 
name 
г-0 
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PIE 
r=0 


2л 21 (22ү 22 








ALITER X «С.С = БА ры = 2n2n- 228 
$= 


г=0 s= г-0 


6. И(1-хУу-С,С,х-С,х5....4С х" prove that 
LX (C+C)=n.2" 


O<r<s<n 


уа SEEEEE 
n n n d N 
= С.-С 
{Bove зен at [Чыкчы - pe 
SS 

хөөгч єр дее [Ер е 
ӨДӨ [ee 

= (n+1)2™! =2.2 +2 рих it ;) 27 v0| 2 ION 2 

— 21-2 ЖУ (С, RC || ГҮ 


0<г<5<п = XI 
ES 
Ееее 


LUC, +C) = п» 
1 
7. TE(1+x)"=C,+C,x+C,x"+....+C,x" prove that 22) CC,= 5 (27-2) 














0<г<5<п 
0<г<5<п 
Solution: We have, 


n 


2, хас = БТ 2,УС,С, 
г-0 


120540 0<г<5<п 


=> 22 = aC +2 хУС,С, 


0<г<5<п 
1 
С,С S сы 2n 2n 
шээг ш 


АПТЕК We have, 


2 n 
2с, | -(1с2) 3x6, 
г-0 r=0 0<г<5<п 


= (2°) = “сә op 


0<г<5<п 





= сұра) 


0<г<5<п 
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PRACTICE QUESTIONS 

1 Ifn is an integer between 0 and 21, then the minimum value оЁп!(21—п)! is attained for n = 

(а) 1 (b 10 (с) 12 (d) 20 
2 WAC C PO CMG CC, is equal to 

(а) (401% (b (1014 (c) 0 (d (2014 

1 1 1 

3 If (3+x?08-+x2009)2010 = q +a xta, x?+....... ra x", then the value of a,— 282 аа. 2 

1 : 

2 Раг: 18 

(a) 3" (b) 1 (с) 2 (d) None ofthese 
4 

("с e ) (бс e ue 24 ШЕ 2 
ot ОСОТ —— it 2+ ce ge UEM буе Cex m" x 
а) 3 (b 4 (с) 2 (4) 1 
20 

5 Value of 2 =r) (C) is equal to 

(a) 400 "C, (b) 400 "C, (c) 400 °С, (d) 400 "C, 
6 It for z as real or complex (19525125) = C 4C Z ЕС 2 b аан TC z^ then 

(a) CC E Сананын: Tae =| (b) сес. =? 


(с) 202626 86.39 (4) 
CAC tC HC tC, C, x 3 
7 Read the passage and answer the following questions 


Any complex number in polar form can be an unpleasing in Euler's form as cos +sin Ө = е'Ө which 








n 


is useful is finding the sum of series > "C, (сов0 +1910 0) = > "C, (cos r0 +isin 10) 


г=0 г=0 


=), "C e= (1360 у 


г-0 


Also we know that the sum of binomial series does not change ifr is replaced Бу п-т. 


Д 100 (00 А А 
(i) ^ Valueof > С, sin(rx0)is ..... 


(a) 21% cos E | sin (50x) (b) 21550 соз 
. (X 
(c) 2!9cos (50x) sin 6) (d) 2/%5іп!950хсо850х 
: | 30 50 | : 
ii  Intriangle ABC, the value of > C, a'b" cos(rb-(50—r)A) is equal to (a,b,c are sides 
opposite to A, B, C & S in semi perimeter) 
(а) c” (b) (а) (c)  (25-a-b)? (d) None of these 
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50 
у, C. sin 2rx 


г-0 
.. = 50... 45: » 
(и) If f(x) 2 NG. 5598 , then f (10/8) is 
r=0 
(a) 1 (b -1 (c)  mrationalvalue (d) None ofthese 
8 Match the following 
Column 1 Column П 
10 106. 220 20c 
Oo 227575 () —* 
10c, С. 
(5) ва 2 : J (q) 2”- “с 
10 10 
o AE o m 
10 10 20 ,20 
(d X хо. юс, (5) о 
1=0 j=0 2 


9 The coefficient of л," и" is the expansion of (1+), ) (1+ и)" (А+)? is 


П (n 2 Л (n 2 Л [п 2 Л (n 
@ Со) о Ec © Ie о 
10, TEC Сы C, are binomial Coefficients, then the value of C,?-2C,* 3C 2—........... —2nC’, is 
(а) т? (b (-0 (с) 2C1)"n өзін ӘЙ (d -т 


"Note : Questions with * have more than one correct option' 


ANSWERS 
1.0 2.0 3. 4.d 
5.d 6.а,5,4 7.(1)а(1) с(ш)а 
8.a>q;b>s;c3p;dor 9.4 10. с 
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BINOMIAL THEOREM -Ш 


Principle and simple applications - Problem Solving 
1. Binomial Theorem for positive integral index. 
Ifx,yeRandneN 


(урта Ху АРУ амны + "C xy, C y=), Су 
г=0 


Properties 

e Number of terms ofthe above expansion is (n+1) 

, The binomial coefficients equidistant from the beginning and the end їп a binomial expansion 

are equal. 
, General term = Т ="C_x™y’ 
Ч th 
nis even : only one middle term E + ) term. 

Middle term — 


: . n41y* п+3\“ 
nis odd: Two middle terms E and EE term. 


n 
nis even ы” А 


Greatest coefficient — 


n n 
nis odd Cazi and Сы. 


Greatest Term 
To find numerically greatest term in the expansion of (1+x)" 


Ix (n +1) 


L Calculate m = p 


ii — Ifmisan integer, then T „and T | are equal and both are greatest term. 
ш.  Ifmisnotan integer then Tus is the greatest term. 


Note : To find the greatest term in the expansion of (x+y)", find the greatest term in С + x) and 


then multiply by x" (since (x+y)"=x" ! + z) 


2.  Multinomial Theorem (for a positive integral index) 





256 


А program to give wings to girl students 


n! 
e The greatest coefficient in this expansion is D (aD where q is the quotient and 


ris the remainder when n is divided by k. 
Eg. Find the greatest coefficient in (x+y+z+w)" 








15! 

n=15, k=4 we һауе 15=4х3+3 1.е. 4-3, r=3 greatest coefficient = QD (any 
. Number of distinct terms in the expansion is "*'C,_, (Total number of terms). 
e Number of positive integer solutions of x +x,+....+x =n 15 "С, |. 
e Number of non negative integer solutions of х+х„+....+ху=п 18 "С, |. 
e Sum of all the coefficients is obtained by setting x =x,5.....x 51. 
3. Binomial Theorem for Negative or Fractional Indices 
If n£Q, then 
(1+x)"=1+nx+ ЫГ Du dm T zd. oo provided |x | « 1. 
, For any index п, the general term in the expansion of 

i (ВТ. = n(n — 1)......... (п-г+1) y! 

r! 


n (ex)? isT = (-1/ а--У........ (n+r—1) Р 





(1-x)"is T Ема ыы (8-141) 6 

















r! 
iv. (1-x)"isT = n(n +1)......... (ntr-Da 
ТЕ r! 

. The following expansions should be remembered (for Ix|« 1). 

1. (1+х)-!=1—х+х?—х?+........ оо 

ii (1-х) =1+х+х2+х? + ........ o0 

ii — (1*-x)?21-2x43x?-4x^* ........ оо 

№. (1-х) 2=1+2х+3х2+4х3+........ оо 
. Note : The expansion in ascending powers of x is valid if x is small. If x is large (i.e. |х |> 1), 


1 
then we may find it convenient to expand in powers of 5 which then will be small. 


4. Exponential series 








X x^ x? 
. ех = 1+—+—+——+.....00 
1 2! 3 
: 45100 
e e 1+ 1! 2! 3| e (e d 2.72 ) 
-1 1+—+ ы! 
° е +e!= 2 2 а в siens 
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uel ee ae, 
"o Wow g a a cpu 


S. Logarithmic series 
For-1<x<l 








2 3 4 
log Oj r e 
5 2 3 4 
2 3 4 
Б X X X 
Ы Bg Ee ce ... o,—]zx-«lor |х| «1 


3 5 
1+х X X 
| ЕБ pug e ELT 


1 1 1 
. =1——+———+..... 5 
log, 2-1 2:3 4 оо = 0.693 


Solved Examples 


1. Let (1+x)"= ах, 
r=0 


a a a а, 
then | + " | - x | + Е | T [ н is equal to 
0 1 2 n-l 




















А (n1) b (1-1) : (п) 
| п! | п! ` (а—1)! 
Solution : 
(1+x)® = "C ОХ лан aC x” 
=a TARTAK Fipa ға x” (given) 
Comparing а —C а,="С |, а„="С,,.......... апа 80 оп. 








21 d 1+ c 1+ E 1+ C. 
i "С, "С, “с, "E ed 
= та. Шин Шин PEN СЕЕ: 
1 2 3 n 














len 1+0 140 1+0 (0-1) 
| 3575 € - " 
Ans. b 


n 


1 о r 
2. Ifa - 2, тан Шеп 25 "С equals 
r т-0 r 


r=0 
a.  (n-1).a, b. па, с. zna 
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Solution : 





DT 
Let = Ling 























0 1 2 3 n 
SSe e cse СЭ ыы Бэ (1) 
Cy С, С, С, С, = 
s- n Qn 1 п 2 n 3 " 0 
Also, ша? "C, i C E ал la) 
Adding (1) and 2 
28 = - + : + È +... + 5 
"Cs "s a "Ca 





2S=n : + : + l К... TT 
"C "С. "C, "Ci 


—2S-na, -»5- 2 па, 








Ans. с 

3. 222 га xta, x’ ta x H... Fa x", then (а ата ааа o)? + (a a, ta -a ta)? is 
equal to 
a, 3” b. 2" G 2° d. none of these 
Solution : 


Put x=i and x =-i 

= (1+1)!%= (а ааа ааа. 
Also, (1—1)!%= (а ааа, ааа. 
Multiply (1) and (2) 

((1+i)(1-i)'"=(a,-a,+a,-a,ta,—a,,)? + (а,-а,+а,-а,+а,)> 
2a гаггас-агтаг-а, ГЭ (а—а,+а,—а а 





























Ans. b 
4. If(1+x+2x?)=a а x*a,x^ta x^ t....... бах”, then а тала +........ +a,, is equal to 
a. | 29(22—]) b. 22(29-1) p 202551) d. none of these 
Solution : 
Put x=1 and x =—1 and adding we get 4°°+2"=2(a,ta,ta,t....+a,,+a,,) 
= 2942 =a +а,+....+а„+2% (ла 2 27) 
асаа а re 
= 219(2204]—2) 
= 2 19(22°— 1 ) 
Ans. а 
5. The coefficient of x? in the expansion of (1-х) (1+x+x?+x?)* is 
a. 4 b. —4 c. 0 d. none ofthese 


Solution : 
Coefficient of x P in = (1-х) (1+х+х2+х3)* = (1-x)? ((1+х)(1+х2))* 
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= (1-х) {(1-x)(1+x)(1+x’)}4 
= (1-х) (1-х) 
= (1-х) (1—4х4+6х*4х!2+х!6) 
coefficient of x! is -1x—4-4 











Ans. a 
6. "Ihesum "C FAC TU C sunset +C is equal to 
20! ] 20! 20! 
а. 25510) b. 25-20) С. 2** qo d.  noneofthese 


Solution : 
In the expansion of (1+x)”, put x=1 





270 нш E ЗЭР? fas uh y AC T i. AC 
ОР тынын HAC IU Cs (s A) 
Ра еі 
СОИС О 
1 20! 20 20 
2i 2 (101) С КРС аанай TORO. 
Ans. d 
PRACTICE QUESTIONS 
| (x: 87. 
1. The coefficient of x^ in 5 = 18 
256 . 259 с. 563 : one of these 


2. Let T, denotes the number of triangles which can be formed using the vertices of a regular 
polygon of n sides. ГТ. - T —21, then n equals 


а. 5 b. 7 ёс 6 4. 4 
и 0 20 р 
3.  Thesum | ‚ |, where =0 if p>q, is maximum when m is 
“mi {m-i q 
a. 5 b. 10 бе № 4. 20 
4. Coefficient of ^ in (1+2) (1+2) (12-5) is 
ae 70-0 b. "CHI & PC d. 5c 
5. If™'C =(k?-3)"C_, then К belongs to 
a. (—®,—2] b. Р,о) с. E3,43] 4. (/52) 
6. ІҒ(1-ах)-148х-24х2-....... ,thena- апап- А 





1 20 
7. Тһе greatest term in the expansion of 43| 1+ Л 18 


20) 1 20) 1 1(20 
а (344/27 5 (6/8 с 99 
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8. Ех= (/2 di iy , then the integral part of [x] is 








a. 98 b. 197 Ç 196 d. 198 
9. The greatest integer m such that 5" divides 7204-2393 3"! for пєМ is 

a. 0 b. 1 co 2 d. 3 

1 2 
10. If а) ва) “аргал asi , then а = 
ar”! n+l n+l n+l n n n n 
—b b" —а Б" а а" —b 
: == = b. = : 4. 
ы b-a b-a ° b-a b-a 


11. Read the passage and answer the following questions. 
Ifn is a positive integer and a, a,, а,.....а € C, then 





12 742973 
=», ш a. as а "узай T 

(ата Td рота) и Г 2 835 m  Wheren, n, n,..... n, are all 
non-negative integers subject to the condition n,*n,*n,*....tn =n. 
1. The number of distinct terms in the expansion аг (хү+х Ах, +... tX)“ is 

а. 70 b. v с. «ЭС, d. "с, 
п. Тһе coetlicient of x?y'z in the expansion of (14+x—y+z) 

a. 2320 b. 2420 & 2520 4. 2620 
ii; The coefficient of à?b^c? in the expansion of (Бс+са+аЬ)°15 

a. 40 b. 60 c. 80 d. 100 
iv. Тһе coefficient of x* in the expansion оЁ(1+х+2х2)2015 

a 225 b. 52" Eo 527 d. 25 
у The coefficient of x? in (1—х+х?)?° and in (1+х—х?)?° are respectively a and b, then 

a. a=b b. a»b c. ар d.  atb-0 

12*. Match the following : 

ColumnI Column II 
a. _Ifnbe the degree ofthe polynomial (p 2 

JGx! +1) (k + | (3х? +1] -Ё -а|(3х7 «5| , 

then n is divisible by (q) 4 
b. Inthe expression of (x*a)" there 15 only one middle term (г) 8 

for x=3, a=2 and seventh term is numerically (s) 16 

greatest term, then n is divisible by (t) 32 
с.  Thesumofthe binomial coefficients in the expansion of 

(x ?^-nx?^^)", where m is positive integer lies between 

200 and 400 and the term independent of x is equals 448. 

Then n? is divisible by 

'Note : Questions with * have more than one correct option' 
ANSWERS 

l.a 2. 3.c 4. d 5.d 6. a=2, п=4 7.а 
8. b 9.6 10.b 11. (1) c, (п) с (11) b (iv) с(у)Ь 
12. a> p, 9, r; b> p, q, ns ср, q, г, S, t 
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BINOMIAL THEOREM 
For Positive Integral Index - Problem Solving (Lecture-04) 


Summation of Series (involving binomial coefficients) 


1 


Bino-geometric series 


"OL H OX H С,х*............ +” Cx" =(1+х)" 
Bino-arithmetic series 
a^ C, + (а+9)" С, +(а+24)"С, +................. +(a+nd)"C,, 


This series is the sum of the products of corresponding terms of 
араны "C, (binomial coefficients) and а, аға, а+24, ............ ‚а+па 


(arithmetic progression) 

Such series can be solved either by 

(i) eliminating гіп the multiplier of binomial coefficient from the (r+1)" terms of the 
series (i.e. using г "C ="! C) 

or 

(1) Differentiating the expansion of х“(1+х°)" or (If product of two or more numericals occur, 
then differentiate again and again till we get the desired result) 

Bino-harmonic series 

йы Єч 2 + С 

а аға а+24 a+nd 
This series is the sum of the products of corresponding terms of 














“(Сз Се ПС, (binomial coefficients) and 
i i 1 -— | | 
а’ ата’ anode and (harmonic progression) 


Such seris can be solved either by 
(i) eliminating г in the multiplier of binomial coefficient from the (r+1)™ term of the 
series 





1 à 1 
Р C= atl 
ie usin r C ог 
ша т+1 n+l e) 


(іі) integrating suitable expansion 

Note 

(i) If the sum contains С, Cp C,............ C. are all positive signs, integrate between 
limits 0 to 1 

(п) Ifthe sum contains alternate signs (1.е.+ & —) then integrate between limits —1 to 0 

(11) Ifthe sum contains odd coefficients (i.e. С, C,, C,,....... ) then integrate between —1 
to +1. 

(iv) Ifthe sum contains even coefficient (i.e. C,, C,, C.,........ )then find the difference between 
(1) & (ii1) and then divide by 2 
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(v) Ifin denominator of binomial coefficient is product of two numericals then integrate two 
times first time take limits between 0 to x and second time take suitable limits 
Bino-binomial series. 


"Og Cet Gy Cg? Cy Со Pinna +” С. С 


Og Ces анг Cy С, dne +™C."Co 


Such series can be solved by multiplying two expansions, one involving the first factors as 
coefficient and the other involving the second factors as coefficients and finally equating 
coefficients of a suitable power of x on both sides. 


Binomial coefficients 


л ә шә м н 


10 


11 


12 


13 
14 
15 


16 


17 


18 





ССС екн 2° 
С-Сү+С,-С,®............ - 
CC тер OE +С(—1у= *1С(—1)'уг<п 
CC CCS егі 
CAC CACHE = 
пл 

COC о eod 

. nx 
CC C0... m [ур лу 

1 п-1 п пл 

СООО 2 +(V2) 223 








О MNT = УС, =n.2"" 
о M. - DEY uC, =0 
ПО MN E -n(n-1)2?»? 
ВС-25 snas -0 
Со eter -2С, 
Oif nis odd 

2 02402 (2 = 

СОО 0 саа 22222837" 


> С С. = 221-1 2 4 
1 п 


0<1<]<п `i 


2, (СС)? = (n+1) aC cam 


0<1<]<п 
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Note : Consider the equation x ,+X,+........... TE — fh thes NL 
Number of positive integral solutions = С, 
Number of non negative integral solutions = "C , 





Solved Examples 
The value of >, "Сү 
г=1 

(а) n2™! (b) 21! (c) 251 (d) None of these 
Solution: 

2.28 

Ул 21-10 

т r rl 


n 


_ 2n A 2n-1 боо 


г-1 


— 20-1 21-1 21-1 21-1 
2n( 1C PMC PC +... 2С, ) 








21-1 
= 2n. =й, quest reges "e = 2“ C TG TC Irt Jl 
Ans (a) 
The coefficient of x? in the expansion оЁ(1+х)2'+(1+х)22+......... +(1+х)?° is 
(а) "CC, (b) “сс, (с) C (d) None of these 
Solution: 
Cocefficient of x^ in (1+х)?!++(1-++х)?+............ +(1+х)30 
i23) lay 1 
— Co-efficient of x? in ) ( ) | 
(1-х)-І 
— coefficient of xf in (14ху/”-(14хУ1365С,-2С, 
Ans (b) 
The number of distinct terms in the expansion of (х+у—7)!6 is 
(a) 136 (b) 153 (c) 16 (d) 17 


Solution : 
Apply "*'C. , to get number of terms ЗС, = '8C, = 153 


Ans (b) 

If Lis the integral part of (2+ ./3 )" and f is the fractional part. Then (1-0) (1—f) is equal to 

(a) 0 (b 1 (c) n (d) None of these 
Solution : 

Let (2+ ,/3 Шыныны (1) (0<f<1) 

and (213 ) = Estee ausit (2) (0<Е<1) 

(1) + (2) gives (adding 0 <f+F<2) 


Е 3 ын ) = Е 
=> I+f+F is an even integer 
=> І+Е is an integer 
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195151 
=>ftF=1 (2 0<Ғ-Е<2) 
F=1-f 
X (FIA = 2+3 у 2-3 = 43s = 1 
Ans (b) 
5 If the middle term of (1+x)*" (пе М) is the greatest term of the expansion, then the interval in 
which x lies is 


п+1 0+2 п-1 1-1 n n+l 
(a) [ena (b) [ener (c) E 21 (d) None of these 














Solution : 
T wa & T >T 
& 


ntl m? 
=> nÇ xr « аС ох? аС XB» nÇ xml 
п-1 = n n = n+] 




















2n бал 2n Cc. 

> 2n ЭЛ EX & 2n M >X. 

n 2 п-1 

*2 on-n4l Х5 Onn 
| n n+ | 
SS IR d 
Ans (c) 
6 ИС PN ннен С are the binomial coefficients in expansion of (1+x)", n being even, then 

CHCECIE HC, ИЕ PC FO aw tC) is equal to 
(a) n2 (b) a2 (c) n.2”? (d) n2* 
Solution 
ООС T wenns ЗОЛ Суан С Сонни С) 
EC HU HL. Or iss НЬ Oh авав p ob ТС rubo a) 

n 
ege us 2 times (Adding the terms equidistant from the begining and the end) 
= ын 2n — 2n 
-5.2-n 
Ans (b) 


100 
1 
7 The number о terms in the expansion of ^ E aT ) 18 
x 


(a) 201 (b) 200 (с) 300 (d) 100с; 
Solution 
100 2 100 
3, 1 S ‚1 3 1 
х то 02015 r2: +C,| x T бомайды +С | X P 
1 1 
gives terms OF х°,.............. x a kém PE and a constant term 
X 
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2. 201 terms 
Ans (a) 
Exercise 
1 If C. stands for "C, then the sum of the series 


БІН 
2\2 | 2 (СЕС оС сынамын +(—1)"(n+1)C,”) when п is an even positive integer, is equal 
n! 


to 
(а) (17 (042) (Ы) (-1)(пғ1) (c) (1) (041) (4) None of these 


301 (30 301 (30 30) (301 
2 0 101711 11| энэн 5120) [30| 15 equal to 
(a) "ES (b) “С, (с) шал (4) 6С 


55 


3 т=0,1,2,........ 10, let A „ B and C, denote, respectively, ће coefficent of x’ in the expansions 


10 
of Cx) (1+x)” апа (Ix). Then х А, (B,, B,—C,,A,) is equal to 
г-1 








(а) В, B C, (b) Ay (Bio -С,А,) 
(c) 0 (d) СВ 
п) [п п\(п-1 п\(п-2 е 9 
4 Value of 25 ollk -2К1 1 k-1l* a 21|к-2| 977 4-І) k о |} is 
n п-1 
(а) i (b) : Ё ) (с) 1 (4) None of these 
Ч f 1 3 T 15 
5 2,6) @. E + 25 + y + 25 +......... up tom 22) 
2" —1 т n 
(а) ошол р Q" -1) (b) 2 (с) 1 (4) None of these 


2n 2n 
6 Е > а, (x-2)'= > b, (x-3) and a, = 1 forall k>n, then = 
r=0 0 
(a) °C, (b "C, (с) "C (d) None of these 
7 If (1+х)" = С+С,х+С„х?+.......... ЕС x^, then the sum of the products of the C's taken two at a 





time represented by > 2 С.С; (0<13 <п) is equal to 


(20) (2n)! 
-2(n)? (c) -2(n)? 








(a) 2 b) 2" (d) None of these 
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10 


11 


12 

















: 4-1 4-1 г 4-1 " 
Given s, = Igea esse *q'and 5 = 14 2 | 2 а | 2 ,4ж 1 then 
за ӨЗ E mC s 
Sn 
(а) 25, (b 5. (c) эл. (d) None of these 
lim Y n 1l - 
п Э 00 г) (т+3)п' 
(а) е (b el (с) etl (d) e2 
| | | 12 е чу”. у * | 
The coefficient of x? is the expansion of | 1+ 2 + ҮТ + él + 84) 8 
ES "3 d 3 
@ 315 () 315 () 15 Ф зо 
Match the following : 
Column I Column II 
(a) The sum of binomial coefficients of terms containing 
power of x more than x” in (1+x)*! is divisibile by (p 2? 
(b  Thesum of binomial coefficients of rational terms in 
the expansion of (1+ ./2 )# is divisible by (4) 2 
| Ви 
(c) If E T m +x’ + =) max ка НА улан Ta xm, (n 2" 
then a,ta,+.....ta,, is divisible by 
(d) The sum of binomial coefficients of positive real terms 
in the expansion of (1+ix)*” (x>0) is divisible by (s) 2% 
Read the passage and answer the questions that follow: 
An equation a,ta,xta,x*+....... RE ore = 0 has roots ағы оты С one 
(i) The value of a,, is 
(a) 2% (b) 2” (c) -2” (d) None ofthese 
(ii) The value of a,, is 
2198 198 с 2198 +198 с 
(а) = (9) == (с) 27-70 49 (d) None of these 
(ш) The value of (PC HOC )°+............ TOC 8 
(a) 2a -аф (b) а= 825 (c) 855 шоо (d) None of these 
Answers 
a 2. с 3. d 4. a B. a 6. b 
с 8. 9, а 10. а 11. ар, bor, c>r, d>q 


a 
(1) с (1) а (п) c 
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TRIGONOMETRY -I 


Trigonometric Functions 


Measurement of angles. There are three systems of measurement of angles. 
1. Sexagesimal system 
Here 1 right angle = 90° (degrees) 
1° = 60' (minutes) 
1' = 60" (seconds) 
п. Centrimal system 
Here 1 right angle = 100° (grades) 
1Е- 100' (minutes) 
1'= 100" (seconds) 
ii. Circular system. Here an angle is measured in radians. One radian corresponds 
to the angle subtended by arc of length ‘r’ at the centre of the circle of radius 
r. It is a constant quantity and does not depend upon the radius of the circle. 
Relation between the three systems: 
n° = 180° = 200° = 2rt /$. 
ЇГӨ 18 the angle subtended at the centre of a circle of radius ‘г’, by an arc of length / 








2 
then — = 0. 
r 


Note that here / ‚т are in the same units and 0 is always in radians. 


CONVENTION FOR PERPENDICULAR AND BASE IN A RIGHT TRIANGLE 
Side opposite to 90? is called hypotenuse and side opposite to angle 0 considered for T- 
ratios is known as perpendicular and third remaining side is base. 


2.  T-RATIOS (or Trigonometrical functions) 


sin 0 =? cos0 = unb ый. 
h h b 
h 
cosec8 = —, 
р 


ѕес Ө = асов = — 
b p 


b 


“р” perpendicular; ‘b’ base and ‘h’ stands for hypotenuse. 


3. DOMAINS AND RANGES ОЕ TRIGONAL METRICAL FUNCTIONS 


Function Domain Range 
sinx R [—1,1] 
COSX R [-1,1] 
tanx R- (2n 1&/2:n eZ] R 
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cotx R-{na:n eZ] R 
secx R- (2n 41)1/2:n eZ] E ia U 2 
созесх R- nz :n eZ] —oo,- ЦД, о 
4. Signs of trigonometrical functions in different quadrants: 
1. I quadrant: АП t-ratios are positive , 
i. [1 quadrant : sin and cosec are positive and all others are negative. 
ii. III quadrant: tan and cot are positive and all others are negative. 
iv. ТУ quadrant: cos and sec are positive and all others are negative. 
5. — Values of t-ratios of some standard angles: 
6. а Trigonometric functions of2 nz 0,n eZ will be same as оҒ0 
i.e., sin (2nz * 0) = 5110, cos(2nz * 0) = соѕ0, etc. 
b.  Trigonometrical functions of —0, for all values of0 
sin(-0) = —510 0, cos(-0) = cos0, 
tan(-0) = —tan0 
cot(—0) = —cot 0 , sec(-0) = ѕесӨ, 
cosec(-0) = —созес Ө 
c. Тһе values of t-ratios of any angle can be expressed in terms of an angle in first 


quadrant. 


Л Л 
Let A= n. £8 wheren е7,0<0< 5 Then 


1 | л СРЕГ 

1. С) = tsinO ifnis even 
= +с05$0, if n is odd 

Р л TE 

ii cos С o) = +cosĝ ifn is even 


= -sin 0, ifn is odd 


Ш. an(n +0] = вп is even 


[а 


= +cot0, ifn is odd 
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iV. (ата ) = + соі ifn is even 


= + tanĝ, ifn is odd 


у. sec С + ) = + зес 9 ifn is even 


[а 


= + соѕес 0, if n 1s odd 


vi. соѕес С + ) = + соѕ есд if n is even 


[а 


= + $ес0, if n is odd 
The sign R.H.S. is decided from the quardrant in which A lies. 


7. IDENTITIES 











1 
1. $110 .соѕесӨ =1 ог созес0 = 
sin 0 
2. cos Ө .ѕесӨ =1 ог весб- 
со80 
1 
3. tanO.cot0-1 ог сої0 = —— 
{ап Ө 
sin Ө 
4 tan Ө = 
0$0 
со89 
5 cot0=— 
in 0 
6.  sin?0-4cos?0-1 or  sin?0-1 — соѕ20 
or соѕ20=1 —sin?0 
7. | sec?0-tan?0-1 or  sec?0-1- tan?0 


or  tan?0- sec?0-1 
8. соѕес20— cot?^0-71 ог соѕес20=1+ cot?0 
ог соб = cosec?0-1 
9. 8Ш(А-В)-58ША cosB + cosA sinB 
10. sin(A-B) = sinA cosB — cosA sinB 
11. cos(A+B)=cosA cosB — sinA sinB 
12. соѕ(А-В) = соѕА cosB + sinA sinB 














| tan A + tan B 
teh iua) еттү 
| cot AcotB -1 
шан cot А+соїВ 
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15. 


16. 


17. 
18, 
19, 
20. 


21. 


22. 


23: 


24. 


23. 


26. 


27. 


28. 


29. 


30. 


31. 
32. 








“ксн tan А — tan B 
a Teen ond 

rach cot AcotB+1 
шил cot B—cotA 


2sinA cosB = sin(A+B) + sin(A-B) 
2cosA sinB = sin(A+B) — sin(A-B) 
2cosA cosB = cos(A+B) + cos(A-B) 
2sinA sinB = cos(A-B) – cos(A+B) 


(e D С = D 
sinC + sinD = 2sin COS 
2 2 
С + D | С = D) 
sinC — sinD = 2cos sin 
2 2 
D С - D 
С08| ——— 
2 
D i (© - D 
sin : 
2 


2{ап Ө 
1+ tan? 0 


cos 20 = cos? 0 — sin? 0 = 2cos?0-1 














C+ 
cosC + cosD = 2cos 








| C+ 
cosC — cosD -2sin 


sin 20 = 2sin0cos0 = 


м "Жы. 0 
а 1+ ап? 0 
1+с0$0 
2 


| | 1—cos 20 
1— cos 20 = 251120 or sin 0 = Le T 
: 1—cos20  8ш20 1-сов20 
LE sin 20 1+cos20 \1+соз20 


2tan 0 
tan 20 E En 
sin30 = 351п 0— 4sin?0 
cos 30 = 4cos?0— 3cos0 





1+ cos 20 = 2cos?0 or cos 0= 
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3tan0 — ап? 0 
1—3tan?^0 
34. sin’A -—sin’B = sin(A+B).sin(A—B) 
= cos? B — cos’A 
35. cos?A- sin?B = cos(A*B).cos(A-B)- cos? B- sin?A 
36. sin(A+B+C) = sinA cosB cosC + sinB cosA cosC 
t sinC cosA cosB — sinA sinB sinC 
- cosA cosB cosC [tanA + tanB +tanC — tanA tanB tanC] 
37. cos(A+B+C) = cosA cosB cosC — sinA sinB cosC 
—sinA cosB sinC — cosA sinB sinC 
= cosA cosB cosC [1-tanA tanB — tanB tanC — tanC tanA] 
tan А + tan В + tan С — tan A tan B tan C 
1— tan A tan B - tan B tan C — tan C tan A 


39. віпа+ sin(a- p)* sin(a+26)+.......sin(a +n—Ip) 

safes (eoh) 

в) 

40. сова + соѕ (a+) "cos (a +28)+.......cos(a+n—Ip) 
coslas ШЕ 


2 


8. Some t-ration of 18°,72°,36°,54°,15°, с 975 27 4,8551 27 83 eto. 


33. tan30- 








38. tan(A+B+C) = 





5-1 
1. И cos 72? 


5-1 . 
2. ese 2+! = sin 54° 


410--2-/5 


3. cos 18? =" = sin 72" 
| 410-2 
4. sin36° 21028 = cos 54? 
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\/З +1 


= 0 
5. sin75°="5 5 = 9815 


43-21 
6. tan75 — 1, cot15° 


7. sin159?— 25 2 


= с0$75° 


43 


21 А 
. tan159 = 2—./3 = ———— = cot 75 
8 ап15 Bu 


1° 1° 
9. "o | - aee | 


1° Г 
10. “(91 | = \/2 +1 mca 224 | 


rt) 6+ + 434 42 ве) ) 





11. 


cot 
12, шті Т 46-43-4342 - (8 .45]43 -1)- (s 24 


go 35 5-45 


























13. = cos 81? 
4 

14. go 3:5 +5 - 5 -со881) 
4 

15. sinop 3535-48-15 _ оз 63° 

16: singe 9558 19-5. 08270 


17. acos0-bsin0 will always Пе in the interval {—\а? +b’, Ja? - b? Y, Le. the maximum 





and minimum value ofa соѕ0 + bsin0 is Va? + b? — Va? +b? repectively. 
18. For0 «0-7, minimum value ofa sin0- b cosecO is 2Vab 


19. For-z/2«0«z/2,minumum value ofa cos 9 +b sec 0 is 2Vab 
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20. Еог0<0<л/2о0гл<0< Л ‚ Minimum value ofa tan 9+ b cot @is 2/ab 


21. Periods of sinx, cosx, secx, cosecx, is 2л and period of tanx and cotx is n. 
22. Ifa function is periodic with period a, i.e. f(x+ a ) = f(x), then period of the 


function 
f (> x] is a а 
4 р 
23. Iff(x) and g(x) are periodic functions with periods a and p repectively, then period of 


fos) 
g(x) 


LCM of numerators 


the function f(x) + g(x), f(x).g(x) or is L.C.M of a andf 





24. ГСМ ofrational numbers 18 НСЕ of denominatiors 


25. Expression of sin(A/2) in terms of sinA 


2 
(sn ^. cos] =l+sinA 
2 2 





A J | 
sin cos =l-sinA 
and | 2 2 


. А А : 
so that ОНИ € (1) 
. А А : 
апа „ск лал. майн (2) 


By addition and subtraction, we have 








A 
2sin> = +sinA t4l-snA ... (3) 
A - : 
айй 2c0577 = + +5т А + sin А -— (4) 
The ambiguities of sign in relation (1) and (2) is determined by the following 


diagram. 
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л/4< | А/2<3л/4 


sin(A/2)+ cos(A/2) < sin(A/2) + cos(A/2) — 


sin(A/2) — cos(A/2) — 
—л/4<А/2<п/4 


sin(A/2) — cos(A/2) + 
3л/4<А/2<5т/4 


I, i If sini Ө, + sin B. +............ sin, = n, then 
sin B. = sit Ө„=............ —sin0, -1 
ii. If 60809. СОВО, ааа cos0, = n, then 
(0802-0080, =........... сов0,- 1 
103 зїп Ө + созесӨ = 2 > 5100 =1 


ii. cos +5ес 0 = 1 => cos0 =1 


3 
3. 1 91159 + соз13° = төн соз7з* [2 


1 
ll. cos15 — 51115 = sin75 — cos75 = 7 


1 
. 1. 0 + 0 — 0 + 0 — —— 
4 1 tan 15 cot 15°=tan 75 cot 75 [5 


ii, cot 15? — tan 15° = tan 75? — cot 759 2243 
5. i cos0—cos(60° + 6)—cos(60° — 6) = 0 

ii, со50 +cosl120° +0)+сов(120° —9) = 0 

iii. соѕ0 + соѕ[240° +0)+cos(240° —6) = 0 

iv. sin@—sin(60° + )+sin(60° —0) = 0 

v. sin@ +sin(120° +6)-sin(120° —0) = 0 

vi. — sin@ +sin(240° -0)-sin(240" —6) = 0 
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6. 


10. 


11. 


12. 


i tan(45° +0) tan(45° —0)=1 

cot(45" +0) со(457 -0) 1 

1. If A+B = 45° then (1+ tanA) (1+ tanB) = 2 
и. IfA+B = 135° then (1- tanA) (1— tanB) = 2 
ii. If A+B = 45? then (1- cotA) (1- cotB) = 2 
iv. IfA+B = 135? then (1+ cotA) (1+ cotB) = 2 


- 
=: 














1. If cos x + cos y =a, sin x + sin y = b, then tan =¥ = 2 

a 
ii. If cos x — cos y = a, sin x — sin y = b, then tan“ = — 
iii. If cos x — cos y = a, sin x + sin y = b, then tan => =€ 
iv. If cos x + cos y = a, sin x — sin у = b, thentan "= 2 

a 

l. 
i, 59 sin(60° +0) sin(60° 0) =7sin 30 
1. 
ii, 519 1п(120° +0) sin(120° —0) — 7 sin30 
1 
i ^ cos0 cos(60° + 6) cos(60° - 6) =1°% 30 
i. ^ cos0 cos{120° +0) соз 20° —0) =+ cos30 
4 
i. tan0 tan(60° +6) tan(60° — 6) = tan30 
й. — tan tan(120° +6) tan(120° —0) = tan30 
i. со cot(60° +0) cot(60° —0) =cot30 
й. со cotl120° +0) cot{120° — 6) =cot30 
PRACTICE QUESTIONS 
1 
If cota. Напа = т апа ———~—cosq = n, then 
cosa 

(а)  m(mn?)^?-n(nm)^-1 (b) = m(m?n)!3-n(mn?)!3 = 1 
(с) n(mn’)'?—m(nm’)'? = 1 (d) n(n?n)?-m(mm)^-1 
Solution 
Given that 


cota Нап о =m 
]-tan? a =mtang 
sec? а = mtana 
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1-с08 а 
also — — — =n 
cosa 
sin’ а Ш 
cosa 
ап? а, =n seca 
squaring 
(ап о, = п? sec? a 
= pm tana 


tan? а = n?óm 

tan a = (n?m)!? 

sec? а, = m(n?m)!'^ 
sec? о,-4ал20, = 1 
п(п2т)!-(п2т)° = 1 
m(n?m)'?-(n*m?)'^ = 1 
m(n?m)?-n(nm?)'? = 1 

Correct option is ‘a’ 


3со820-1 tan а. 
2 If cos2 a = Song D. 2p ^ then uu р equals 
(a) 1 (b -1 (07.52 (4) 
Solution 
3cos2p -1 


а 3— cos2p 


3(1— tan? В) d 





1—tan^ a 1-- tan? В 
1+ ‘ап? а  l-tan'p 
1-- tan? В 


3—3tan! В tan? p-1 
— 343tan'B- 1-4 tan? p 





2 —4tan' В 
© 244 tan’ p 


1-4апға  1-2tan' 

l+tan?q  1+2tan’B 

By componendo and dividendo we get, 
2 2 


—21?а —4tan’ B 
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tan” a 
tan’ p 





2= 
tan о 
апр = 42 


correct options аге “с” & ‘d’ 
3 cot15°+cot75°+cot135°—-cose30° is equal to 














(a) -1 (b) 0 (с) 1 (4) None of these 
Solution 

cot15°+cot75°+cot135°—cosec30° 

=cot15°+tan15°—tan45°—cosec30° 2 [cot]5°+tan1 5° = 008157 | sin 15° 

2 sin 15° cos15° 
= — 5-1-2 = 2 
ээ sin 159 cos15° 
-4-3 2 
~l = sin3os | 


correct option is c 
4 If sin(y+z—x), sin(z+x—y), and sin(x+y—z) are in A.P then tanx, tany and tanz are in 
(a АР (b) GP (c) HP (d) None of these 
Solution 
sin(y+z—x), sin(z+x—y) and віп(х--у-2) are in AP 
2. sin(zt+x—y)-sin(y+z—x) = sin(x+y—z)-sin(z+x—y) 
2coszsin(x—y) = 2cosxsin(y-z) 
sinx COSZ С08У-С08Х siny COSZ = cosx siny COSZ-COSX COSySInZ 
Divide by cosx cosy cosz we get 
tanx—tany = tany—tanz 
tanx+tany = 2tany 
г. tanx,tany,tanz are in A.P 
option a is correct 





5 If €. B = 90, then the maximum value of sina 51р is 
(a) 1! (b 1/2 (c) 3/2 (d) None of these 
Solution 
0-0 =90 
sina 510 В = ѕіп о sin(90— a.) 
= 510 a COs a. 
2 


= 2 sin ©, cosa 


sin 20. 
2 





-1 820 


We knew that — 1 <sin2 a <1 or $$ 2 « 





2 
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1 
г. maximum value of зїп a sinB = 2 


correct option is ‘b’ 
EXERCISE 


1. Тһе least value of secA+secB+secC in an acute angle triangle is 
а. 3 b. 6 б. 2 d. none of these 


2. The sumof maximum and minimum values of cos?0—6sinO0cos0--3sin?042 is 


a. 3416 b. 4 Се 8 d. none of these 
3. Let f(0)=sinO(sinO+sin30). Then f(0) is 

a.  20onlywhen020 b. «0ошугеа!0 

c. 20 forall real 0 d. <0only when 0 <0 


Л 
4. 16106(0, 47 апа1=(їапӨ)“'®,{ =(їапӨ)°°%®, t. —(cot0)"" and t -(cot0)**5, then 


ъ ізізізі В qu 1L © ASL eter. -4 Серес 


5. Fora positive integer n, let 


ШЕ хий ELS 2 








6. The maximum value of (cosa, )(cosa,) (сояо.)........ (сова, ) under the restrictions 
T . 
0 < 0,045 2 and (cota), (cota,)......(cota )=1 is 
1 1 1 
а. 3 b. 2" c. 2n d. 1 


7.  Ifcos^0-*a, sin 0-a are the roots ofthe equaton х?+Ы(2х+1)=0 and сов20--0,8ш20--0 are the 
roots of the equation х?+4х+2=0, then b is equal to 





a. 1 b. -l с. 2 d. -2 
8 Ifin AABC, tanA+tanB+tanC=6 and tanAtanB=2, then sin?A: sin?B:sin?C is 
a. 8:9:5 b. 8:5:9 ©. 5:9:8 d. 5:89 
tan3A 
=k(k #1 
$ аа (К 1) 
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10. 


11. 








k>3 


cosA К?-1 i sin3A 2k pel 3 
cos3A 2k | snA k-1 © 3 | 
| 0 ф 
If (x—a) cos0 * ysinO = (ха) созф+ узшф =aand tan > —tan 2 = 2b, then 
Ө 1 
а  yl-2ax-(l-b)x? b. tan = (у + bx) 
ф 1 
c. _ у?=2ах—(1-а?)х? d. tan; —(y-bx) 
Passage 


Increasing product with angles are in GP 


$12" a 











— —if 028 nz 

2" sina 
р T 
COSA COS2 A со822 0........ cos2"a = — if a= nel 

2 2" +1 
—1. T 

— if а= — 
2 28-1 


On the basis of above infromation, answer the following questions. 











1 Тһе уа! f cos 20 cos an cos ER. 
1. e value o 7 7 7 18 
A 4 1 | 
а 5 ; 2 с. 1 : 
6 
z T : 
Ii. If a= B then the value of Ї [cosra 18 
г-1 
Ж x f 1 Р 
8 6 64 цан | 
Ш iewi обо Та То a ЭЛ... Зэ 
Ш. e value o бі 51071 sin, 574 д sin та 5n 14 18 
i Be = 1 д 
? '" 8 ^ 3 
. кебін ғара T Sn, 7л. 
Iv. e value o бі; 5Ш тә sin Tg is 
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1 1 1 
а 16 b. 8 с. 8 d. —1 
‚Тт Л Л Л п. 

v Тһе value of 64 ,/3 sin 48 5 gg 005 54 00815 cos c is 

а. 8 b. 6 с. 4 d. -1 

12. Matrix Match Type 

Column I Column П 
(a) Intriangle ABC, 3sinA+4cosB=6 and 

3cosA+4sinB = 1 then / с can be (p) 60° 
(b) Inany triangle if(sinA+sinB+sinC)(sinA+sinB-sinC) 

= 3sinAsinB then the angle с (q) 30° 
(с) If8sinxcos?x-8sin?xcosx = 1 then x = (r) 165° 


(d) “О” is the centre of the inscribed circle in а 30°—60°—90° 
triangle ABC with right angled at c. If the circle is tangents 
to AB at D then the angle / COD 18 (s). 75% 
a>q;bop;cos;dor 
13. Assertion and Reason type questions 
A: BothA and R individually true and R is the correct explanation of A 
В: Both A and К individually true and В is not the correct explanation of A 
C: Ais true but R is false 
D: Ais false but R is true 
If A+B+C = л, then 
(i) | Assertion (A) : cos?A+cos?B+cos?C has its minimum value 3/4 
Reason (К): Maximum value of cosAcosBcosC is 1/8 
(a) A (b В (с) € (4) D 
(ii) Assertion (А): sin 7/1818агоо(50Г8х”-0х-1-0 
Reason (В): For any 0 eR, sin3 0 = Зѕіп Ө —4sin? Ө 
(a) A (b В (с) С (d) D 
(ш) Inany A ABC 





A B С 
Assertion (А): (п [so 2 +сої 2 * cot 3 = ín cot. noot + 4n cot = 
Reason (R): (п (+ 3-0--3)- enl+enJ3 tn (2-43) 


Answers 


l.b 2.с 3.c 4.b 5.a,b,c,d6.a 7. b,c 8. b, а 9.a,b,c,d10.a,b,d 11. (1)а 
(1) а. (iii). d(iv). b (у). 6 12.а-—4; 6-р; с5; а-г 13. (1) а(п)а(ш)ь 
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TRIGONOMETRY - II 


Trigonometric Functions 

















1 811479 + sin61°—sin11°—sin25° is equal to 
(a)  sin36? (b) соѕ36° (c)  sin7? (d) 
Solution 
sin47-sin61?—sin11?—sin25? 
(2sin54?cos7?) — (2sin18?cos7?) 
= 2cos7°(sin54°—sin18°) 
= 2cos7?(cos36?-sin18?) 
4541 (45-4 
= 2cos7 4 4 
1 
= 2с087° 2 
=cos 7° 
correct option is ‘4’ 
2 рэг = > = É then x+y+z i alt 
cos 0 | з | 2] : шиг сэг 
cos| 0— — cos} 0 — 
3 3 
(a) 1 (b) 0 (с) -1 (d) 
Solution 
We have 
222 У Z 
ын wo — =) cos 0 + з 
3 3 
ЕЕ sum of Numerator 
we know that each ratio is equal to : 
sum of denominator 
x y 7 х+у+? 





cos7° 


none of these 





E [o - з 21 + з cos0 + co 0 - z + co 0 + =) 


now, cos 0 + [o - з + 20 + з 


2т 
=cos Ө +2cos Ө cos —— (cos(A+B)+cos(A—B)=2cosAcosB) 


3 


1 
= cos Ө +2соѕ Ө - Э 
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=0 
Я х+у+> = (0 
correct option is “р” 


3(a) The value of ! + cos z) ! + cos =| С + cos = ! + cos uj 38 











= b cos £ 2 d 1+ v2 
а) 5 (b) cos 0) *%$ d. 222 
Solution 
TL - (8-2) - ыг 
8 = cos 8) 7 - cos 8 
за Е z) Ж 
8 = соз > 8 =sin 8 
m (E+) = EL: 
8 -cos(5*g) = —sin 8 





- (нет! ШЕ С sin t) ! cos) 
8 8 8 8 
= ! cos? z) ! sin? z) 
8 8 


(п T 
= sin* — 00822 
8 8 








correct option is ‘c’ 
3 If x,,x,...x, are in AP whose common difference isa, then the value of 
sin о (ѕесх ѕесх t secx,secx,......-tsecx, secx ) is 





sin(n —1)a sinna 
a b 

(a) COS X, COSX, (b) COS X, COS X, 
(c) sin(n-1) q cosx cosx, (4) sinna cosx cosx, 
Solution 
We have 
Sin Of зесх SECX sin Q secx, secx, -............ +sin a secx, ,secx, 

sin(x, —x,) sin(x, — X) sin(x, —X, 1) 
= ТИЕ F 

COSX,COSX, COSX, COSX, COSX, ,COSX, 
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_ SIX, COSX; —COSX,SINX, sinx,cosx, cosx,sinx; 


COS X, COS X, COSX, COSX, 


Sin X, COSX, | — COSX, SID X, | 





+ 
COSX, ; COSX,, 


= tanx,—tanx,+tanx,—tanx,t........ +tanx —tanx, - 
= tanx tanx] 


1 


sin X, COS X, — COS X, Sin X, 





COSX, COSX, 


мах, =) 
COS X, COS X, 
sin(n — Па 
^ COSX, COS X, их xx =la) 


- correct option is ‘a’ 


4 Let f(n) = 2cosnx y neN, then /(1) f(nt+1) —f(n) is equal to 


(а) Қа--3) (b) Қа-2) (c)  f(nt1)f(2) (d) Қан2)Ғ0) 
Solution 

We have f(n) = 2cosnx v neN 

f(1) = 2cosx 


f(n+1) = 2соѕ(п+1)х 
f(1) f(n+1) = 4cosx cos(n+1)x 
f(1)f(n+1) — Ко) = 4cosx cos(n+1)x—2cosnx 
= 2[2cosxcos(n+1)x—cosnx | 
= 2[cos(n+2)x+cosnx—cosnx | 
= 2соѕ(п+2)х 
= f(n+2) 

option ‘b’ is correct 

5 The ratio of the greatest value of 2—cosx+sin’x to its least value is 
(a) 1/4 (b) 9/4 (c) 13/4 (d) None of these 


Solution 
2—соѕх+ѕіп2х 
= 2-cosx-1-cos?x 
= —(соз?х+созх)+3 


ин eee ae 
Е 2 4 


1Y 13 
— | cosx +— | +— 
2) 4 
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13 1Y 
= — —| cosx+— 
4 2 


13 1 
Maximum value 4 occurs at cosx = — 5 


Minimum value occurs at cosx = 1 


2 
5 13 (һы 
"4 2 





13 
2, The ratio of greatest to the least is РТ 


option “с” is correct 
6  Ifsin(120-a) —sin(120-p), 0<о, В <7, then find the relation between a and В. 
Solution 
If sinA = sinB 
Then A =B orA= 7-B 
Here, sin(120° a.) = віп(120-В) 
2 1202@ = 12073 or 120% о = (12028) 
a = В or 120-0 = 6048 «+В = 60° 














| sinx—sinz . 
7 If x,y,z are in AP, then —————— is equal to 
COS Z — COS X 

(a) tany (b) соу (c) siny (d) cosy 
Solution 

We have x,y,z are in AP 

2 xtzZ=2y 

х+7 . | Х-2 
: А 2cos sin 
sin x —sinz 2 2 
Here, = 





cos Z — COS X „(х+х\.(х—7 
2sin sin 
| 2 | | 2 | 
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созу 


sin у 
= coty 
correct option is ‘b’ 


PRACTICE QUESTIONS 


асо8ф-0 


с080------- tan 8 
1. It a bcosó ‚ Шеп an 00 equals 





чы a” b dL md end d 
а+Ь 2 " Ya-b 2 SNP 2 "ew 








2.  Ifacos20 + bsin20 = c has a and В as its solution, then tana + tanp equals 























2a 2b 2c 
a. b. с. d. none 
b+c c+a a+b 
3 Th 1 Ї : 3 equals 
: e value o u 
10° соз10° ^4 
а. | b. 4 c. 2 d. 0 
4 сов“ Č + сов“ m +cos* m +cos* m 1 
: 8 8 8 8 equals 
E b. 1 - d. 2 
а. 2 | с. 5 { 
‚т. Зп. Sr 
5; SIN — + SIN — + SIN — F sea eaten sits n terms equals 
n n n 
n 
a. 1 b. 0 с. 5 d. none 
^/1-зт 40 +1 
6. If x= Vissin40—1 then one of the values of x is 
а. —tanO b. со!0 с. tan(¥/, +0) 4. - со +0) 
7. The value of cos12? + cos84° + cos156° + cos132? is 
1 b. 1 - d й 
а. 2 | с 73 -8 
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8. sin6? — sin66? + sin78° — sin 42° is 





1 b - ы 4. 1 
а. — к= с. 5 . 
9 cos — cos an cos m cos an sae cos Ben 1 
| 65 65 65 65 65 65 (185 
= 1 ri 
иг. ' 16 ^3 ' 64 
10. sin36?sin72?sin108?sin144? equals 
$ 22 1 : 
а. 16 ЕТ: с. 16 . попе 
11. Passage 


If A, B, С be the angles ofa triangle, then 
a) È sin2A=4sinA sinB sinC 
b) È соѕ2А = 1 — 4cosA cosB cosC 


с) ХвіһА- 4cos4/ cos B/ соз C7; 


d) ХсоА--1- 4sin А sin В sin CZ, 


e) È tanA=tanA tanB tanC ie., S =S, 


f) Улан Ад tan BZ - 1 ог XcotA - cot Aj cot BZ cot C7; 


Answer the following questions based upon above passage. 


sin A +510 В +810 С 
sin A+sin В – ѕіп C 


а. tan А/ cot B4 Ь. cot 47, tan 3; с. cot А cot Вә 4. tan A, tan B7; 


i) sin?A+sin?B + sin?C — 2cosAcosBcosC equals 
а. 1 b. 2 с, 3 4. 4 





i) In a triangle ABC equals 


ii) In а AABC, whose angles are acute and positive such that А-В-С-Л and 


cot 25 со! ВА cot 22 =К then 


а. К<3 b. Kx 343 с. К> 3/3 4. попе 
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iv) (апд, tanB, tanC are the roots of the cubic equation x? - 7х2+11х —7 =0 then A + В + C equals 


TU 





а. 5 b. т с. 0 4. попе 
12. Matchning type question :- 
Column I Column II 
| | А В С 
a) sin(B+C—A) + sin(C+A-B) + р. 1—2cos—cos—cos— 
sinA-B-C)- dE E. 
b) dui Бар ар - 1 
2 2 2 a 
2 A 2 B 2 C . . . 
с) If tan 5 + tan E + tan о = K г. 4sinA sinB sinC 
then K > 


Assertion and reason type questions 
A: Both А and R are individually true and К is the correct explaination of A 
B : Both A and R are individually true and R is not the correct explaination of A 
C: Ais true but R is false 
D: Ais false but R is true 
13. Assertion (А): tanO + 2tan20 + 4tan40 + 8tan80 + 16cot160 = cotO 
Reason (К) : cot0 — tanO = 2cot20 
a. A b. B с. С d. D 


4xy 
(хуу 





14. Assertion (А): sec’ 0 = > х=у 


Reason (К): зес0 > 1 

a. A b. B с. C d. D 
15. Assertion (A): If A, B, C, D be the angles ofa cyclic quadrilateral then 

COSA + cosB + cosC + соѕр = 0 

Reason (В) : sinA + sinB + sinC + sinD =0 








a. А b. B с. С d. D 
Answers :- 

l. a 2. b,c 3. b 4. с 5. b 

6. a,b,c,d 7. c 8. b 9. d 10.a 

11. i-c, 1i-b, Ш-с, iv-b 12. a-r, b-p, c-q 13.a 

14.a 15.c 
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TRIGONOMETRY - Ш 


Trigonometric Functions - Problem Solving 


Trigonometrical ratios and Identities 


1 An angle is positive, if it is measured in anti clockwise direction and is negative if it is measured 
in clock wise direction 


length of the arc 





^ апре аш Radius of the circle 


шоо 
ie 0-2 
3 System of Measurement of Angles 
СЕЕ... 
Sexagesimal system (D) Centesimal system (G) Circular system (C) 
Л 
1 right angle = 90° (90 degrees)| 1 right angle = 100* (100 grades) | 1 right angle = 2 radians 
1° = 60! (60 minutes) 1Е- 100! (100 minutes) 180° = д 
11-60! (60весоп45) 1! = 100! (100 seconds) 
Not = 2 =. = = OR th h bel 
ote: 0р = 1002 = (see the graph below) 
4 Basic trigonometrical identities 


(i) $112 0 + cog = 1 

> _|sin@|<1 апа [со$ 0 [< 1 

=> —1 «sing «1 and—1<cos@ «1 
(1) sec?g —tang = 1 

=>  фес0|>1 






Two right 
angles 


> seco --1 ог sec >1 
tang may take any real value 
(iii) созес? 90-—соР0 = 1 


=> |с08ёс0|»1 


=> совес@ <—1 ог созес@ > 1 
со! 6 may take any real value. 
5 Sign of Trigonometrical Ratio : To find the sign ofa trigonometrical ratio, remember the sentence 
Add Sugar To Coffee 
A 5 T С 
1“quadrant 2nd quadrant 3rd quadrant 4th quadrant. 


Where A stands for all ratios are positive in 1 st quadrant 
S stands for sin & its reciprocal are positive іп 259 quadrant 
T stands for tan & its reciprocal are positive in 3“ quadrant 
C stands for cos & its reciprocal are positive in 4% quadrant 
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6 Domain & Range 


ива | Биш |е” 





7 
sin 0 
. 2 ——————S 
(1-5іп Ө l-sin20 
41- cos? Ө 
41-sin? Ө cos Ө NEGRO HEX 
со80 
{ап Ө 1 
М1+ tan? Ө 41-4 tan? 0 ung 
1 `/совес^Ө —1 1 
созесӨ cosecO 4сов ес 0-1 
asec’ 0-1 1 21 
SED ЕСО sec’ 0-1 
1 cot 0 1 
414 cot? Ө 414 cot? Ө 
8 Sum and Difference formula. 


(1) sin (А + B)=sinAcosB + cosAsin B 
(1) cos (А + B) = cos A cos B + sin А sin В 


7 tan A + tan B 
(1) tan (А x B)= 1+{ап A tan B 
| z l + tan A 
(iv) tan (y +А)= lFtan A 
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195151 
cot А соїВ +1 
cotB+cotA 
(vi) sin(A*B)sin(A-B) = sin?A — sin? B = cos?B—cos?A 
(vii)  cos(A+B)cos(A-B) = со5?А — sin? B = cos*B—sin?A 
9 Multiple and half angles 





(у) cot (A + В) = 








28ш Өсов0 
0) 8120 = 2{ап Ө 
1-- tan? Ө 


Also, 41388820 = |cosQ + 510 | 


cos? 0 —sin? Ө 
2cos? 0-1 
(ii) cos20 = 11-2sin? Ө 
1 — tan^ 0 
1+ tan? 0 
Also 1+со$20 = 2cos?Q 
1-с0820 -2віп?0 
(ш) ї{ап20= к. з 
1— ап Ө 
Also э, ={ап@ 
sin 20 


1-с0820 КҮР 

l+cos20 — ца 
3810-4870 

, TM 

my Sep Е) 


3sin 0 — sin 30 
i 4 


?0 





Or sin 
3 
Асов” 0—3cos0 


3 = 
м юмс soo 5-6) созөсо 1.6) 


со530--3сов0 
4 





ог соѕ ө = 
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3 tan 0 — tan? Ө 
1 —3tan? 0 


(vi) tan3 0 = 
EE — o) {ап Ө ШЕ + o) 
3 3 
10 Transformation formulae 


C+D C-D 
(1) sin C+ sin D= 288 2 J cos( 2 | 


C+D C-D 
sin C — sin D = 2cos 2 sin 2 


C+D C-D 
cos C + cos D = 2cos E I cos 72. 


C+D C-D 
cos C — cos D = -2sin 72. sin 2 


(п) 2 sin А соз В = sin(A+B) + sin (А-В) 
2 cos Asin В = sin(A+B)-— sin (А-В) 
2 cos A cos B = cos(A+B) + cos (А-В) 
2 sin A sin В = cos(A-B) — cos (A+B) 

















. sin(A + B) 
(1) tan A + tan B= 10 
sin(B+ A) 

cot A+ cot B= ЕРТ 


(iv) cot A — tan A= 2cot2A 


1 
{АНап А = 2 2А= ——————— 
со ап созес 1 
А-В 
(у) 1 + ап АВ = шиг 
cosA cosB 


. : (т т— 
(vi) cosA + sinA = дан 83) 2 1/2 сов (зл) 


11 Three angles 
sin(A+B+C) = cosA cosB cosC (tanA+tanB+tanC—tanAtanBtanC) 
cos(A+B+C) = cosAcosBcosC(1—-tanAtanB-tanBtanC—tanCtanA) 
tan A + tan В + tan C – tan A tan B tan C 
] - tan A tan B – tan B tan C — tan C tan А 





tan(A+B+C) = 
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12 Trigonometrical series 
А [As (n 25 ; ЕУ 
(i) 8ША--6Ш(А--4) -8Шш(А-20у)-.............. +sin(A+(n-1)d) = 1 
sin| — 
g 
cos A + ш НЫ | 51 e 
(ii) соѕА+соѕ(А+а)+соѕ(А+24)+.......... +cos(A+(n—1)d) = 1 
81 — 
6) 
Э; віп(2" А) 
(ш) COSA. со82А. со$2°А........................... СОБА == 
2" sin А 
| 2со82"0-1 
(iv) | (2с080-1)(2с0620-1)(2сов220-1/).......... (2cos2*! g-1) = ;neN 
2со80-1 
(v) tan Ө +2tan2 Q +2’tan2? 9 4-2?tan2? Ө +............ +2"tan2"9 +2™'cot2™! 9 =cot@; vneN 
(vi) NUR 2. 442--2cos2"^0 72c0s0,ne М where there are n square root signs 
on left hand side. 
13 Greatest and least value of asin Ө + bcos Ө is ./g? +b? and—./g? +}? respectively 
ie.— Ja?4 p? «asing + beos@< Ja? +2 
Also $120 +cosec?Q >2 
cos?Q + зес?0 >2 
tan?g + cot?g >2 
14 Method of componendo and dividendo. 
р а - . Р-а a-b р+а a+b 
If — = — then by componendo and dividendo we can write — = —— or = 
q b p+q a+b p-q a-b 
Periodicity 


All the six trigonometric functions are periodic sin Q , cos 0 , созес 0, sec Q are periodic with 
period 2 x where tang and cot are period c with period л 
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Solved Examples 
1 If f(@ )= sinto +cos* Ө +1, then the range of f(@ ) is 
3 3 
(а) ge (b) s © [2] (d) None of these 
Solution : 


f(0) = (sin? 0 +cos?@ )?—2sin? Ө cos?9 +1 
sin? 20 
2 





х f(Q) min- 2-7 (1)- 5 and f(g) max-2-5.(0)-2 


Ans: (a) 
2 If 4n а =n, then the value of 
cota СОШ o .c0t3 @.............. cot(2n-1) a. is 
(a) 1 (5) -1 (с) (а) None of these 
Solution : 


Л 
cota .cot(2n—1) a. —cot a .cot(2n a. — a )=cot a .cot E -= a) =cota .tan a =1 


Product of terms equidistant from the beginning and endis 1 


T 
The middle term is cotn a = cot—=1 

















4 
Given expression = 1.1.1...................... ntimes- 1 
Ans: (a) 
a р 
3 If tan 2 and tan 2 are roots of the equation 8х2—26х+15 = 0 then cos(a+B ) = 
627 627 
(a) 7725 (5) 725 (с) 1 (а) None of these 
Solution : 
о. В 26 

{ап — +1ап 

(2+8) 2 a Е = 
22 1—{ап = їап p 1 B 7 
2 2 8 

1 av ЧР) 1 ЕЗ 4627 
ооа +В) = - ==. 

ЕЭ 1+ Dro 189 

2 49 

Ans (a) 
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If cos(x—y), cosx, cos(x+y) are in Н.Р, then |205 X. sec equals 
(a) 1 (b) 2 (c) /2 (4)  Noneof these 
Solution : 
2cos(x — y)cos(x + y) 
OSX cos(x + у) + cos(x — y) 
2(соѕ? x —sin? y) 
— COSX = 
2cosxcosy 
2cos’x cosy = 2cos*x—2sin’y 
2sin’y = 2с052х(1—соѕу) 
2(4sin? = cos? - ) =2cos’x. (282 2 ) 
2 2 2 
cos’ x y 
— =2 > cosx.sec 7 = X5 
2y 2 
cos“ — 
Ans (с) 
о. 
anç X, tang areinA.Pand tan с, у, tan Tg arein А.Р, then 
(a) 2х=у (b) х=у (c) х=2у (9) None of these 


Solution : 
2x =tan20° +tan50° 


sin 20°.cos 50? + cos 20°. sin 50° 

















2y = tan20°+tan70° 


sin 20?.cos 70? + cos 20°. sin 70° 











ын cos 20°.cos 50° уз cos 20?.cos 70? 
: sin 70° : sin 90° 
= cos 50°.cos 20° У sin 20?.cos 20? 
cos 20? 
~ cos 50?.cos 20° 
2 : І 1 = - 2 
=> 2x = 3 50° ^ 5 40° даныш ына СТ УЗ Gn 206 "mmm (2) 
From (1) and (2) 
2х=у 
Ап$ : (а) 
оп. Зп . ST . 
The value of sin Fsin " + Sin "ыы nterms is 
T 
(a) 1 (5) 0 (с) 2 (9) None of these 
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Solution : 
































2: 2 
Эн ah 
sin ——$1п+4 e n т " : 
2n 2 sin «| +T | 
Given Series = -— 5 2 
от . ou 
sın — sin — 
2n 2n 
Л 
sin —.sin x 
== n -0 
‚Л 
sin — 
2n 
Ans : (b) 
п-1 
7 У cos’? — = 
г=1 
2 45 = 2-1 (d) Noneofth 
(a) 2 (b) 2 2 (c) 2 (d) one of these 
Solution : (c) 
п-1 п—1 п-1 n-i 
2 ІП (1+ соѕ 2гл/п) 1 1 X^ соѕ ү21л 
cos’ — = 2 l4 шавж 
2. n 2, 2 2 2, 2 2, ( п 
п—1 1l 2n 4n шэн 
= —+—(|с05——+С08——+.......... -cos2-——— 
2 2 n n n 
2: 2n | 2(n- D 
sin — cos, 0 B 
” 2n 2 
= —-+— 
sin — 
n 
п 
яаг шин == –1 
2 2 . T 2 2 2 
sin — 
n 
Ans: (c) 
PRACTICE QUESTIONS 


Л 
1 LetQ є [o z) and t, = (tan Ө )™ Ө, „= (tang уед, t, = (соге )™ 0 and t, = (cot) 9, then 


(à t>t>t>t, (b) tettet, (б) мм, (d t>t>t>t, 
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2% 


9% 


10 


For a positive integer n, let f (0)- [un 8 


(1+sec Ө )(1+sec2 Ө )(1+$ес220)Д........... (14586210 ), then 


TU TU TU TU 
(a) МАДЫ (b) МЕн (0) МЕн (d) "(3)" 


Two rays are drawn through a point A at an angle 30°. A point B is taken on one ofthem at a distance 
‘a’ from the point A. A perpendicular is drawn from the point B to the other ray, and another 
perpendicular is drawn from its foot to A B to meet AB at another point from where the similar 
process is repeated indefinitely. The length ofthe resulting infinite polygonal line is 








(а) а(2-,2) (b)  aQ-43) (с) а (d) МопеоЁеѕе 

If cos? a sin? a +ksin?2 a =1(0< о, < 7/2), then К is 

(а) 3/4 (b 1/4 (c) 1/3 (d) 1/8 

In an acute angled triangle ABC, the least value of secA+secB+secC is 

(a 6 (b 8 (с) 3 (d) none ofthese 
| . . л 1 2т E Зл | 

The sum to infinite tems of the series cos 112 cos 33 cos 3 ТИВНЕ 18 

(а) 0 (b 2 (с) 1 (4) 6 


2n : 
If a= q^ then the value of tan о tan2 a +tan2 a tan4 qa +tan4 q tan о is 





13 
а) 0 (b -7 © 7 (4) 2 
If sin(y+z—x), sin (7+х—у) 8ш(Х-Уу-2) be is A.P., then tanx, (апу, tanz are in 
(а) АР (0) ОР (с) НР (d) None ofthese 
3+ cot 76? cot 16° 
со76° + сої16° — 
(а) tanl6° (b)  cot76? (c) | tan46? (d)  cot44? 


a 
Ifx cos a +ysin a =2a, xcos В +узш В —2a and 2517 sin =1, then 


2ax 2а? - y? 
(a созо +соѕВ = х Бу? (9) cosacosp = х2 +у? 
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11 


12 


13 


14 


(с) у-4а(а-х) (d) cosa *cosf =2соѕ a cosß 
Match the following :- 

Column 1 Column П 
(a) Тһе maximum value of y=cos(2A+ 0 )+cos(2B+ 6 ) (p) 28ш(А-В) 


where A&B are constants is 
(b) The maximum value of y=cos2 A+cos2 В where 


Л 
А-В is a constant & A,B є [o z) is (q) 2sec(A+B) 
(c) The minimum value of y=sec2A+sec2B where 
Л 
A+Bisa constant & А,В є [o z) is (r) 2cos(A+B) 
(d)  Theminimum value of (sS 2соѕ(А-В) 





у= /tan0 +соїӨ — 2 cos2(A + B) where A, B are 


2 
Let A, A, A, A. A, A, be a regular hexagon inscribed in a circle of unit radius. Then the product 
of the lengths ofthe line segments А A, A,A, and A, А is 
3 343 
а) 3 (9 3/3 © 3 а) > 
If A, B, C, Dare the smallest positive angles in ascending order of magnitude which have their 
sines equal to the positive quantity k, then the value of 


T Ж 
constants and 9 є! = | is 





Asi зан айы чыш 
sin 2 rosin 2 rZSin 2 rsin 2 15 
(а) 2V1-k (D 2Л+к (© 24k (d) None ofthese 


Read the paragraph and answer the following questions . 
Л 
If a, В, У, $ are the solutions of the equation [ T z) = 3tan3 0 , no two of which have 
equal tangents, then 
(i) Тһеуаше oftan a Нап В Нап ү-Нап6 is 








(а) 1/3 (b 8/3 (c) -8/3 (d) 0 
(i) The value oftan a tan tan y tan § is 
(a  -1/3 (b -2 (c) 0 (d) None ofthese 
Л 1 1 1 b. . 
(i) The value of mee + tanp my +} ung É 
(a  -8 (b 8 (c) 2/3 (d) 1/3 
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15* Which of the following is / are correct ? 


(a) (tan х ве (вах) > (сої x) RED „y Xe(0,n/4) 
(b) Дов» (cosecx) < log, (совссх) „y xe(0, 7/2) 
pee бөвх) 1 Ves бовх) 
(с) B < Б ,vXe(0, 7/2) 
(d) 


lege (tanx) 2 2/98: (sin x) 


‚Ухе(0,п/2) 
"Note : Questions with * have more than one correct option' 


Answers 
1. 2. a,b,c 3. a 4. а 5. а 6. а 
8. а 9. c,d 10. с 11. а-»8:0-»г:0-»4:4-»р 12. 
13. р 14. 0) а (ii) a (iii) 8 15. а, b, c, d 
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TRIGONOMETRY - I 


Trigonometric Functions - Problem Solving 








1 Values of trigonometrical ratios of some particular angles 
Or аш шаг 42-46 
1 in = 
sin /> 2,5 
16 N4- 42 4 46 
cos7 —^ — 
2 242, 


tan75° = (13-42 L2 1) 
cot 727 = (/3 +2) (/2 +1) 


(1) $11159 = cos75? = 7 


43-41 


15° = sin75° = 
cos sin 27 





tan15° = сої75° = 2 _ 4/3 
cot15? = tan75° = 2 + 4/3 


қ" "ETE | 
(ш) 51122 7542-42 
11 
60522 >. “42442 


Ї, 
tan22 = mI 


1 о 
cot22 > = 


42-1 


-1 
(iv) sin18? = cos72? = ——— 


410 245 
5 


NIE 


cos18? = sin72? = 


sin36? = cos54? = 


Xt 
4105245 
4 
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48:41 
4 


cos36° = sin54° = 








1 
(v) cos9° = 5 (Л +518 + Л 5187) 





| 1 
(vi) cos27° = 2 (Ji+ cos 36? +/1—cos 36°) 


2 Conditional identities 
IfA, B, С are angles ofa triangle (i.e. A+B+C= л) then 
e tanA+tanB+tanC= tanAtanBtanC 

















e cotAcotB+cotBcotC+cotCcotA = 1 
m em Pu ur ed 
e an tan; Han, tan; Han, tan; = 
t— +cot E Fcot - t t t 5 
e cot +сої у *cot^ —cot cot cot; 
e sin2A+sin2B+sin2C = 4sinAsinBsinC 
e cos2A+cos2B+cos2C =— | — 4cosAcosBcosC 
inA+sinB+sinC = 4 5 = 
e sinA+sinBtsinC = 4cos > cos cos > 
A+cosB+cosC = 1 + 451 шээг 
e cosAtcosBtcosC = 1 + 4sin sin sin 
3 Trigonometric ratios of sum of more than three angles. 
e SIB(A РА. онын +A) = COSA COSA, анн COSA (S-S, T5, 
e COSA КА еее +A) _ =созАсо$А,,............. cosA (1-S,+S,-S,+ 
S, - S, +5. —....... 
e tan(A +A, PE ES +A) = 1-S,+S,-S,+ к 
where S = > tanA, =sum of tangents of angles 


= > їапА tanA, =sum oftangents taken two ata time etc. 
In particular, if A ,—-A „=.................. А =A, then 

S, =n tanA ;S,="C,tan’A ; S,-"C,tan?A etc. 
sin nA = соз"А ("C їапА—"С.їап+А+"С.„їап°А-..................... ) 
соз nA = соз"А CIC. tan Ac C їап*А-..................... ) 


"C, tan A=" С, tan? A +" C, tan? А... 
1-" C, tan? А +" C, tan? A —...................... 





tan nA = 
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Solved Examples 


cot x 
1+cotx 





1 If (х) = and a +В = = , then the value of f( a.)./( p) is 


(a) 2 (5) - (c) 5 (а) None of these 












































Solution : 
|| cota cot p 1 1 
Fla) fB) = l+cota’ 1l+cotB 1+tana’ 1+tanB 
1 1 1 1 
= = p  ———— 
l+tana ` | T | 1-1апа. 1— tana 
1+ ап n+—-a 1+ 
4 1+ tano 
Ш 1 l+tana 1 
© ]-« tana 2 НЬ. 
Ans : (с) 
2 The value oftan81?—tan63?—tan27?--tan9? equals 
(a) 1 (b) 2 (© 3 (4) 4 
Solution : 
(tan8 1°+tan9°)-(tan63°+tan27°) 
=(cot9°+tan9°)(cot27°+tan27°) 
1 1 
© sin9°cos9° sin 27° cos 27° 
2 2 2x4 2x4 
7 sinl8? 5іп549 45-1 4541 
Е 85 +145 +1 Е 2. 
5-1 4 
Ans : (d). 
3 The number of integral values ofk for which the equation 7cosx+5sinx = 2k+1 has a unique 
solutionis 
(a) 4 (b) 8 (c) 10 (d) 12 
Solution : 
7 AN 2К-1 
414 . COSXT 1/74 5шх = J74 
асо) 2К-1 
sin(x = 
N 1 2К-1 1 
ow -l< < 
= 474 = 
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-474-1 J7A -1 
— 2 48 ES 2 


> —4.8 < К< 3.8 

= К--4,-3,-2,-1,-0,1,2,3 
i.e. 8 values. 

Ans : (b) 





sinx 1 cosx 3 ол 
If siny 2 and cosy 2 where x,y e | V» 2 then tan (x+y) = 


@ 3 0 уа © Vi7 @ Vis 








Solution : 
sin’x+cos’x=1 
1 31327 9 2 
= 4 Sin’yt 7 cosy-] 


43 5 
= созу= Ty and tany= 3 





ГЕМЕ ae ee 
sosinx= 7 ry andtanx= = уе 
BB 
tanx-tany — 34/3 В 
С nO tan x.tan y т. 5 45 
3/3 43 
V5 +345 
=- 9-5 
43 
445 
= 28-08 
Ans : (d) 


Л 
If o. p = 2 and В +y = a, then tana is equal to 


(a) 2(tanB+tany) (b) tanf-tan y (c) tanp-2tan y (d) 2tanp-tan y 
Solution : 


tan a — tan B 


= апу =tan(a-B )= тапаар 
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tana — tan p 





=> tan y = 
1+ tan о. ап цэв 
2 
| _ tana —tanB 
== ыы 


Жап ү =tanq—tanB 


= ап о =tanB+2tan y 
Ans: (c) 
2 гт 
ai — = 
6 291 


ТЕ 


(а) 34 (0) 35 (с) 37 (d) None ofthese 
Solution : Given series can be simplified to 


T T 2n 2n 3л Зл 
tan? — + cot? — tan? — + cot? ^— tan? — + cot? — 
| 16 | Е | 16 ТЫ за 








16 16 16 
> General pattern is tan? Ө cot? Ө 
sin*@+cos*@ — 1—2sin^ Ocos* Ө 4 
7 sin'0cos0  sin'Ocos0 sin/20 | С 
4х2 8 





~ 1—cos 40 == 1—cos 40 = 





8 8 8 
ЖШШЕ + — m s + am +1 
1—cos— 1-с08- 1—cos— 

4 2 4 
= EN 2-8-2- 8/2 2+1 
42-1 4241 
8/2 . 82 


= —=—+—=— —6+8+1 
42:41 43-41 ш 


— 16-842 416-842 
2-1 
Ans : (b) 





+3 = 32+3 = 35 
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Exercise 
1 i I= po . 
— — + шинж 
1 р Л Pa) , then cos рр | 8 equal to 
1 
(а) 1 (b -I (с) р, (4) Po 
2 If A, B, C are acute positive angles such that A+B+C= т and cotA cotBcotC- К, then 
BM TM 1 1 
(а) К< 345 (b К> 345 (c) к< (9) к>» 
х+у 
3 If *' ху= 1, феп У, ems - 
pb A. 
@ ху; ® x 
(с) xyz (d) None ofthese 
4 The value of cot16°cot44°+cot44°cot76°—cot76° cot 6° is 
1 -1 
а) 3 O 5 ONES @ = 
5 The number of solutions of tan(5 т cos Ө ) = cot(5 xsin 9) for Ө in (0,2 x) is 
(a) 28 (b) 14 (c) 4 (d) 2 
6 If cos x = tan y, cos y = tan z and cos z = tan x, then a value of sin x is equal to 
(a) 2cos18° (b) соѕ18° 
(c) 8118? (d) 251182 
7 Letn be an odd integer. If sinn = > b sin", v Ө,Шеп 
r=0 
(a) b =1, b53 (b) b, =0, b =n 
(c) 52418 -0 (d) b,-0,b,-n?-3n43 
8 If o772«9 о ‚ which is larger, cos (log, 0) or log. (cos Ө) 
(a) cos (log, 0) (b) log.(cos@) 
(c)  bothare equal (d) | Noneofthese 
ы 2гл 
9 2,(n-1)cos— Їогп» 3 is 
т=1 
п 
@ 2 (5) п 
(c) (0-3) (d) None ofthese 
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10* 


11 


12 


Match the following :- 
Column І 
(a Inanacute angled д ABC, the least values 


of Х, 8ёс А & У tan’ A аге à and и respectively, then 
(b) In, ABC, the least values of b соѕес(А / 2) 
& Š sec*(A/ 2) апа), & и respectively then 


A B С 
(c) Ina АВС, the least values ofcosec| 7 | созес| > | созес| > 























Column П 
(p A-H=2 
(q) 2123 
у ди“ 


| () 3л—2н=0 





2 2 2 
& У cosec*A are ), & u respectively, then (0 22-34 =0 
ysin A 
Inany д ABC, the minimum value of »3 01101 18 
(а) 3 (b) 0 (с) 4 (d) Noneof 
these 
n Зп 5n . 
If cos 7:€0877 ,C0s 7 ,are the roots ofthe equation 8 x—4x^—4x-1 = 0. 
On the basis of above information, answer the following questions :- 
: ис ies наг 
(1) e value of sec - sec 7 sec 7 18 
(а) 2 (b 4 (с) 8 (d) Noneof 
these 
1 The val РЕ LUNES 
(1) е уашеоЁзї , sint эт, 15 
1 І 47 47 
(а) 7 O g (c) a (d) rs 
Ш и T Зл 5n. 
(ш) e value оЁсоѕтт соѕ тт соѕ тт is 
| | fi fi 
(а) 7 O g (c) A (d) EJ 
. . л Зл Sr 
(iv) The equation whose roots are tan? PE tan? 7> &tan? 7 > is 
(a x*-35x?+7x-21=0 (b) х-35х-521х-7-0 
(c) х-21х2435х-7-0 (d) x—21x?-7x-35-0 
3 21-41 2 2-1 
(v) the value of У, tan” (==) У со (==) is 
г=1 г-1 
(а) 15 (6) 105 ic). 21 (4) 147 
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13 


14 


15 





5 7 
Ifa=sin T sin _ sin т , and x is the solution of the equation у= 2[х]+2 and y = 3[x-2], then 
a =e 

1 

(a) [x] (b) Ix] (с) Хх) (d БР 
Iftan о, tan В , tan y are the roots of x*-px’-r =0, then the value of (1+tan’ a )(1+їап? В ) (1+tan? ү) 
is equal to 
(а) (р-т) (b) L*(p-r' (c) 1-р-у (d  Noneof 
these 


Iftan о is an integral solution оЁ4х2-16х--15-0 and cos В is the slope of the bisector of the 


angle in the first quadrant between the x & y axes, then the value of sin(a +f ): sin(a—f ) is 


equal to 
а) -1 (b) 0 (с) 1 (4) 2 


"Note : Questions with * have more than one correct option’ 


Answers 
l.c 2.a 3.a 4.a 5.a 6.d 7.b 
8.a 9.a 10. a—>q,s ; b—p,t;c—r ll.a 
12. (1) b (11) b (iii) d (iv) c (v) b 13. b 14. b 15.c 
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TRIGONOMETRY - II 


Trigonometric Equations 


1. TRIGONOMETRIC EQUATION. An equation involving one or more trigonometrical ratios 
of unknown angles is called a trigonometrical equation. 


2. SOLUTION OF TRIGONOMETRIC EQUATION. A value of the unknown angle which 
satisfies the given equation is called a solution of the equation. 


(a) 


(b) 


0) 

(ii) 
(ii) 
(iv) 
(У) 


(vi) 


(vii) 


(viii) 


(ix) 


Principal solution. The smallest numerical value, positive or negative for the angle 
ofatrigonometrical equation is called its principal solution. Ifa positive angle as well as a 
negative angle of smallest value (and equal) are available, then we take the positive value 








as the principal values. 
. . . . T T 

(i) The principal solution of sin Ө = К, k| <1 is the value of Іп the interval - 2” d 

which satisfy the equation. 
(ii) | The principal solution of cos Ө = К, k| <1 is the value of 0 in the interval [0, x] 

which satisfy the equation. 

| | лл 

(i) The principal solution оёїап0 = К, К < oo, the value of 0 in the interval | — 272/> 





which satisfy the equation. 


General solution. Since all the trigonometric functions are many one onto, therefore, there 


are infinite values of for which trigonometric functions have the same value. Therefore, 


all such possible values of 9 for which trigonometric ratios are same is known as general 


solutions of the variable angle 9. 


GENERAL SOLUTIONS OF TRIGONOMETRIC RATIOS 


If sin Ө= 0, then Ө = nz,n ЕЙ, (set of integers) 
If cos 0 = 0, then Ө = (2n+1)z/2,n €Z 
If tan Ө = 0, then Ө = nz,n EZ 


пл 
If sin Ө = sina then Ө = пл + (-1)" о, п Є Z,a є HE 


2 2 


If cos Ө = cos a, then Ө = 287+ a, n € Z, а € [0, л] 


пл 
Iftan Ө = tan о, then 0 = ол + а, п є Za € Е Ч 





2" 5 


л 
Ifsin Ө = 1, then 0 = 207+ =, п EZ 


2 


If cos Ө = 1, then Ө = 2nz,n E€ Z 
If si? Ө = sin? а or cos? Ө = cos’ a or tan? 0 = ta? a then 0 = пл+ а, п ЕЙ, 
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(х) 


(xi) 


(xii) 


а 
If sin (a0 + b) = sin a, then Ө = пл *(-1)" (ы . First of all we have to write the 


general solution as such for a0 + b and then, find Ө as a0 + b = пл + (-1)".a 


= Ө = 5 Їлт-(-1) a-b] 


Forn Є Z, sin пл = 0 and cos пл = (-1)" 
sin(nn+0)=(—1)" 8ш9 
соѕ(пл + Ө) = (—1)" со80 


Ifn is an odd integer, then 
. NT п-1 пл 
sin = (-l) > cos; =0 


пл п-1 
sin( + o) = (—1) > с080 


n+l 
cos 27 + ) -(-1) 2 sin0 


4. IMPORTANT POINTS TO REMEMBER 


0) 

(ii) 
(ш) 
(iv) 
(v) 


(vi) 


(vii) 


(viii) 


For equations of the type sin Ө = k or cos Ө = К, one must check that |k| < 1. 
Avoid squaring the equation, if possible, because it may lead to extraneous solutions. 


Do not cancel the common variable factor from the two sides of the equations which are 
in a product because we may loose some solutions. 


The answer should not contain such values of 0 which make any of the terms undefined or 
infinite. 


Check that denominator is not zero at any stage while solving equations. 


Л 
(a) Iftan 0 or sec Ө is involved in the equation, Ө should not be odd multiple of PE 


(b) Ifcot 8 orcosec Ө is involved in the equation, Ө should not be a multiple of x or 0. 


If two different trigonometric ratios, such as, tan 0 and sec 0 are involved then after 
solving we cannot apply the usual formulae for general solution, because periodicity 
of the functions are not same. 


If L.H.S. ofthe given trigonometric equation is always less than or equal to k and RHS is 
always greater than k, then no solution exists. If both the sides are equal to k for same 
value of 0, then solution exists and if they are equal for different value of 0, then solution 
does not exist. 
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EXAMPLES 


1 
1 The general solution of the equation > cos(r°x) sin(rx) = 2 18 








n (4m +1) л 
(а) 2этт+е,тє1 (5) п(а41) 2 mel 
(4m - 1) x 
(c) nnl) 2 mal (d) None of these 
Solution 
У cos(r?x) sin(rx) = ; 
r-l 


= у`2 cos(r°x)sin(rx) = 1 


г-1 





- Y isine? +т)х —вїп(т^—г)х] =] 


- Увш r(r +1)х —sinr(r—1)x] =] 
г=1 
= sin2x—sin0+sin6x—sin2x+sin 12х—51пбх+............. +sin(n(n+1)x)—sin(n(n—1)x) = 1 
= sin[n(n*1)x]-sin0 = 1 
= sin(n(nt+1)x) = 1 
, . T 
= sinn(n+1)x = sin 2 
ч віп(пл--0) = sinO 
Л 
n(n+1)x = [2m + z) „mel 


4тл--л 
x= 2nn4 1): 261 


_ (4ш-1) л 


= (0+0) 270161 


option ‘b’ is correct 





2 If [sinx] + [ /2 cosx] =-3, x e [0,2 п] [ [.] denotes the greatest integer function], then x belongs 


to 

T on T on on 2n эл 2n 
(a) е 4 (5) ? 4 (c) 4 ? (d) 4 е 
Solution 


 [вїпх] + [4/2 созх]=—3 
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[sinx] = -1 [4/2 созх] =—2 
.-1<віпх<0 and -2«./2совх--1 
-1 
-4/) <cosx< з 
1 
—1 <sinx<0 апа—1< COSK<—" р (^: -1 <cosx < 1) 


since both sinx and cosx are negative 
| Зл 5л 
1,6,Хє(л,2т)ай xe 


4?74 
57 
Же IM 


option ‘а’ is correct 
3 The number of solutions of the equation sinx+2sin2x = 3+sin3x in the interval [0, x |18 


(a) 0 (b 1 (с) 2 (d) 3 
Solution 
We have 


sinx+2sin2x = 3+sin3x 
sin3x—sinx—2sin2x+3 = 0 
2cos2xsinx—4sinxcosx+3 = 0 
2sinx(cos2x—2cosx)+3 = 0 
2sinx(2cos?x-1-2cosx)*3 = 0 
sinx(4cos*x—4cosx—2)+3 = 0 
sinx {(2cosx—1)*-3}+3 =0 
sinx(2cosx+1)?+3(1-sinx) = 0 
s 0<х<т 
ч O<sinx <1 
]-sinx » 0 
sinx(2cosx-1)? > 0 
г. each term is equal to zero 
1-зшх = 0 => віпх- 1 
2. cosx = 0 
sinx(2cosx-l) + 0 

г. no solution 


л л 
4 The number of values of Ө in the interval - 2” z) suggesting the equation 


(/3 11 9 = tan* +2tan? бі 


(а) 1 (b 2 (с) 3 (d) Noneofthese 


solution 
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We have 


(/3 E ? = tan^g 42tan? 0 
= (1*tan?gy -1 
= (вес0):-1 

let sec?9Q =x .:. х>1 


(By = 


graph of y= ву & у = х2] 
intersect at one point 
When x =2;y=3 

^ sec?g = 2 


seco = + 4/2 





k lues in | -=,= 
г. Otakes two values in 272 
option ‘b’ is correct 


5 If0<x< x and 814 819** = 30 then x is equal to 


л л л 
@ = < 5 © m Ф 4 
Solution 

we have 


Spa 8 199% х = 30 
Spa g] 5m -30 
81 
gp 





prse -30 
let 81°" * =y 
у230у+81 =0 
y-27y-3y+81 = 0 
(y-27Y(y-3) = 0 
817 = 27 or3 
Asin’ x = 33 or 31 
« Asin? x =Зог | 
1 


Sos Deep же 20 = 
511:Х = ОГ 
4 


B 


sinx = + — or + 
2 


> 


I 
2 


312 


UDĜÔN 


A program to give wings to girl students 











0 .. sinx = уз r - 
:9<Х<лЛ.65 2 (0) 2 
т 2л л 5n 
"UA" 276” 6 
6 The equation а sinx+bcosx = с 
where |c| > 4a? +b? has 
(a) one solution (b) two 
(c) по solution (d) infinite number of solution 
Solution 
We have 
asinx+bcosx =c 
a | р с 
Ма? +b? = Ja? +b? т Ма? +b? 


с 
sinx cos q +cosx sing = 87705 
уа +6 


lel 
sin(x+a)=sinß>l -. | >Ja? +b? Le. ups > 1 
not possible 
correct option is с 
PRACTICE QUESTIONS 
Ї 
1. If cos20= (2 + 1) 9-1 ‚Шеп б = 
a. пл b. 2пл+ а с. 207+ 3 d. none 


2.  It3cos?0 —2,/3 sin0 cos0 — 3sin?0— 0 then Ө equals 


пл т nt т nt Л nt T 
аа vt қ Е 6 83 d. 4-4 


2 6 2 6 2-3 2-3 
3. Тһе general solution of 


sinx — 3sin2x + sin3x = cosx — 3cos2x + cos3x is 


mat „ мя 
а. 8 | 718 
ЖЕ ы 2пл сой”! 5 
с. 2 8 d. 2 


313 


UDOON 


A program to give wings to girl students 


-л Л 
4. The number of points of intersection of 2y = 1 and y = cosx in 3 сх 


2 
a. 1 b. 2 с. 3 d. 4 
5. Тһе number of values of x in the internal [0,57] satisfying the equation 3sin?x — 7sinx + 2 
-018 
аа 0 b. 2 с. 6 4. 10 


6. The sum of all the solutions of the equation cos Ө eo Z+ o) cos 5- ) -1 ‚Ө є|0,6л|їз 
100 
3 





а. 15x b. 30л с. 4. none 


7. The number of values of 0 е [0,47] satisfying the equation М cos X — sin х > 218 
аа 0 hs. 2 c. 4 d. 8 


i. | 
8 І c 0,cos0,tanO are in G.P., then б equals 


Л Л Л Л 
208: + — 2пл + — пл + (-1)" — nt+— 
a. 3 b. 6 с. (-1) 3 4. 3 
9. The number of solutions of the equation tanx + secx = 2cosx lying in the internal 
[0,27] is 
аа 0 b. |] с. 2 d. 3 


10. The general solution of equation sin?@ sec @+ ./3 1ап0 = 0 is 





п+1 Л 
a §=nz+(-l) Ёс b. б=пл 
Ө=пл+(—1)°'!— ja 
с. пл + (-1) 5 4. 2 


11. Passage 
Solution of equations asinx + bcosx = c. 
General value satisfying two equations. 
асоѕ Ө + 6510 0 = с, Ө satisfying two equations. 
а. Тһе equation асов0 + bsin0- c be first converted to г cos (0 + а)= с where 
a=rcosq,b = rsina 
b.  Osatisfying two equations 
Find the common value of 0 lying between 0 and 2л and then add 2nz 
Answer the following questions based upon above passage 
(i) | The number of intergral values of k for which the equation 7cosx + 5sinx = 2k*1 has а 


solution is 
a. 4 b. 8 с. 10 4. 12 
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(1)  Ifcos3x + ШЕ - A) =- 2 then x equals 


Л Л 
а. 5 би-1) b. 3 (бт + 1) с. 3@т+1) 4. попе 
(iii) The values of x such that —л < x < лапа satisfying the equation are given by 


8) бороог хэ сов x|+ 223 to] E 43 х equals 


л 2n =X — 2n 
a. 3 b. 3 c. ES d. 
(iv) The number of solution of the equaiton e?"* — езх —4 = 0 is 
a. 1 b. 2 с. 4 d. 0 
Answers 
l. b,c 2.a 3.b 4.b 5. с 6. 7. с 8.а 
9. c 10. b 11,(1).9: (mb (11), a, b, c, d (iv). b 
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TRIGONOMETRY - Ш 
Trigonometric Equations 
1. |The number of values of x in the internal [0, Зл] satisfying the equation 2sin?x--5sinx—3-0 is 
a. 6 b. 1 бо 2 4. 4. 
Solution : 
We have 2sin?x-5sinx-3-0 
2sin’x+6sinx—sinx—3=0 
(2sinx—1) (sinx+3)=0 
1 


5шх= (г sinx#3) (2-І <віпх<1) 





1 
y=sinx and y= 2 intersect in 4 points 


2. number of values of x in the internal (0, 37] is 4. 
л т пл 
2. Тһе number of values of 0 in the internal - 27 z) such that 0 = 3 for п=0, +1, +2 and tan0 
= cot50 as well as sin 20 -со840 is 
Solution : 
Given, tanO = cot50 


T 
tanO-tan Ё —5 o) 


UE E 
2 = ПД 
6-2 

= 2 NT 
= TU nm 


Dp 6 
Also cos40-sin20 


0 


T 
cos40-cos E E 2) 
T 
40-2nz* Ё " 20) 
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пт (л Ө 
ES lest 
9-2 Ё 2) 





Taking positive Taking negative 

ЕО БШ 
2 2 3 2 2 8 

30-пл+ 2 Ө=пл—— 
салад -пл-2 
_4пл+л м т 

7 $9 Bu zo 


Л 
0-(4 0-1) 12 


тл 
These values of 0 gives only 3 common solution lies in the interval - J z) : 


3. Тһе number of ай possible values of Ө, where 0 < Ө < m, for which the system of 


equaitons(y+z)cos30=(xyz)sin30 


2cos30 п 2sin 30 








xsin30= 


Z 


and (xyz) sin30-(y--2z)cos30--ysin30 
have a solution (х, y,, Z,) with y,z,#0 is 


Solution : 
| | yore 
Given equations аге xsin30= yz cos30 


с0830  cos30 = 
y Z 


xsin30 





2с0830  2sin30 _ 
у 2 





xsin30 0.42) 


2 
xsin30 — ЖО — —с0$30 — 257: 21148) 


7 y Z 
from (2) and (3) we get 
2sin30- соѕ30+51п30 
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sin30-cos30 


T 
tan30=1=tan 7 





4 
E 5т 9л m п Sn 9л 
4° 4° 4 127 12712 
4. The solution of the equation 4sin*x+cos*x=1 is 
а х-2пл b. х=пл+1 с. х=(ш+2)л 
Solution: 


Given that 4sin*x+cos*x=1 
4sin*x+(cos*x—1) (соѕ2х+1)=0 
4sin*x—sin’x(cos*x+1)=0 

sin?x [4sin?x-cos?x-1 ]=0 
sin?x[5sin?x-2]-0 


sin?x=0 ог sin?x= 5 


2 
sinx=0 or sinx=+ E 


. 2 
x-na Or х-пл--о where sina = 5412 


. option d is correct. 


5. The solution ofthe equation [sinx*cosx | ?"?—2, —r < x < л is 


Tt 


л " n 
a. 2 5 Tt с. 4 


Solution : [sinx*cosx]'??* 


1+sin2x 
2 ШЕ + x} 


l+sin2= 
T : 4 
их=®, |н +2) =(/2} = 


Option с is correct. 
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Б 1 
6. The most general solutions 254х--250-21- 77 are 


А b a ЯВ (үг 4 2 + — 
а. 07-71 -noty c. пл+(—]) 4 : nwt 


Solution 5 We have Dsi Qc 21- 77 
AM = GM 


siia sb 2°%х 


2 » 2 Зїйхгусовх 
> 24/291 х,0с°зх (Equality holds when sinx=cosx) 


But the minimum value of sinx+cosx is — 4/2 


‚ (т 
2. sinxt+cosx= 42 ШЕ + x) 
ЛЕ 
апа-1< У25Ш ХЭ <1 


-,2</2 sin( Ex] < V2 
2. SINX=COSX 


tanx=1=tan T 
4 


хэвт T 


4 
2. option b is correct. 


7. Тһе set of values of 0 satisfying the inequation 251п20—551п0+2>0, where 0 < Ө «27:18 


a. о) (ол) b. ШЕКЕР 
6 6 6 6 
с. ° d U E 2л) d. none of these 


3 
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Solution : Given inequation 25іп20-56іп0--2>0 
2sin?0-4sin0-sin042»0 
2sinO(sin0—2)-1(sin0-2)^0 
(2sin0-1) (sin0—2) > 0 
1 
=> $10< 5 91 sin@ > 2 


but sinO > 2 not possible 





2. $110 < 5 


хє СЕЕ for x e (0, 2л) 
ЭШЕ: 


1 
хашӨ« 20-06 (ӘРЕ for Ө <(0, 27). 


correct option is “0” 
8. Passage 


Suppose equation is f(x)—g(x)=0 or f(x)=g(x)=y say. Then draw the graphs of y=f(x) and y=g(x). 
If graphs of y=f(x) and y=g(x) cuts at one, two, three ...., no points, then number of solutions 
are one, two, three, ... zero respectively. 
On the basis of above information, answer the following questions. 

it, 
1. The number of solution of sinx= 105 


а. 4 b 6 с. 8 4. none of these 


5л 
2. Тоба number of solutions of the equation 3x+2tanx=— in x ¢[0, 27] is equal to 








2 

a. 1 b 2 с. 3 d. 4 
3. Total number of solutions of sin{x}=cos {x}, where 1.) denotes the fractional part, in [0, 

2n] is 

a. 3 b. 5 с. 7 d. none ofthese 

43| л | 
4. If 1-sinx-^ > Х- 5 +a has по solution when a = R* then 
3 л 
а. a ER b. a> 2 + 48 
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Solution : 


X 
1. Graphs of y=sinx and y = 10 meet exactly six times. Hence no of solutions =6 





5n 
2.  Wehave3x-42tanx- ES in x e [0, 27] 


5л 3x 
tanx =", – = 


4 2 





5т 3 
Graphs of y= 4 2 and y = tanx meet exactly three times in [0, 27] 


Thus number of solution = 3 
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3.  sin{x}=cos{x} 


Graphs of y=sin {x} and y=cos {x} meet excatly 7 times in [0, 27] 





4. — slope of y=1—sinx is —cosx 


mee эс 
+a for x > 2 18 5 


TU 
Х-- 


2 








43 
slope of y= > 











6 
43| л 
у= х — 5 | +а passes throgh ‘P’ then 
д, Ge 
Ыга 
А 
>a> y) ЯГ 


322 


UDOON 


A program to give wings to girl students 


PRACTICE QUESTIONS 
1. SinO+ ./3 cos0-6x—x^-11, 0x0 < 47, x cR, holds for 
a.  novalues ofx and 0 b.  onevalue of x and two values of 0 
c. two values of x and two values of 0 d. two points of values of (x, 0) 
совес х Ї 2 
2. For0<x<2n, then 295 | у’ -y«1 < 42 
a. is Satisfied by exactly one value of y b. — 15 satisfied by exactly two value of x 
c. is satisfied by x for which cos х=0 d. is satisfied by x for which sin x=0 


3. Let tanx—tan?x > 0 and | 2sinx | <1. Then the intersection of which of the following two sets 
satisfies both the inequalities? 


a. х> рл, ПЕЙ b. x?nn- © neZ 
Л Л 
с. x<nt-7,neZ d. x<nrt7,neZ 
4 6 
4. The equation (cosp—1)x*+(cosp)x+sinp=0 in the varibale x has real roots. Then p can take any 
value in the interval 
л л 
а. (0, 27) b. (-п,0) с. 272 d. (0,л) 
5. Let2sin’x + 3sinx—2>0 and х2-х-2<0 (x is measured in radians). Then х lies in the шегуа! 


л 5л 5n T 
T «(4 «өө 6 Ы 


3л 
6. Ї(совес20-4)х2-(со10--4/3 )x 4 cos, —0 holds true for all real x, then the most general 





values of 0 can be given by (n в Z) 


Піл 5n TR Пл 


а. 207+ 6 b. 207+ r3 с. 207+ КЖ d. nm 


Л 
7.  Ifsin*x+cos*y+2=4 sinx cosy and 0 € x, y € =, then sinx+cosy is equal to 


2 


а. =2 b. 0 с. 2 4. 


N | Зэ 


323 


UDAON 


A program to give wings to girl students 


8. 


10. 


11. 


12. 


13. 


The solution of the equation sin'?x--cos'?x— 16 cos^2x is 


mm x т 

а. x= g trel b. х-пл 2,061 
л 

с. х=2пл+ 2205 І d. none of these 


The most general values of x for which sinx+cosx=min {1, a’-4a+6},asR are given by 


n 

a. 2nm, neN b. 2пл+ > ,ngN 
пл 

c. пл+(—1)" 2745 М d. none of these 


1 
Number of solutions of the equations y= 3 [sinx+[sinx]] and [y+[y]]=2cosx where [.] denotes 


the greatest integer function is 


a. 0 b. 1 с. 2 4. infinite 


222 2. 1 
sin^ x——sin x+— 
2 


If (сов х 2=1, then possible values of x are 








Л Л Л 
а. пл огил t(-D'c,nel b. nmor2nnz Tu Or nH- „nez 
Л 
с. пл + (Cc nel d. пл,61 
2 . 
if [s at - (1+tan22y) (3+sin3z)=4, then 
a. xmaybemultiple of x b. x cannot be an even multiple of x 
: : Л 
c.  zcanbeamultiple of x d.  ycanbeamultiple of 2 
Matrix match type 
ColumnI Column II 
. . п St 
а. ІҒЗсов:0-2 ,/3 ѕіпӨсоѕ0-351п20=0 than 0 = р 656 
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b.  Ifrsin0—3, r=4(1+sin0) 


where 0 < 0 € 2r, then 0 = 


Тл 
q. Зе 





НЕГЕ P ЛЕН x ow 5л 2л 
с. 1 ѕп0= > and tanO= уз, then r. 63? 6? 3 
the general value of 0 which satisfies both the equations is 
T , | nt л 
d. 1ІҒ0<х <лап4 $] *+81°% х =30 then x is 5. 21% 
14. If 3sin2x+2c0s?x 3 1-sin2x+2cos’x =28, then the value of x are given by 
a. tanx=1 b.  tanx—1l C. соѕх=0) d. none of these 
re | | COS Х 
15. If gíGin x+sin' xesin x+....0)log. 2} satisfies the equation х?—9х+8=0, then value of —____.._ _ 
cosx - sin X 
T . 
0<x< 215 
1 1 1 
а. 53+ 1) b. 5 (3-1) &. x d. 0 


Integer type questions . 


16. Ifa, satisfy the equaiton 

I2sina-t5cosa-2p?-8p-21, then р2-2р, is 
17. 

3х+2 15 
18. 

Answers 

l.b,d 2. аЪ,с 3. ad 4. d 5.d 
9.c 10.a 11. 12. ad 13.а 5; 
14. b,c 15.6 16.0 17.6 18.2 
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The value of x and у satisfy the equaiton tan?(x+y)+cot?(xt+y)=1—2x—x’, then the value оЁх?— 


The integral value of p for which үр cosx —2sinx = /2-,2- р has asolution, is 


6. a,b 7. с 8.а 


b>p;c>q;d>r; 


UDAON 
TRIGONOMETRY - IV 
Trigonometric Equations - Problem Solving 
Equations involving trigonometric functions ofunknown angles are called trigonometric equations. 
Numerically least angle is called the principal value (solution). 


Since, trigonometric functions are periodic, a solution is generalised by means of periodicity ofthe function. 
The solution consisting of all possible solutions ofa trigonometric equation is called its general solution . 


Trigonometric Equations General solutions (р є 7) 


sing =0 Ө= пл 

cosQ = 0 Ө = (21+1) x/2 
tang = 0 Ө= пл 

cote = 0 Ө = (2+1) л/2 
sing =sina Ө=пт+(—1)"о. 
соѕ 09 =cosa Ө= 207+ а 





tang =tan a 0-пл-ғо 
8120 = $102 a б-пл-а 
соѕ2 9 = cosa 0-07-4 


tan? 9 =tan° a отла ao 





Method of an auxiliary angle 
Equations of the form acos + b sing = саге equivalent to the elementary trigonometric equations 


с р а 
соѕ(Ө + ф)= Г 2 2 where sing = 72 > , соѕф = 
а +b ya^ +b ya^ +b 


If lc| 7 Ja? +b? ,ћепасоѕе + bsing =c has no solution. 


lel < Ja? +b? » then put 
с| 
a’ +b’ 


со8(0- ф)-сово 


= сова, so that 


— Өт ф =20л+а 


- Ө =20л+оа+ф; neZ 


Note : 

(i) While solving, if you are squaring a trigonometric equation (which should be avoided as for as 
possible), check the solution for extraneous roots. 

(ii) Do not cancel terms containing unknown terms which are in product (it may cause loss of a valid 
solution) 


(ш) Remove all those values (angles) which make any of the terms undefined or infinite. 

Solving trigonometric equations graphically 

Sketch the graph of each side of the equation. Now look for all the points of intersection within the given 
interval. 
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Solved Examples 
1 The number of distinct solutions of 


л 
5115 0 cos3 Ө = $119 0 cos7 Ө in Ч 18 


а) 4 (b 5 (с) 8 (4) 9 
Solution : 
2sin5 0 cos3 0 = 25119 0 cos7 0 
=> 51080 +5112 09 =sin16 89 +sin2 0 
— 51160-51180 =0 
=> 2cosl29.sin49 =0 





sin4 0=0 or с0$120 =0 
: ИЛ | Л 
gives Ө= 4 Or gives Ө = (2п+1) 24 
т T п Зл 5л 7л 9л llr 

ал ui 0724'24'24'24'24* 24 
2. 9 possible values 
Ans: (d) 

2 The number of values of x in [0,5 т | satisfying 3cos2x—10cosx+7=0 is 

(a) 5 (b) 6 (c) 8 (d) 10 
Solution : о 


3(2cos’x—1) —10cosx+7 = 0 
3cos2x—Scosx+2=0 => 3cos?x-3cosx42- 0 
2 (3сох-2) (cox-1) =0 


=» созх =>, 1. 





2 Y 
Clearly the lines y = 3^ 1 intersect the graph at 8 points 


Hence 8 values 
Ans : (c) 
3 If sin? 9 —2sin 0—1=0 is to be satisfied for exactly 4 distinct values of 0 e [0,n x], v ne N; then 
the least value ofn is 
а) 2 (b) 6 
Solution : 
sin? 9 —2sin Q-1-0 
sing=1+ J2 
=> sing =1—,/2 (as 1+./2 isrejected) 


clearly four solutions lie in [0,4 л] 
2. least value ofn is 4 
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Also 5" solution lies in [0,5 л] 
г. greatest value can be 5. 
Ans : (c) 


4 The most general solution of secx—1 = (/2 - 1) tanx is 


(a) пл ES (D 20л,20л 27 (<) 207 (d) None ofthese 


Solution : 
Given equation can be simplified to 


(1-cosx) = (42 — 1)sinx 


255 - êE 25115-05 =0 





х(.х Х 
а | sin 42 1) соѕ = 
2sin 2 | 2 ( ) =) 0 


> іп; =0 or {а 2-42-1 
> 5 =пл ап (апа 
x Л 

х-207 nez 2 ants 


Ans: (b) 
5 Sum of all the solutions of 








БЕЗЕР 
COSX.COS| 5 -COS| 3 = д›Хе [0,6 д] 13 
1107: 
(а) 157 (0) 30л (с) 3 (d None 
of these 
Solution : 
ЦЭРЭН | 
1 cos3x = 1 
2лл 

С083Х:1 => cos3x=cos0 = 3x=2n д > 

2п 4л бл 8л І8л 
малаа Эр 


Adding we get the sum as 30 л 
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Ans: (b) 

6 The number of solutions of cosx= |1+sinx| for x e [0,3 л], is 
(a 3 (b 2 (с) 4 (d) Noneofthese 
Solution : 


Itis evident from the figure that, the two graphs intersect at 3 points. 


Y 
1 
о 2n X 
-1 
Ans (a) 

7 Thenumber of solutions of | 5» х +1 6°°°’х = IO in x e [0,2 x] is 
а) 8 (b 6 (с) 4 (4) 2 
Solution : 

16" * +16179" X = 10 

T 16 
put 16" *=y => YU = 10 
у—10у+16 = 0 gives y = 8,2 


~ 169 =2,8 = (16): & (16) 





13 
Clearly lines y= =, = intersect the graph in 8 points 


474 
Hence 8 possible solutions. 
Ans : (a) 
PRACTICE QUESTIONS 


1 Let P= fo: sin 0 —cos 0 = V2 cos 6} and 
Q= 0 :sin Ө + соѕ0 = 42 sin o} be two sets. Then 
(a) PcQandQ-Pz$ (6) QgP (с) РуО (d) P=Q 


тл пл 
2 The number of values of Q in the interval Е , z) such that 0 + 3 forn- 0, 4 1, - 2and 


tan Ө -со15 0 as well as sin2 Q = cos4 Q is 
а) 0 (b 1 (с) 2 (4) 3 
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3 


4* 


10 


The positive integer value of n>3 satisfying the equation 





1 1 NN 
| 8 B (25 Р (=) 
sin — sin — | sin — 
n n n 
(a 5 (b 6 (с) 7 (4) 8 
: i —T T : $ tan’ 

All values of Ө in the interval 7222 satisfying (1-іап Ө )(1-4ап Ө )sec?9 +2" =0 

Л -T 
(a) 3 (b) 3 (c) 0 (d) None ofthese. 
Match the following :- 

Column I Column II 
(a) Number of roots of cos’x+sin*x= 1 (p) 1 

in the interval [0,2 л] 
(b) Value of ‘a’ for which а2– 2atsec’ (atx) =0 (д) 0 

has solution 
(c) Number of solutions of |cosx| = 2[x] (r) 4 


The solution set of 4sinx—l |< s , |< л is 


| Р =| | T 7 E "| (<% x Е rn) 
(a) 7% JY s'10) V (10^ ( (710710/“(10710 


-9т, -л Зл Тл -Im 9n 
© (7%% jV(10710VU10 ) © (10710 


The number of points (х,у) inside the circle х?+у?=4 satisfying the equation tan x-tcot^x-- 1—3sin?y is 

















(а) 1 (b 2 (c) 4 (d 8 
If sinx = 2sin Q, cosx = tany, tanx=cosz and cosy = tanz, then 0 is 
(a) 18? (b 36? (c) 54? (d) 72° 


Read the following and then answer the questions. 
Consider the system of equations 
sinxcos2y = (а2—1)2+1, cosxsin2y = а+1 
(i) | thenumber of values ofa for which the system has a solution is 
(а) 1 (b 2 (с) 3 (d) infinite. 
(it) The number of values of x є [0,2 л | when the system has solution for permissible values ofa 


is 
(а) 1 (b 2 (с) 3 (d 4 

(i) ^ The number ofvalues of y e [0,2 л | when the system has solution for permissible values of a 
(а) 2 (b 3 (с) 4 (d 5 

The total number of solutions of sin {x} = cos {x} in[0,2 x ] is 

(а) 5 (b) 6 (c) 8 (d) Noneofthese 
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11 


12 


13 


14 


15 


1 
If sinx+cosx= b i 3 Xe [0, x] then 


3 
(a) х- 2 “уг! (b у=2 (с) х= 2 (d) None ofthese. 





Ifthe inequatlity sin*x+acosx+a’ > 1+cosx hods for any x eR then the largest negative integral 
value of ‘a’ is 


(а) -4 (b -3 (с) -2 (d -l 
The number of solutions of x e [0,2 л | for which [sinx+cosx] = 3+[—sinx]+[—cosx] is 
(a) 0 (b) 4 (c) infinite (4) 1 


The arithmetic mean of the roots of the equation 4cos?x—4cos?x-cos(315 n+x) =1 in the interval 
(0,315) is 

(a 50m (0) 51л (c) 100л (d 3152 

Values of x & у satisfying the equation 

siny = x?-x?-9x--9| + [х?—х?—4х+4| + зес?2у-+сов“у are 


Л 
(а) х=1,у=пл,пе7. (b) x-Ly-2nn*5,.neZ 


(c) х-І,у-2лл,пе7(4) Noneofthese 


'Note : Questions with * have more than one correct option' 


Answers 
2.d 3.c 4.a,b 5.a>r;b>p;c>q 
7.c 8.a 9. (i) a (ii) (1) 4 10. b 
12. b 13.a 14. b 15. b 
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TRIGONOMETRY - I 
Properties of Triangles 
1. SINE RULE 


snA sinB sinC 











a b с 


а b с 








or 





snA sinB sinC 


2. COSINE RULE 


b? + с? а? 
20с 
2:42-12 
2са 
а? +b’ с” 
iii. С08С------- 
iii 248 
3. PROJECTION FORMULAE 
1. b cos C + c cosB = а 


ii. c cos А +a cosC =b 
iii. acosB+bcosA=c 
4. NAPIER’S ANALOGY 


(8-0) b-c А 
1. їап = со! 














2 / b+c 2 
(£^) с-а В 

11 tan = cot 
| 2 cta 2 
(=) a—b C 

iii tan - со! 
| 2 a+b 2 
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5—Ы)5—с 
be 


5-СД5-а 


са 


8-а)8-8 





‚ А 











8Ш 


Ш. 
































_— — тт 
о [ss] Eel o о © 
© _© о | | = == Мы 
| | 2 c EN © ши, орош ро, n| O nl О о | c 
gie 9 „| S MEZ | | a | |“ 0 | | я | | 0 | | 
n Ф n n n n n n 
сс — — — — 7 ст — 
! I [ || || || || 1 || 
< |< IN Ча «|l AlN «Фа < ч О|с 
ua un un ч ч ч + + — 
o o o c c c o o o 
о о о i ә = о о о 
s .= š | * ... 
ж ic i ze = шш ч ан иц 
S o d 








i= = 2 


1. 


s(s a\s Ь)$ с) 


be 


bc 





2А 


са 


у - c) 





sinB 


ii. 





2 
ab 


2А 
ар 


4/s(s —a)(s — bs — c) 





sin C 


iii. 
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6. RADIUS OF THE CIRCUMCIRCLE ‘R’ 


а _ b Шин: _ абс 
25А 2888 2sinC 4A 





7. RADIUS OF THE INCIRCLE ‘r’ 


r= > = (s ыг - 8 b)tan P - (s juu - Шон ЫШ аш 
5 2 2 2 2 








8. RADII OF THE EXCIRCLES r,,r, and r, 


| А А А-В C 
1. т, = —— = {ап — = 4R sin — cos — cos — 
5—а 2 2 


Т В А.В С 
ii. r, = —— = stan — = 4R cos — sin —cos — 

8-0 2 2 2 2 
= 
5-С 


С А В.С 
iii, G= —stan— = 4R cos — cos — sin — 
2 2 2 2 
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10. 
11. 


12. 


13. 


B C 
4С05--005-- 
= — 2 ete 
COS — 
2 


у. тн. er 4r 


- Ad pod 
ЫГ D. X т, r 

Vii. гу, = 82 

уш. acosA + b cosB + c cosC = 4R зшА sinB sinC 
ix. асоѓА + b со В + с со С = 2(В +7) 








„В. © LL A . А. В 
asin—sin— bsin—sin— csin- sin- 
Alsö. t= 20 2.22 2 2 
1 А В 
С08-- cos — cos — 
2 2 2 
If length of the median AD, ВЕ and CF are given, then sides can be determined by using 
the formula 








a? = СВЕ? + 2CF? -Ap?) 
Же 2 4 2 2 2 
Similarly Ъ = (СЕ? +2АР -ВЕ?) 


4 
and c? = (Ар? +2ВЕ? - cr) 


Distance of the orthocentre from the vertex А is 2R cosA. 

PEDAL TRIANGLE 

Triangle formed by joining the foot of perpendiculars drawn from vertices to opposite sides of 
a given tri-angle is called pedal triangle. 

Length of the sides of pedal triangle of given AABC are а cos А, b cos B and с cos C respectively. 
Angles of the pedal triangle are 180° — 2А, 180° — 2B and 180° — 2C respectively. 
EXCENTRIC TRIANGLE 


ІІ, L, and I, are the centres of excircles, then AIL, T, is called excentric triangle. L, A, I, ; 
L, B, I, and L, C, 1, are collinear. AABC is the pedal A of ALI,I,. Incentre ‘T of 
the AABC will be orthocentre of ALI,I, . 
If median AD inclined at angles o, B, y with BC, CA and AB respectively then 
bsinC 


J2b? 4 Jo =a" 





sina = 





asin C : аѕіп В 
and sin y = 
42b? + 2c? – a? 42b? 4 2c? — a? 








sinp = 








335 


А program to give wings to girl students 


14. Distance between orthocentre and circumcentre 


= RV1—8cos А cos Всоз С 
15. Distance between circumcentre and incentre is 


в өзін sin Ё sin = /R(R —2r) 


16. Distance between circumcentre and centre of excircles are 


Эн 1+ 8sin 2005 cos = RRR +21) 














N 





OLR [L« Scos sin сов == JR(R +21,) 
А 
OLR 1 +8e0s5-cos-> sin = ВВ +2r,) 


17. Length of the angle bisectors 


AD- 2bc cos Ê _ bcsin A 








SC 











b+c 2 brea 
2 
2 В 2 
ВЕ- 25 065048 - a "m 
cta 2 at+b 2 


18. Area of quadrilateral ABCD, if sum of a pair opposite angle is 20:18 


(s—a\(s—b\(s — cs — d) - abcd cos? а 
where 2$ = atb+c+d 
19. m-n THEOREM 


(m+n) со = m cota—n cotp 








(m+n) cot0- n cotB — m cotC 


A 


АУ 


= 
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SOME EXTRA TIPS 
1. i ХазаВ-С)-0 
ii, — Y'a cos(B- C)- 3abc 
2: i If a cosB = b cosA, then the triangle is isosceles 
п. Ifa cos A= b cos B, then the triangle is isosceles or right angled 


ii. Ifa*t+b*+c? = 8R?, then the triangle is right angled 
iv. Ifcos*A + cos*B + cos’C = 1, then the triangle is right angled 








sin B 
у — IfcosA == —., then the triangle is isosceles 
2sinC 
| - : баазаа єє 
vi. = = , then the triangle is equilatera 
cosA cosB cosC в Ч 


3 
vii. If cosA+cosB+cosC 75 ‚Шеп the triangle is equilateral 





343 
vii, IfsinA+sinB+sinC = L , then the triangle is equilateral 


ix. IftanA+tanB+tanC =3,/3 , then the triangle is equilateral 


x.  IfcotAtcotB+cotC = ./3, then the triangle is equilateral 
3. a.  Thecircumcentre lies (1) inside an acute angled triangle (ii) outside an obtuse angled 


triangle. 
b.  Thecircumcircle ofa right angled triangle is the mid point of the hypotenuse. 
c. Тһе orthocentre of a right angled triangle is the vertex at the right angle. 
4. Triangle is equilateral if any one of the following holds: 
a: К=2г b. десет с. nEn-10523 


1 2 3 
S. Triangle is right angled ifr: R : r, = 2:5:12 
If rrr, are in H.P. iff a,b,c are in A.P. 
7. Шап equilateral triangle: 


со 





43a? а R 
a. area 1 b. В с. 2 
ЗВ 
4. zc E ша е т=К=г=1:2:3 


337 


А program to give wings to girl students 


EXAMPLES 


1 
1  Intriangle ABC, 2ac sin 3 (A= Бер 3 is equal to 


(а) a^b?-c (b) са? (c) bca? (d) c?-a?-b? 
Solution 


1 
Given that 2ac sin Е (А-В + 3 


i us (5 28) 


ein] 


— 2ac cos B 


a sc —b 
— 2ac ~ ace 


= a2+¢2_h? 

Correct option is ‘b’ 

Л 
6 


opposite to A,B and C, respectively. The values of x for which a = x*+x+1, b= х?—1 and 
с = 2х+1 is (are) 


2 Let ABC be a triangle such that / АСВ = and let a,b and c denote the lengths of the side 





8) -0--8) (b) 1-43 8) 2545 (d 445 
Solution 

Given that / АСВ = - 

а? +b? е? 
со8(/ ACB) = cos C = —— ——— 
2ab 
л О-о 
У 2(x? +x 4 Dx? — 1) 








i 2(x? +x + 1)(x? – 1) 2 2x? +x+1)(x? —1) 


2 2 2 n2 oe 
43 (x^ +3x +2)(x* – x) - х -1) = 43.  2х+2х—3х°—2х+1 
2 


x(x? +3х+2)+х°—1 








= 2x*-2x Ay x% 
43 X ud _ v3 _ a ы LE 1) 
: 2 2(x^ +X + 1)(x* – 1) 
2x* - 2x - 1 
48 = x? 4x41 


338 


Po 
UDA AN 
вое ванн 
- /s)« уз 

= wea 
Х-- +3), IH 
аз х>0 . х=1+ 3 

Correct option is ‘b’ 





3 In A ABC, interval angle bisector of / A meets side BC in D. DE L AD meets AC in E and AB 








in F. Then 
. 2bc 
(a) АЕ 15 HM of b апіс (b) AD = vic соз > 
4% . А и 
(с) ЕЕ = bac MD (d) A AEF is isosceles 
Solution 


In A AFE, we get AF = AE 
^. А AFE is an isosceles A 
ац A ABC) = ar (А ABD)*ar( A ADC) 


1 . 1 Ai 1 . А 
= — be sinA= = сАрѕіп = += bADsin — 


2 2 2 2 2 
2besi = S cds A b+ 
csin cos = Арѕіп (b+c) 
тэн 
- 2 
b+c 





A 
Also AD = АЕ cos — 


2 
А 2bccos А 
AEcos "s rr a2 
bt+c 
г. AE is HM of b апас 


A A 
| А 2.2bc cos—.tan— 
Again EF = 2DE = 2AD tan a 2 2 





b+c 


4рс din 
=____72 


b+c 
Hence option a, b, c, d are correct 
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A 
4 Ina triangle ABC with fixed base BC, the vertex A moves such that cosB+cosC = 4 sin? 2 


If a, b and с denote the lengths of the sides of the triangle opposite to the angles A,B апа С 
respectively, Then 











(a) btc=4a (b btc=2a 
(c) locus of point A is an ellipse (d) locus of point A is a pair of straight lines. 
Solution 
A 
Given that cosB+cosC = 4sin? — 4 _. m-B+C 20088-0 
2 - Sin sin 
2 2 2 2 
В-С В-С А 
— in2— 
2cos p 908—5 4sin 2 





B-C 
COS 
2 
В+С\=— 
COS 
2 


Componendo and Dividendo 


-C B+C 
cos + COS 
2 2 2+1 
В-С B+C = 2— 
cos — cos 2-1 
2 2 





№ 











В С 
2С05--005-- 
2 2 


„В.С 
2sin— sin — 
2 2 





3s—3a=s 

2s=3a 

atbtc = За 

b+c = 2a > AB+AC>BC 

г. locus of A is an ellipse. 

Hence options ‘b’ & ‘c’ are correct 


PRACTICE QUESTIONS 
1 The roots of the equation 6х2—5х+1 = 0 are tan 5 and tan 5 where А, В, С are the angles ofa 
triangle, then 
(а) Ее (D a+b? = е2 (с) а= е2 (d) None of these 
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10 


cosA  cosB cosC 











If 1 Bo ue and the side a = 2 then area of triangle is 
43 
(a) 1 ©) 2 © M @ УЗ 
If in a triangle РОК, sinP, sinQ, sinR are in А.Р then 
(a) The altitudes are in A.P (b) Тһе altitudes are in Н.Р 
(c) Тһе medians are in GP (d) The medians are in A.P 
1 1 1 
If the sides а, b, с of А АВС are in A.P then cot, A, cot; B. cot C are in 
(a AP (D GP (2) HP (d) None of these 
If radius of the incircle of a triangle with sides 5р, бр and 5p is 6, then p is equal to 
(a) 4 (b 6 (c) 8 (d) 10 
sin? A +sin A +1 
In any A АВС, 2, ЈАКА is always greater than 
(a) 9 (b) 3 (c) 27 (d) 10 
If c? = a’+b’, then 4s(s—a)(s—b)(s—c) = 
(а) 8 (b Бо (с) са: (d) ab 
20267 
Ifa, b, c, d be the sides of а quadrilateral, then the minimum value of — ОЕШ is equal to 
5 b Ч - 4) 1 
@ 5 (b 5 E (d) 
n Г, Г. 





be ca ab 








(a) X (b) 2R-r (c) r2R (d) x 
Passage 
a abc 
(а) snA deles 4A 
A A . A,B,C 
(b r= ru (8-а) tan 5 = 4R sin sin, sin 
^ A ‚ А В С 
(с) i= "EN —stan 2 = 4Rsin 2 905 7 008: 


(d) IfP be the orthocenter of a А ABC and its distances PA from the vertex A and PL from 
the sides BC are PA = 2RcosA, PL = 2RcosBcosC 

Answer the following questions based upon above passage 

(D.  Ifr =2r, = 3r, then 


vje 
© |S 


w | CA 


3 
(y ce (а) <= 


Kiln 


a a 
(a) b (b) E 
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(1) r? Ї г Ї n? Ї г = 
а? +b? +c? а? 
а) =— 3 (b) 2: (c) 4R (d) 4r 
S А 
ыг Шер opc 
(ш) 2% 
а b с 
(а) = (D = (с) = (4) None of these 
Ч г, г, 
(iv) In a triangle ABC, let ис = 2 If r is the inradius and R is the circumradius of the 
triangle then 2(г+К) is equal to 
(a ањ (b) b+c (c) cta (d) atbtc 
Answers 
l.b 2.d 3.b 4.a 5.a 6.c 7.d 8.b 
9.d 10. (1).0,4.(11).0 (iii). c (iv). a 
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TRIGONOMETRY - II 
Properties of Triangles 
EXAMPLES 


1 Ina A ABC the inradius and three exradii are т, г, г, and г, respectively. In usual notations the 
value of r.r,.r,.r, is equal to 








abc 
(a) 2А (b) А? (c) 4R (d) None of these 
Solution 
A А А А 
LII, с.с. snc 
n 
(Hw 


correct option is ‘b’ 
2 The distance between the circumcentre and the orthocenter of a triangle ABC is 








(а) Ку 8соѕАсоѕВсоѕС (b) Ку + 8соѕАсоѕВсоѕС 
(c) Ку – 4cosAcosBcosC (d) None of these 
Solution 
Let O & P be circumcenter and orthocentre respectively of A ABC 
OF L AB. 


We have /OAF = 90°-C (... /АОЕ= 7C) 
= /РАЕ (InA ADC) 
Z ОАР = / A- /ОАЕ- /РАЕ 
= / А—(90°- 7 С)-(90° 4 C) 
= / A12 / C-180? 
= /А“2/С-(/А-/В-/С) 
= 'С-/В 
ОА = К (circum radius) and РА = 2RcosA 
In А ОАР 
OP? = ОА?+РА?—2(ОА) (PA)COS(C-B) 
= R?-4R?cos?A-A4R?cosAcos(C-B) 
= RH R?cosA(cosA-cos(C-B) 
= R*+4R’cosA(—cos(B+C)—cos(C-B)) 
= R?-AR?cosA(cos(B4C)*cos(C-B)) 
= R?-4R?cosA (2cosBcosC) 
— R?-8R? cos AcosBcosC 
OP? = К? (1-8cosAcosBcosC) 


OP = К J1— 8cosAcosBcosC 


Hence ‘a’ is the correct option 
3 The radiir,, r,, r,, of escribed circles of the triangle ABC are in HP. If its area is 24sq.cm and its 


perimeter is 24cm, then the lengths of its sides are 
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(а) 4,6,8 (b) 
Solution 


Given that r,, r, r, are in HP 


4,9. 11 (с) 6,8, 10 (d) 


8-а s-b s-c | 

A? A? are in A.P 
or 5-а, 8-0, s-c are ш А.Р 
or a, b, саге in AP 
atc = 2b 
atb+c = 24 
30-24 
5-8 
uim 
atc = 16 
с = 16-a 
A? =S(s—a)(s—b)(s—c) 
24х24-12(12-а)(12-8)(12-(16-а)) 
24х24 = 12х4(12-а)(а-4) 
12 = (12—а)(а—4) 
а?—16ба+60 = 0 
а2-10а-ба-60 = 0 
(a-10)(a—6) = 0 
а-10ога-6 
а = 10,с = 6, b=8 or a= 6, b=8, c= 10 
correct option is ‘c’ 








Le. 


S 12 














4 In A ABC the value of is always equal to 


Г 
1+ соѕс 


(а) 21 (b) 2R 
Solution 
We know 
А В 


rtr, =4К sin 5 cos 5 





C лра B cos С 
шиг т SHE 5952 5092 





С (sin B cos B + cos 2. sin в) 
=4Rcos 2 2 2 2 2 


аав) 


-АР. С [cos] 
-4Rcos; 2 





С |. 
= — | Sin 
АК соз 2 | | 


С 

= 2—. 

4Rcos 2 
=28(1+соѕС) (1+cos2 Ө =2cos’ Ө) 
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“ 16с08С 0 2 
3 Let ABCD be a quadrilateral with area 18 with side AB parallel to the side CD and AB = 2CD. 
Let AD be perpendicular to AB and CD.If a circle is drawn inside the quadrilaterals ABCD 


touching all the sides, then its radius is 


(a) 3 (b 2 © 5 @ 1 
Solution 
Given that AB = 2CD 
Let CD=a ,АВ-2а 
7. В(2а,0) 
and c(a,2r) 
Let the centre of in circle be (r.r) 
Where r is the radius of the circle 
Since AB ||^ to CD 


г, ABCD is a trapezium 


] 
ar(ABCD) = 5 h(sum of parallel sides) 


1 
75 x2r(a*2a) 


18 = Заг 
аг = 6 

Now ВС is a tangent to the circle 
ету - r 


2 
Equation of tangent is y = — 7 (х-2а) 
2rxtay—4ar = 0 


2r? +ar—4ar 


T| Мажа? 


2r? – Заг 
y Ar? +a? 
squaring 
4т^+а212 = 4r*4-9a?r—12ar? 
12aP = 8а2г2 
3r = 2а [.:. аг = 6] 
Зг = 2аг 
3r = 12 
рг = 4 
г= 2 








T= 








6 In a triangle ABC, a:b: с=4: 5 : 6. The ratio of the radius of ће circumcircle to that of the 
incircle is 
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а) 2 o = c) 2 г 


Solution 


й= a 2 
4А? r$ 


R abc s 
х 


r 4A A 
abc xs 
4A? 





abcxs 
7 4(s(s-a)(s - b)(s – с)) 
2abc 
~ (2s —2a)(2s — 2b)(2s — 2c) 
2арс 
~ (atb—c\(c+a—b\(b+c—a) 
_ 24.5.6 
| 3.57 














3. 
16 
7 


l 1 1 1 
7 The value of 29 2+ 257 is 
п 0 в r 























2122 2 "PE M, 
a^rb^-cc a^c-b^-cc 
a) 0 b z c —— —5 э (а ————— 
(a) в; =, © saz @ A 
Solution 
Ж (заг 1 wey ^ ese: 1 s? 
-— 5” 2 327 2 > 22 Шы 2 5.2 42 
Г А T2 A I5 А r A 
І 1 І 1 8 4(8-а) 4(8-) +(5—с)” 
ud Wl 258 aa m le J 
r Г І r А 
4s^ +a? 4 b^ +c? =2s(atb+c) 
- " 
4s? +a? +b? 4 c^ = 4s" 
- : (atb+c = 2s) 
A 
a? +b? «c? 


А2 


346 


UDOAON 


A program to give wings to girl students 


1 
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PRACTICE QUESTIONS 


. a? 4b? c" . | 
In ААВС, а>6 > с if = 8, then the maximum value of a is 


sin? A + sin? B + sin? c 














1 
(а) > (b 2 (с) 8 (4) 64 
Sides of triangle ABC are in AP. If a <min {b,c}, then cosA may be equal to 

3c — 4b 3c — 4b 4c — 3b 4c — 3b 
а) “% () “ж © “% Ф “ж 





| іп /3—4sin AsinC . 
In a А ABC, angles A,B,C are in AP. Then X > € ————— —— is 


|A-C| 
(a) 1 (b 2 (с) 3 (d 4 
In a triangle ABC, 2а?+46?-с? = 4ab+2ac, then the numerical value of cosB is equal to 
3 5 7 
(a) 0 o = © 3 à) $ 


If a, b, c be the sides of a A ABC and if roots of the equation a(b—c)x*+b(c—a)x+c(a—b) = 0 are 


‚А,В . С : 
equal, then sin? БЕ sin? > , sin? > aein 








2 
(a AP (b) ОР (c) HP (4) AGP 
. . 2 2 1 8° р 
ша А АВС sides a, b, c are in AP and | | then the maximum value 


19 37 55 (20) 
of tanA tanB is equal to 


1 1 1 1 
@ 5 (b 3 () 2 (@ 5 
| YtanA . 
If A, B, C, D are the angles of quadrilateral, then УСА СОГА 55 equal to 
(а) ТчапА (b лсоА (c) Уп? А (d) ХсоёА 


b+c с+а a+b . 
With usual notations, if in a ^ ABC, 11 ^ 42. ча ‚ then cosA: cosB: cosC is equal 








to 

(a) 7:19:25 (b) 19:7:25 (c) 12:14:20 (d) 19:25:20 
sin? A +sinA +1 

In and A ABC, [] Sink is always greater than 

(a) 9 (b) 3 (c) 27 (d) None of these 


The radius of the circle passing through the centre of incircle of A ABC, and through the end 
points of BC is given 


a a A а). А 
(а) БЕЛ (b) БЕБ (с) НТ (4) кес 2) 
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12 


13 


14 


15 


Ifin a А АВС, а, b, c are in AP and p, p,, p, are the altitude from the vertices А, B, C respectively 
then 





(а) P P» p, are in AP (b) P, Pa р. are in HP 
"C "I Е Е 
(c) ртр, +P, < (d р, 7р, * ps 57 


If tanA, tanB аге the roots of the quadratic abx^-c?x-*ab = 0, where а, b, с are the sides of a 
triangle, then 


a b 

(а) tanA= p (b tanB= = 
2 
(c) cosC=0 (d) tanA+tanB = 2- 


If sin В is the GM between sin a and cosa, then соѕ2 В is equal to 


‚ [т Л Л ШЕ: 
(а) 2sim E = «| (b) 2cos E ES | (с) 2cos Ё + a) (d) 2sin? Ё + | 
Раззаре 1 

Їїр, p» p, are altitudes of a triangle ABC from the vertices A, B, C respectively and A is the 
area of the triangle and s is the semipermanent of the triangle. On the basis of above information, 
answer the following questions : 














1 1 1 1 
: á " _ 1 қ 
O Е р, p “р, 2 then the least value of p,, р„ р, is 
(a) 8 (by. 27 (c) 125 (c) 216 
. ЭРЭР” С08А  cosB cosC 
- - 
(п) Тһе value o pi pz ps is 
1 1 a? +b? +C? 1 
(a) - (b) & со = (4 X 
2 2 2 
(ш) The minimum value of E T DR ын pS Ps is 
(а) А (b) 2А (с) ЗА (4) 6А 
(iv) The value of p,*+p, +p, ? is 
(ғау (xa)? by ла? 
Же 9) вл? (©) шг «) 8A? 
(v) Inthe triangle ABC, the altitudes are in AP, then 
(a  a,b,carein AP (b) а, Б, сагеіп HP 
(c) a,b,c are in GP (d) angles A, B, C are in AP 
Passage II 


In a triangle if the sum of two sides is x and this product is y (x >2 УУ ) such that 
(x+z) (х-2) = y where z is the third side of the triangle. 
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16 


17 


18 


19 


20 


21 


On the passes of above information, answer the following questions. 
(i) Greatest angle of the triangle is 














(a) 105 (b) 120 (с) 135 (d) 150 
(ii) Сегішп radius of the triangle is 
(a) x (b у (с) 7 (d) None of these 
(іі) In radius of the triangle is 

y 2 ууз 243 
а) 25) () су) СЕ хуу 
(iv) Area of the triangle is 
(a) BS (b) ES (c) Са (4) None of these 
(v) Тһе sides of the triangle are 

2 _ 2 _ 2 _ 

(а) гэ z (b) yey" „z (c) zR 7 (d) None ofthese 


Assertion and Reason 


г 15 +r 
Assertion (А): In any А ABC, ће minimum value of -—2— is 


Reason (В): AM > СМ 

(a) A (b) B (с) С (d D 
Assertion (А) : If A, B, C D are angle of a cyclic quadrilateral then УзтА = 0 
Reason (В): If A, B, C, D are angles of cyclic quadrilateral then У cos A = 0 





(a) А (b B (с) С (d D 
l-a? 
Assertion (A) : In any A ABC, the square of the length of the bisector AD is bc (bec) 
; ‚‚ 2bc А 
Reason (R) : In any А ABC, length of bisector AD is bic 59582 
(а) А (b В (© С (d D 


Integer Type Questions 
If the radius of the circumcircle ofa triangle is 12 and that of the incircle is 4, then the square 
of the sum of radii of the escribed cirle must be 


A 

2 
acos* — 

> 2 


Ina A ABC, the maximum value of 1000 | д+р+с must Бе 


Matrix Match Туре 

Column I Column II 
(а) Ina A ABC, if 2a*+b*+c? = 2ac42ab, then (р) AABC is equilateral A 
(D Ina ААВС, ifa’+b*+c? = |/2 b(c*a), then (д) AABCisright angled A 
(c) Ina AABC,if a’+b*+c? = be+ca./3 , then (г) AABCisscalene A 
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(S) | AABCisscalene right 
angled A 
(t) Angles B, С, A are in AP 


Answers 
1. b 2.d 3.a 4. d 3.0 6.0 7.а 8.а 
9-0 10. b 11. bd 12. a, b, c, d 13. a,c 14.().b (ii).b 
(ш).а (iv).c (v).b 15.().b (2.4 (iii).c (iv).a (v).a 
16. b 17.4 18. а 19. 2704 20. 0750 21.aptboqscoq.rt. 
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TRIGONOMETRY - Ш 


Properties of Triangles - Problem Solving 


Properties and Solutions of Triangles 


Notation : 

Vertices A,B,C 

Sides a, b, с 

Centroid G (Point of intersection of medians ) 

Orthocentre O (Point of intersection of altitudes) 

Circumcentre 5 (Point of intersection of perpendicular bisectors of the sides) 
Incentre I (Point of intersection of internal bisectors of the angles) 

Excentres I,,L,I (Point of intersection of internal bisector of an angle & external bisectors 
of the other two angles). 

Circumradius R (radius of circle with centre S and passing through the vertices) 
Inradius r (radius of circle with centre I and touching the sides) 


Exradii г, r,, т, ( radii of circles with centres I Г.Т, respectively and touching the sides) 


2 а-р-с 
Semiperimeter $ = 03 


Area of triangle A 


Concepts and Formula 


1 














Sine law 
аас на ABC : с 
da E 'sinA sinB sinC 
Cosine law 
In any triangle ABC 
birea? 
e cosA = 25 ог a? = b?+c?-2be совА 
2bc 
2 2 2 
c +a —b 
e cosB = or b? = c?*a?-2ca cosB 
2ac 
2 2 
а +6 с 
А cosC = or с? = a2+b*2ab cosC 
2ab 


Projection formula 

° а = bcosC+ccosB 

e Б = ссоѕА+асоѕС 

° c = acosB+bcosA 

Napier’s analogy (Tangent rule) 
B-C b-c A 


3 pao "a 





e tan 
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: С-А с-а к... 
5 Mia 2 ста ын 2 

А А-В a-b US 
б Мата”? 
Auxiliary formulae 


(Trigonometrical ratios of half angles of a triangle) 





ng be 


‚ А _ |(s—b)(s—c) 
51 = : 


.B (6-96-) С (6-а)-». 
; sin 2^ m ; sin 2^ ab : 




















ae _ [s(s—a) — js(s—b) _ eae Is(s—c) | 

5 27 be” 2” са ” 2.7 ab ' 
A (s - b)(s- c) | В (s—c)(s—a) | С (s—a)(s—b) | 
Ч d s(s-a) ^ rm s(s=b) * а s(s-c) ^" 











_ А 
— s(s—a) 


_ А _ A 
i s(s— b) i s(s— с) 
6 Area of Triangle 


e Area of triangle ABC A — 4 s(s—a)(s—b)(s—c) (Hero's formula) 





1 А 1 . 1 . 
^75 absinC — 2 besinA = 2 casinB 


1 a’sinBsinC 1 b?sinCsinA 1 c?sinAsinB 

















e A“? +0 2 sin(C+A) 2 sin(A+B) 
7 ША = < 
e ША = = be s(s —a)(s — b)(s—c) 
тэ... 
e sinB == ,/s(s —a)(s — b)(s—c) 
"E ONE 
e sinC- = = 3b \/5(5 —a)(s — b)(s — с) 
snA sinB  sinC 2A 
Also = = = A 
a b с арс б, 
8 m — n Rule \ 
In any triangle, 
(m+n) cot@ = m cot a-n cot В х 
В m n С 


=n cot B-m cot C 

9 Circumcircle of a triangle. 
Circle passing through the angular point ofa д ABC is called its circumcircle. Its radius 18 
denoted by R. The circum centre may lie within, outside or upon one of the sides of the 
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triangle. In a right angled triangle the circum centre is the mid-point of hypotenuse. 





Ё а р с 

M С 2sinA  2sinB  2sinC 
E 

d ~ 4A 


10  Incircle of a triangle 
The circle which touches the sides is called inscribed circle or incircle. Its radius is denoted by 
r. 


a |> 


e r — (s-a) tan 2 = ($— Хап > = (5—с) an 


. B. С . А. С . B. A 
asin—sin—  bsin—sin— csin — sin — 
2- 2 2 2 2 2 








а. 47 A B = C 
С05-- С05-- С05-- 
2 2 

v B.C 

® r= sin ? sin 2 sin ? 


]] Escribed circles of a triangle. 
The circle which touches side BC and two sides AB & AC produced of A ABC is called 
escribed circle opposite to the angle A. Its radius is denoted Буг, .Similarly г, & г, denote the 
radii of escribed circles opposite to angles B & C. 





























Д Д Д 
° талау ® а жб 
В 
о а. D 8S сал 
В С А С В А 
a cos — cos — bcos — cos — C cos — COS — 
2 2 2 2 2 2 
© г = А Г, = В г, = 
cos — cos — cos — 
2 2 2 
— ARsi B 22 AR, A . B C. AR, A B.C 
° г,-4К8Шш 2 cos y "05 27 r, — 4Rcos 2 sin 2 cos 2 1 r, =4Rcos 2 cos 2 sin 


12  Orthocentre and Pedal triangle 
e The triangle MNP formed by joining the feet ofthe altitudes is called the pedal triangle 
e The distance of orthocentre O from vertices A,B,C are 2RcosA, 2RcosB and 2RcosC 
e Distance of O from sides are 2В созВсозС, 2RcosCcosA and 2RcosAcosB. 
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13 


14 


15 


16 


e In A MNP, A 
ZM^7^m-2€; MN = асоѕА М 
/М№= п 28; М№Р = ссоѕС M 


Z/P-7^m-2A; MP-bcosB 


B P С 


i.e. sides of pedal triangles аге a cosA(Rsin2A), bcosB(Rsin2B) and ccosC(Rsin2C). 

e Circumradii ofthe triangles OBC, OCA & OAB are equal. 

Note : 

e Orthocentre of A ABC is the incentre of pedal triangle MNP. 

e Incentre Iof A ABC is the orthocentre of АТ 1, 

e Centroid of A ABC lies on the line joining the circumcentre to the orthocentre and divides it in 
theratio 1:2 

e Circumcentre ofthe pedal triangle bisects the line joining the circumcentre of the triangle 
to the orthocentre. E 

Excentral Triangle. 

The triangle formed by joining the three excentres І, L, & I, of 

^ ABC is called the excentral or excentric triangle. 

Here AI, | LL 
BLI LL 

& CLILL 

So clearly A ABC is pedal triangle ofexcentral triangle A LLL 





A B C 
° Sides of excentral trangle are 4К cos 4R cos > and 4Rcos 7 and its angles are 


m Ал Вл С 
Э 2722 22310: 22 





‚ А 23 ‚ C 

e II, = 4Rsin 5; П, = 4Rsin БЕ II, = 4Rsin 5 
Nine point circle 

Circle circumscribing the pedal triangle ofa given triangle 
bisects the sides of the given triangle and also the line 
joining the vertices of the given triangle to the orthocentre 

of the given triangle. This circle is known as nine point 
circle. 

i.e. Nine point circle passes through the mid point of 
the sides, feet of the perpendiculars and the mid points p 
of the line joining the orthocentre to the angular points. 
Distance between special points 

e . Distance between excentre and circumcentre 








OI =R |! +з соз Boose 
o $E 
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17 


18 


19 





OL=R loss Си ex 
2054 277227772 








OL=R йб о date 
72754 27724777 





e Distance between cirumcentre & orthocentre is ,1-%со A cos BcosC 


e . Distance between cirumcentre & incentre is ,/р2 —2Rr 





e Distance between incentre & orthocentre is J2r? — AR? cos A cos BcosC 


e Perimeter (P) and area (A) ofa regular polygon ofn sides inscribed in a circle of radius r are 





. T ИРТ 
given by P= 2nrsin— andA- z rsin 


e Perimeter (P) and area (A) ofa regular polygon ofn sides circumscribed about a given circle 








л 1 2т 
of radius г are given by P= 2nrtan " andA- 2 nr’tan " 


Length of medians (Apollonious rule) 


" b.c a 





m 








2 4 

: оза” b? 
т> = = 

2 4 

20 ЯРЬ x 

3 2 4 





3 
Also m,*+m,*+m,” = 1 (82--52--с2) 


JfA=90°,thenm,*+m,*=5m,? 





4 
Area = 3 Jmm —m,)(m—m,)(m—m,) where 2m =m +m, +m.. 














Altitudes 
h 2A А 2А h 2A 
1 a’ 20 b" 3 e? 
ЗЭС 1 Е 1Y1 тт 1 2 1 1 1 

Area is given by — =4 where — = + + 

шанг” НЕ E h, hh, h h h, В, 

: . . 2bc А 2са B 

Length of internal bisectors of angles A,B,C are given by Бас cos 2 : A cos 2 : 
2ab C medi 
PCS cos, respectively 
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20 Some useful results. 


= 2 С 
e rtr, = 4Rcos 5 


22 
e Ip 4Rsin 5 Р 


e rtr trr = 4R 





2 ү2 
e пг, = А 
1 1 l | 
. = ++ = 
n Г, в ë r 
p 1 Ll. ЁО e 
1 SS 1 M Ls а-ә 
e T 2. 7 251 2 = 
г? Г D EL № 
. S7 Jtr, ++ = (У 
21513 т 
" = zo ee 
Ты 
Lor. 
: pus гэ 


>. ПІ, 
_ (г +т„)(т, кг, +r) 
° 45° гї, 


n +r) 2 г, (т; +r) 


т (1, +) Баг 


2] Solution of triangles 
(a) Solution ofa general triangle. 


а- 

















a, b, с А,В,С Find = ,/s(s—a)(s—b)(s—c) 
| 2A M 2^ . 2^ 
sinA =——, sinB = , sinC = , 
be ca ab 
A A 
tan a 8(8-а) etc. 
b^«c-a 
A = ———— etc. 
COS Abe etc 
(ifa, b, c are sides) 
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Now, the following cases arise. 





с2= a?--b?-2abcos C (cosine rule) 
С = 180° —(А+В) 
asin В азїп С 
© sinA ' 6 sinA 





(sine rule) 


csin B csin А 





as the case 


: а= — 
5ш С? sinC 


8ШВ = 


C = 180° — (A+B) 


asin С 


71 


А<90° 
& a«bsinA 


bsin А 


А<90° 
& a= bsinA 


Here sinB = sinB = 1 


= sin B>Inot possible 
г, No triangle is 
possible 


— B = 90? 
only one triangle 
is possible 
which is right 
anlged at B 


& a>bsinA 


. bsinA 
sinB = 


(ambiguous case) 


e Ifa<b, then B is 


also obtuse which 
is not possible 
e Ifa>b, then А>В & C 
will be an acute angle 
So solution exists 


gives 2 angles 
such that 
B,*B, = 180? 
two triangles 
are possible 
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(b) Solution ofa right angled triangle 
Let 7C=90° 


a,b А, В, с с? = a+b? 
. a b 
(two sides) tanA= b (or tanB = | 
В = 90°—А(ог А = 90°—В) 


(Side and angle) b=acotA 
a 
sin A 


с,А B=90°-A 
(hypotenuse & angle) a=csinA 
b=ccosA 


Solved Examples 


ой А b?- с?—а? 
| а 
(hypotenuse & SinA = К 
опе 8146) b = ecosA ог b=a cot A 
В-909-А 


,B,b 
а, А B,b,c В-909-А 
В, a, b 





4 
1 Ifin A ABC, а = 6, b = 3 and соѕ(А-В) = 5 then its area is 


(a) 8 (b) 9 (c) 6 (d) None of these 
Solution : Using Napier’s analogy, 

















A-B a-b C 2-8) 1—cos(A – В) 
а Ре 
1_6-3 © | (AS) - (d 
CU S544 5 do is 73 

=» cot =1 
(155909 


1 1 
г. Areaof А = 2 absinC = 2 .6.3.sin90° =9 square units 


Ans (b) 
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2 If the angles А, B, C are the solutions of the equation tan*x—3k.tan?x—3tanx+k = 0, then the 
A ABC is 
(a) isosceles (b) equilateral (c) acute angled (d) None ofthese 
Solution: tanA, tanB, tanC are roots of the given equation 
г. tanA+tanB+tanC = ЗК, tanAtanB+tanBtanC+tanCtanA= —3 апа tanA.tanB.tanC = — К 
But tanA+tanB+tanC = tanAtanBtanC 
=3К=—К = 4k = 0 gives k= 0 
<. tanAtanBtanC = 0 
=> tanA = 0 or tanB = 0 or tanC = 0 which is not possible 


Ans : (d) 
3 In A ABC 
sin^A-sin'B-sin^C = sin’Bsin?C+2sin’Csin?A+2sin’Asin’B, then /А= 
| p 2225 E d) Noneofth 
(a) 6° 6 (b) 6°3 (c) с (d) None of these 


Solution : Given equation is, 
a*+b*+c* = Ь?с?+2с?а?+2а2Ь? (using sine rule) 
=> а++ЫЬ%++с*+2Ь°с?—2с°?а?—2а°Ь? = 3Ь°с?. 
(Ъ?+с?—а2)? = 3Ь?с? 
(Ь?+с2^—а2)? (3 
4022 4 


шан: 


3 
COSA = 47 COSA = + 








т 5л 
т. 
Ans (а) 
4 If the median of a triangle through A is perpendicular to AB, then 
(а) 2tanA+tanB=0 (b) 2tanA-tanB=0 (c) tanA-—2tanB=0 (d)  tanA+2tanB=0 
Solution : 
tanA — — tan (180—A) 


X 
=— 2) — 
с 


- 


=—2tanB 
tanA+2tanB = 0 
Ans (d) 
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л л 
5 In A ABC, medians AD and BE are drawn. IfAD=4, / РАВ = 6 and / ABE= 3? then the area 
of A ABC is (in square units) 








64 " 8 16 В 32 
(а) 3,3 (b) 3,3 (с) 3,3 (а) 3,3 
Solution : 
In A ABG 
л АС 
соз c = В 
43 2 AD 
72 ^3 АВ (Ар 7 4) 
3 2x4 
> 2 ЗАВ 
16 
— AB 33 


1 л 
Area of AABD = 2 AB.AD. sin 6 


1 16 1 16 
-2'3 72 ЁС Uus 








32 
. = = — "е2 
г. Area of A ABC = 2 area of A ABD 345 units 


Ans (d) 

6 In A ABC, a^ 6? +с? = ас+ 3 ab, then the triangle is 
(a) equilateral (b) isosceles (c) right angled (d) None of these 
Solution : 


a^Fb^rc^-ac- 4/3 ab = 0 


2 2 
[я x. EXE -vab -0 





4 
2 
а За 
== ---01| = 
=(5 e) Е | 
a 43 
>> vd. =н 
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> а? = Б? + c 

г. right angled 

Ans (c) 
T In A ABC, ifcotA+cotB+cotC = ./3 , then show that the triangle is equilateral 

Solution : 

In A ABC, tanA+tanB+tanC = tanAtanBtanC 

=  cotBcotC+cotCcotA+cotBcotA = 1 .......................... (1) 

Let cotA=x, cotB=y, cotC=z 

given that xty+z = ./3 

Squaring, 

у? 

y? 


2. 


У 





22+2ху+2у2+272х -3х1 
22+2ху+2у2+22х = 3 (xy+yz+zx) using (1) 
22-ху-у2-2х-0 























= 
о 
> 











=> 2х2-2у:-222-2ху-2у2-22х- 0 
> (х-у)Қу-2)-(2-х) = 0 
= х=у&у=х7&х=х 
> х=у=7 
—  cotA = со В = cotC 
= A=B=C 
= Тһе triange is equilateral. 
PRACTICE QUESTIONS 
T T Э” : . . sin ZBAD 
1 InA ABC, “B= 3? “С- 2: Let D divides BC internally in the ratio 1:3, then sin “CAD 
is equal to 
1 1 1 2 
() 7% (0 5 © в (d 43 
2 If in A PQR, sinP, sinQ, sinR are in A.P., then 
(a) The altitudes are in A.P (b) The medians are in GP 
(c)  Thealtitudes are in H.P (b) The medians are in A.P 


T P 
3 In APQR, ZR= 27 if tan (5) and tan (2) are the roots of ax*+bx+c = 0 (az 0), then 


(a) atb=c (b) btc=a (c) cta=b (d) b=c 
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9* 


10* 


. (A-B+C) 
In A ABC, 2ac sm „= 
(a азы-с (b) с (с) тез (d) с-а? 
In A ABC, let ^C = = If r 1s the inradius and К is the circumradius of the triangle, then 
2(r+R) is equal to 
(a ањ (b) b+c (c) ста (d) абс 


2л 
In radius ofa circle which is inscribed in an isosceles triangle one of whose angle is 3 is ./3 , then 


area oftriangle is 


(а) 443 (b 12-743 (с) 1208743 (d) None of these 
If the angles A,B&C of a triangle are in A.P and if a, b and c denote the lengths of the sides 


a с 
opposite to A,B&C respectively, then the value of the expression ен sin2C+ 2 sin2A is 


1 43 
(а) 5 (D -2 (с) 1 (d Зз 
Read the following passage and answer the questions. 
Consider the circle x+y” = 9 and the parabola у? = 8x. They intersect at P & О in the first and 
fourth quadrants, respectively. Tangents to the circle at P & Q intersect the x—axis at R and 
tangents to the parabola at P&Q intersect the x axis at S. 


(2 The ratio of the areas of A PQS and A РОК is 


(а) 1/2 (6) 12 (с) 140 (4) 1:8 
(ii) The radius of the circumcircle of the A PRS is 
(а) 5 (6) 345 (6) “349 (d 243 
(iii) Тһе radius of the incircle of the triangle РОК is 

8 
(a) 4 (b) 3 © 3 (d) 2 


Internal bisector ZA of д ABC meets side BC at D.A line drawn through D perpendicular to AD 
intersects the side AC at E & side AB at F. If a,b,c represent sides of д ABC, then 





A straight line through the vertex Р of a д РОК intersects the side QR at the point 5 and the 
circumcircle of the triangle РОК at the point T. If S is not the centre of the circumcircle, then 

M 2 --— S 2022 
@ bs ‘sr < JQSxSR () sS ST JQSxSR 
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1 : 1 4 1 1 " 1 4 
—+— < —+— > 
© PS ST“ QR Ф S ST ОК 
| m: 
11* Ina д ABC with fixed base BC, the vertex A moves such that cosB+cosC = 4sin? БЕ Ifa, band c 
denote the lengths of the sides of the triangle opposite to the angles A, B and C respectively, then 
(a) b+c= 4а (b Ы+с=2а (c) locus of point Ais an ellipse 
(d) locus of point A is a pair of straight line 
12 Match the following : 
Column I Column II 
‚ собА соВ cosC 
(а) ШЛАВС, if ==, (p. 243446 
1 
and the side а = 2, then area of the triangle is (q) 46 
a +b? +c? 





(b In AABC,a>b>c,if 


sin? A +sin? B+sin? C ’ 

then the maximum possible value ofa is (1) 37 
(c)  Twosides ofa triangle are given by the roots of the 

equation х2-2,/3 х+2 = 0. the angle between the 


Tt 


3 .The perimeter of the triangle is (8) 43 


sides is 
: 7 В 
13 Ina ABC if cosA+CosB+cosC = 2: Шеп кш 


4 3 2 3 
(а) 3 (b) 2 (с) 3 (4) 2 


| | 2 2 1 8 . 
14 In, ABC, sides a,b,c are in A.P and о am 55 = (2b)! then the maximum value of 





tanAtanB is 
1 "E: 1 5d 
а) 5 бу 5 Өз 9) = 


1 1 1 
15 IfA,A,A,......A, be a regular polygon ofn sides and АА, АА, АА , then 
j^*4 





(а) 1-5 (b) n=6 (c) n=7 (d) None ofthese 


'Note : Questions with * have more than one correct option' 
Answers 
1. а 2. с 3. а 4. b 5. а 6. с 
е d 8 (i) с (ii) b (1) d 9. a,b,c,d 10. Һа 
11. b,c 12: as; Бәс; ср 13a 14. b 15. с 
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TRIGONOMETRY - I 


Inverse Trigonometric Functions 
A function f: А В is invertible iffit is a bijection. The inverse of f is denoted by f and is defined 
as f '(у)=х<> f(x)=y. Trigonometric functions are periodic and hence they are not bijective. But if 
we restrict their domains and codomains they can be made bijective and we can obtain their inverses. 
1 Sin" х: 

The symbol ѕіп х or arcsinx denote the angle 0 so that sing =x. Asa direct meaning, ѕіп !х is 
not a function, as it does not satisfy the requirements for a rule to become a function. But bya 
suitable choice [-1,1] as its domain and standardized set [— 7/2, 1/2] as its range, then rule sin” 
1х is a single valued function 

Thus sin !x is considered as a function with domain [-1,1] and range [- 7/2, 1/2] 

The graph of y = sin х is as shown below which is obtained by taking the mirror image, ofthe 
portion ofthe graph ofy = sin x from x =— 7/2 tox = д/2, on the line y=x 





cos !x: 

By following the discussions, similar to above, we have cos ! x orarccos x as a function with domain 
[-1,1] and range [0, x] 

The graph ofy = cos”! x is similarly obtained as the mirror image of the portion of the graph of y= 
cos x fromx =Оюх= m 








tan х: 
We get tan 'х or arctanx as a function with domain R and range (— 7/2, 1/2). Graph of y= tanx 


y 
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совес-!х: 
cosec 'x or агссовес х is a function with domain Ё-(-1,1) апдгалге(-т/2,т/21-10). Graph of 
у =cosec x 





sec х: 
sec 'x or arcsec x is a function with domain R-(—1,1) and range [0, t] — { 2/2}.Graph оҒу- вес” 
Ix is 





cot х: 
cot 'x or arccot x is a function with domain К and range (o, т). Graph of y = cot !x is 











Property : “х” 
The graphs of sin'x, tan х, совес !x are symmetric about origin. 
Hence we get sin !(-x) =—sin'x 
tan (-х) = ап !x 
cosec !(-x) =—cosec !x 
Also the graphs of cos “х, sec “х, cot х are symmetric about the point (0, 7/2). From this, 
we get 
соѕ (-х)- Л—соз іх 
sec (-х)- Л-вес!х 
cot (х) = 17-сог!х 
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Notes : 


Л 
(0) х2+у?<1 &х,у>0 > <sin'x+sin'y < 5 and х?+у? > 1 & х,у»0 


=> = < 5іп іх + ѕіпу< T 


[а 


Л Л 
(п) | xy«landx,y20— 0<tan'x Нап"у< 27 ху?! аадх,у»0 = 2 «tan х +tany< л 


(i) Еогх<0огу<0 these identities can be used with the help of property “х” 
i.e. change x or y to—x or—y which are positive 
Domain & range of inverse trigonometric Functions 


Function Domain Range (Principal value branch) 
sin^x [-1,1] |-/2,-л/2| 
cos x [-1,1] 10, 7:1 
tanx (— 09,00) (71/2, 1/2) 
cot 'x (— 00,00) (0, x) 
cosec !x (—,-1]u [1,00) [—7/2,0)U (0, л/2] 
sec !х (—,-1]u [1,00) 10, л/2) (т/2,т1 
Note : If no branch of an inverse trigonometric function is mentioned, then it means the principal value 
branch of the function. 
Properties of Inverse Trigonometric Functions 


1 


Л Л 
—2пл-+х, 2272. neZ 


: “44111 = 
М; ашышы ый № ба+}к——<х<(0в+1х+=—, шан 





Period =2 x & itis an odd function. 
—2пл+х, 2пл<х< (2n +1)л, nez 
” 2 _ 
шү жна) 2пл-х, (2п—1)л<х<2пл, neZ 
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Period=2 т and it is an even function 


T T 
(іі) tan (tanx) = unm c UMS кешер үп eZ 





Period = л 
(iv) cot'(cotx) = – nt x, nx «x < (п +1)л, n eZ 





Period = x 


х-2пл, 2nn<x<(2n+l1)n, х z2n4l 


(v) sec '(secx) = Л 
—х+2пл, (2n-l)n<x<2nn, х= шаал me 
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-37/2 -T -1/2 10 x T 317 





Period=2 x 


T T 
-20T +x, тиге, ак нин 


(vi) совес (со8есх)- л л 
(2п +1)л х, и X SON х = пл, ПЕД, 





Period =2 п 
2. (i)  sin(sin'x)-x,-1«x«l (it) | cos(cos'x)7x,-1 «x«l 


Y Y 





(i) tan(tan'x)-x,x eR (iv) cot(cot'x)=x,x cR 
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(v) sec(sec!x)- x, x eR (—со,—1] u [1,) 





(vi) cosce(cosce!x)=x, x eR (—,-1] u [1,) 





3. (i) ѕшх+соѕ х= VA ‚—1<х<1 
Gi) — tan'xtcot'x- vA Жек 


(Ш) вес х%совсе!х = %,,хе К(-о,-П() П,) 


1 
4. (i)  sin'!x-cosec! x -]«x«l 
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.. 1 
Gi) | cos'!x-sec' EA ‚—1<х<1 


cot | и х>0 


Ш Е -n+oot (И x«0 


5 (i) sin !(-x)--sm^x, -І<х<І 
(1) соз (х) = л-сов х, -І<х<І 
(ш) tan (-х)--іап х, -00<Х<00 
(iv) сос (-ху- n-cot'x, —00<х<00 


(у) соѕес (-х)--совес іх, х<-1огх>1 
(м) зес'(-х)= л-весіх, х<-іогх>1 








370 











6. Conversions of inverse trigonometric functions 
1 
X 
0) 
1-х? 
-1 3 2 1 
«х - cos \1-х’ = tan - 
1-Х 
=f 1 єгч x? =f 
= cot = Cosec — = 
x 
Мх 1 
(ii) 
X 
зук” 
cos іх = ѕіп 1х2 = (ап! 
zu X - 1 
cot Ён Совес 
= 1-Х 1-Х 
1+х? 
X 
(ш) 
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7.0) 
(i) 
88 © 
(ii) 
9.0) 
(ii) 


ќапіх = "m 11 zi 


1 
sin = Cos 
14x? 414 x? х 
1 №1+х Е 
cosec | = Sec'vl+x’ 














sin (fi - y: ry | if -l<x,y<1&x’?+y’ <1 


"m 20 orif xy «0 & x! «y >l 
sin x-sin у= 





x sin ру? md if0<x,y<l&x’ +y >l 





-n-sin"k -y ty’ | if -l1<x,y<0&x*+y’>1 





а (уг ухи 1<х,у<1&х?+у? «1 

orif ху > 0 & x*+y’>1 
л-эш ЛУ у) №0<х<1,-1<у<0 & х*+у? >l 
-s-sin fi y ai-e Jit 1<х<0,0<у<1 & x' «y! >l 


соз (ку - Ах? yy’) if -1<х,у<1 & х+у>0 
2n соз (ку АЛ у?) if -1<х,у<1 & х+у<0 


cos" [xy + V у?) if -1<х,у<1 & х<у 
~cos fry + Vix? yy’) if —1<у<0,0<х<1&х>у 


їп х віп y= 





соз 'х+соз y= 


cos 'х—соз y = 





ша > if ху<1 


1-ху 


{ап x--tan!y- sem (2. if х>0,у>0&ху>1 
1-ху : 


-atan 28) if х<0,у<0&ху>1 





af x-y |. 
tan ! if xu 
>] у 1 
tan'x—tan' y= а eA e 
y-4n-tan if x »0,y «0& xy «1 
1-ху | 


өвөөг АСУ. if х<0,у>0&ху<-1 
1+ху / і 
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Remark : If x, х,,.......... X eR, then tan x Han x os +tan'x 
S, —83 HS; — $,........ 
= tan! 
1-8; 8,8. ана 
Where s, is the sum of the product of x ,,x,,,............. х taken kat a time. 
е в = Ro Raid 2. 
s, = Хы СЕО 
5, = Ххх, шоог еїс 


10. () 
(ii) 
п. () 
(ii) 
12. () 


1 
42 42 
T аш (х2) 22224 
42 


авіа аай х2) а 


BE а Р < 
42 


sin (3х —4x?} elut 
2 2 
iere 2-1 3 A Ї 
351 Ха 4Т7-5Ш Вх) Но «x 
-т-віп (3х-4х)) if -1<x<> 


_ [соз | (2x? = 1) 1Г0«х «1 


2со8 х 
2л-сов (2х г 1<х<0 


21-4 cos. (ах? -3х) if -l<x<— 


шш 45} if -l<x<l 


-Х 


2{ап "х -4mn-tan^ (2) if xxl 
1-х 


} if х«-1 





cos” (ах? -3х) if—<x<l 
3с08 x -42m- cos (ас -3х) 75х52 


— л + tan | 28 
1-х 


2 
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tan! хх if eee 
a ae 7 43 


3 
(|) Зап х= ттш 255 if x >—= 
—3x 


41 3х-х” : 1 
-T+ tan jag!" х<—= 
-2Х 











Note: If xI£ 1 then 2tan x ^ sin 2-3 =cos | кз = tan! 21 
| T 1+х 1+х 1-х“/” 


1 
If |x|*1, change x to a in the above. 


Note : In cases of identities in inverse trigonometric functions, principal values are to be taken. As such 
signs of x,y etc., will determine the quadrant in which the angles will fall. In order to bring the angles 
of both sides in the same quadrant, adjustment by т is to be made. 

1 Evaluate tan ! tan(—6) 

Solution: 


We know that tan”! (tan) = Ө if— s 0 - 





tan(2 2—6) =—tan6 = tan(—6) 
Therefore tan Чап(—6) = tan! tan (27—6)=2 7—6 





2х 
2 If 2tan !x-sin'! 16 is independent of x, then 
(а) xell,œ) (b х«|-1,1| (c) хе(-ю 1] (d) None ofthese 
Solution: 
m—2tan'x, x21 
Sin” 2x = 4- (n +2tan™x) х<—1 
2tan ! x, |x 
-. Жап !x* g2tan'!x = д when x e [1,oc ) 


and 2tan !x— x—2 tan !x =—7 when x e (-oo ,-1] 
Ans a,c. 


3 If0<x<1, then + x? [{xcos(cot 'x)+sin(cot'x)}?—-1]!?= 


X 


(a) "vec (b x (с) хх? (d 41-х2 
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Solution: 


2 1/2 
2 xcoscos ! Sst sin sin | -1 
1+х m A 


1/2 
| = + 1 " 
2 
1+х 41--х2 41--х2 


1+х° Mee 2a e Ух? ох 
| 

















Ans (с) 
HM tan x 4 3sin2x 1. 
Ifxe 2 2 , then the value of tan”! Ud + tan 5.960878 558905 18 
X 
(a) 5 (b 2x (с) 3х (4) х 
Solution: 
6 tan x 
tan x 
1+ tan? х 
-1 + -1 
їап | 4 | tan , 0c tan’ x) 
1+ tan? x 





E tanx P 6tan x 
tn | 4 о) ТИ | 84-2 tan? x 


tan x 3tan x 


4 4+tan? х 
tan! | 3tan? x as 


4(4+ tan? x) 


[ems + tan? | 
(ап! 








tanx 3tanx 


: « 
4 `4+{ап х 














16 + tan? x 


tan”! (tanx) 
X 
Ans d. 


An integral solution of the equation 


tan !x-tan'! m = tan 3 is 


(а)(2,7) (b) (4,-13) (c) (5.8) (d) (1,2) 
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Solution: 
1 
tan !x-tan'! 7 ={ап!3 
1 
х+— 
у ыг 
tan! =tan'!3if —<1 
X y 
1-2 
y 
х+— 
У 
ёс 
1 3x 
= 
y 
„ЗА 
d we 
which satisfied by options a, b, c and d 
Ansa,b,c,d 
6 Sum to the n terms ofthe series 
cosec ! 4/10 cosec"! 4/50 *cosec ! 4/170 +............ *cosec" (n? +1)(n? - 2n +2) is 
Л Л 
(8) 0 (b) о (c) tan'(n*1)- 4 (d) cot'(n*1)- 1 
Solution 





Let Ө = созес" (n? +1)(n? -2n +2) 
созес? Ө = (п2+1) (n?+2n+2) 

= (п2+1)2+ 2n(n?+1) 42-41 
1+соё Ө =(n?+nt+1)?+1 























cotg =ntntl 
1 (1-1)-1 
mg. “24:41 1501: 
0 —tan !(п+1) апп 
Thus, sum to п terms of the series 
= (tan !2—tan !1) + (tan !3-tan !2)+........... H(tan !(n*1)-tan !n) 
—tan !(n*1)-tan 11 
—tan !(n*1)— - 
4 
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Ans. с 
7 Ina A АВС, ifA = tan 2, B ^ tan 3 then С is equal to 


n Л Л 
(а) 3 (b) 1 (с) 6 (d) None ofthese 
Solution: 
А+В+С = 
C= т-(А-В) 
= Л—({ап 2 ап 13) 
= [nean Ae әху>і 
1-6 | 
-07-7-Най 1 
(OX 
24 
Ans. b 
PRACTICE QUESTIONS 
1 If x satisfies the inequation х2-х-2>0, then a value exits for 
(а) зшх (b) есїх (с) cos x (d) None ofthese 


2 If [sinx] +[соз 'х] = 0, where x is a non negative real number and [.] denotes the greatest 
integer function, then complete set of values of x is 


(a) (сов1,1) (b (-І,сов1) (c) (віп1,1) (d)  (cosl,sinl) 
3 If cos 'х+со$ !у+соѕ !z 2 37, then xyt+yztzx is 
а) -3 (b) 0 (с) 3 (d 7 


2n 
4 Ifsin''x+sin'y= a then cos !x*cos у = 


2n 





b) = х d m 
@ ^ O 5 © | (d) 
5 The greatest of tanl, tan! 1, sin! l, sinl, cos] is 
(a) sinl (b) tanl (c) tan'l (d) None ofthese 
6 The value of cos !(cos12)-sin (812) is 
(a) 0 (b) 7 (c) 87-24 (d) None ofthese 
7 cot! (сов о J-tan^ (сов о ) =x, then ѕіпх = 
tan? b) cot? tan d) соёо 
(a) tan E (b со 2 (с) о (4) со 2 
8 Ifsin!x =2sin'a has a solution for 
а) his () ш 
a al> -= а|<—= 
> V2 < 2 
1 
(c)  allreal values ofa (d) |а 2 
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9 


10 


11 


If cos 'x—cos ! 2 =q , then 4х?—4хусоз a +y’ is equal to 


(а) 2820 (b 4 (c) 44, (d) -4вшғо 
isin =) + 421-15 авах 

sin 5 cosec 4] 12 , then the value of x 1s 
(a) 4 (b 5 (с) 1 (d 3 


2 a2 
The value of cot [ws Bg 3 + ап ' 3 is 


6 „с 4 25 
т (5) © (4) 


(а) 17 


Assertion | Reasoning 


12 





бе 2х 
Let f(x) = sin iss? 


2 
Statement-1: f'(2)-— 5 and 





x 
т) = т—2{ап!х,ух>1. 


(a) Statement-1 is True, statement-2 is True ;statement-2 is а correct explanation 
for statement-1 

(b) Statement-1 is True, statement -2 is True ; statement - 2 is NOT a correct explanation for 
statement - 1 

(c) Statement -1 is True, statement - 2 is False 

(d) Statement -1 is False, statement - 2 is True. 

Comprehension (Q.No. 13 to 15) 


Statement-2: sin"! | 


2{ап їх, |х|<1 


2х 
Giventhat an [1255] = -rn+2tan'x, х»1 





л-21аа х, х<-1 


2{ап “х, |ХЇ1 


| 2х \- л-21аа х, х>1 
sin 1—х2 = 





—(n+2tan'x), х<—1 


. Л 
апа 8ш 'х+со$ х = 2 Їог-1«х-1. 
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4-4 4х -1 Er : 
13 sin ол +2tan 7} 18 independent at x Шеп: 
(а) хеП,о) (b хеП,1 (с) [2,2] (d xe[-3.4] 
1 д 2x 4 
14 If(x-1)(x*+1)>0, then sin| 5 tan” 7g — tan” x | = 
кА 
(а) -1 (b) 1 (с) 7 (4) None ofthese 
Ёс ron T +2 tan"! 3x th 
cos 149x? 775 F2tan 3x then x e 
11 1 
(а) (Co,-l) (b) ЕН (с) БЭ (d) None ofthese 
16 Match the following 
Column I Column II 
(a) Ifcos'atcos'b+cos 'c = 3 л then ab+bc+ca is (р) 2n 
10 10 
(b 2,008 x; =0, then 2, X; (q) т 
i=l i=l 
2n . 1 2n 
(c) У sin” x; = пл, then? Xi is (r) 3 
i=l i=l 
. 43 1 2 1 
(d fo)-sim!| 5 X-5Vl-* = sx«lis (s) 10 
Answers 
l.b 220 3,0 4. b 5.9 б.с 7.а 8. b 
9. c 10.4 ll.a 12.a 13.6 14.a 13.6 


16. a>r, b>s, c >p, 1-4 
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Hyperbolic functions 

(i) | sinh(x)  —-sinhx 
cosh(-x) = coshx 
tanh(-x)  —-tanhx 

(1) Function Domain 
sinh !x R 
cosh х (0,00) 
гайх В 
coth'x R-(0) 
sech!x (0,00) 
cosech'x Ё-10) 

(i) sinh (sinh'x)=x 


cosh (соѕћ х) =x 
tanh (tanh х) =x 
sinh (sin !x)-x^ 


TRIGONOMETRY П 


Inverse Trigonometric Functions 


odd function 
even function 
odd function 
Range 
R 
(1,5) 
(1,1) 
В. [-1,1] 
(0,1) 
R-10j 
sinh !(sinhx)- x 
cosh !(coshx) = x 
(ап ы (ќапһх) =x 
sinh (sinh !x") = x^ 


G) sinkr'x=log,(¢ x? +1) 
cosh 'x = log. b eie 4) 
х+1 
И 7 log, [n | х>1,х<-1 
2 -1 
h^ = 1 1 E 1 
coth x= 2 08, | ху] х>1,х<-1 
14-41-х”7 
вес! х = log, " 0<x 1 
na 14x? j TN 
cosech 'x = 1-41--х2 
log |. ————— x <0 
| 1 
(v) sinh'x-cosech' т 


sinh'x=cosh"! ./y? +] 
со8 х = sinh! ух? -1 
sinh (cosh"!x) = үх? -1 
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2 


шинэ ; | пл 
Total number of positive integral values of n sothat the equation cos !x-(sin !y) = ES and 


2 


: T Ў : 
(sin !у)?—соз 'x = 16 41% consistent, is equal to 








(a) 1 (b) 4 (c) 3 (d) 2 
Solution 
Weaver a= (4n хк On adding the two given equations 
4 (4п + 1)л2 2m? 1 7 
* dé 74 7-49 94 
TRE С; -І)л? 
шынайыны 16 On subtracting the two given equations 
o. n -1ул” КЕЛТЕ! 
< 16 _ <21-> д 51, 4 
"n=l 
Ans (a) 
The minimum value of (sin !xy-*(cos 'x is equal to 
3 3 3 
л 5л? 9л Ил 
@ 3 © 5 б um 9 = 
Solution 
Let y = (зїп !х)?+(соз-!х)? 


- oe Кіп "ху “(сов 'x)*-sin !x.cos !x} 


T ((sin- 


е 


| 


[а 


ll 


wla 


wla 


(Gin x) — 


P 
[asin 3 x) = 
i 


| sin Wer 


л? 
+ 
T 


'x+cos !x)—3sin !x.cosx] 


ЕТІН a(S sin 5) 
т^ 
^- 
4 


3: 
2T sin” x+ 
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Mini е пт i а-л) 0 
inimum valueofy= 5.үс = =з since д) > 
Ans: (а) 
1 3 
3 ІҒА- Жап! (2,2 = 1) and B = 35! Б tsin'! B .then 
(а) А=В (b A<B (c) А>В (d) None ofthese 
Solution 
А-2аа (2/2 —1)=2tan-"(1.828)>2tan /3 
д 
3 
3 
ce] on en 
54-12 — «nl 3.--4- =cin-ll 1 аа — inl 
3sin 3 = 50 | 3 3 sin 21) = sin 57 = sin (0.852) 


z) 


1 
3sin'! 3 «sin! 2 


ЕР [NS 
sin” | z |= sin (0.6)< sin 2 


п л 2л 
2572773 
Непсе А>В 

Ans (c) 


4 The complete solution set of sin (5115 эх2-4х is 


(а) |x2]* J9-2x (b |х-2)>/9—2л © 2 -.9-27 (d) lx» /9-2л 
Solution 

sin !sin5»x^—4x 

sin !sin(5— x )>x?-4x 


пл 

5—2 п>х2-4х (5—2 л)є 7373 

х2-4х-2 т-5-0 

(х-2)<9-2л 

x-2< 49-27 
Ans (a) 

Л 
5 Let (x,y) be such that sin (ах) сов 'у+соз ху = PE 

Match the statements in column I with statements in column II 

Column I Column II 
(a) Ifa=1andb=0, then (х,у) (p Lies on the circle x?*y?- 1 
(b) Ifa=1andb=1, then (х,у) (д) Lies on the (x/-1) (y. -1) =0 
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(c) Ifa=1andb=2, then (х,у) (г) Liesony=x 
(d) Ifa=2andb=2, then (х,у) ($) Lies on the (4х2—1) (?-1) =0 
Solution 


T : 
cos 'y+cos 'bxy = p sin! ax 


cos 'y+cos 'bxy = cos "ах 
Let сов у =A, cos Ъху = B and cos 'ах = С 
A+B = С 
В-А-С 
cos(A—C) = cosB 
cosAcosC+sinAsinC = cosB 
yaxtsinA sinC = bxy 
sin A sin C = bxy-axy 
sin’A sin?C = (b-ayx?y? 
(1—а?х?)(1-у?) = x’y*(b-a)’ 
(a) Puta=1andb=0 
(1—х2)(1-у?) = ху? 
х?+у? = 1 
(b) Puta=landb=1 
(1—х”)(1-у”)=0 
(“-Г(у-1)-0 
(c) Puta=1andb=2 
(1х2) (1-у) = ху? 
х?+у? = 1 
(d Puta=2andb=2 
(1—4х2)(1—у?) = 0 
(4х-1)у-1)-0 
(4)-» (р), (0)-» (а), (с)->(р).(4)->(8) 








$E y p.c XM T 
6 нг” та — | tosl та ee | = 2 for 0<|x|<./2 , then x equals 
1 1 
(а) 5 (b) 1 () -2 (d) -1 
Solution 
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2х? _ 2x 

2847 2x 

2х2+х3 = 2x+x3 

2х(х—1)=0 

х=0,1 

х=1 (0<к|<,/2) 
Ans (b) 
Let a, b, c be positive real numbers. Let 


| +b+ b(a+b+ | +b+ 
Ө =їат! ata ore) + tan`! d с) H tan! ас 2 , then tang = 
be ca ab 











(a) - (b) - © m (4) None ofthese 
Solution 
Let a+tb+c = u 


Also you can use tan “х + tan 'y + tan 7 


0 =tan,|— Han! эй Han! = al X+yt+Z—xyz 
be | са Y ab = tan 


1—ху—у7—7Х 


au | bu 

be” IE Эс ШЕ u _atbte a+b 

= n+ tan! + tan` = -І>і 
_ [au be | 

be 


с с 
(a+b)Vvu DI 


Jab jeu 
= q+ tan!| ————_ | + tan! ,/—— 
1-5 ар 


- 4 5 суа с 2 
m+ tan Б Эн” an 


[cu 
= дап! |U€ + tan! -- 
аЬ аЬ 


= Л 
Ans (с) 
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PRACTICE QUESTIONS 


Л 
1 Iftan'x+tan'y+tan'z ^7 ог 2 Шеп 


(а) xtytz=3xyz (b)  xtytz-2xyz (c) xytyztzx-1 (d) None ofthese 

2 If [cos 'x] + [cot'x]=0 , where х is a nonnegative real number and [.] denotes the greatest integer 
function then complete set of values of x is 
(a) (сов1,1) (b) (cotl,1) (c)  (cosl,cotl) (d) None of there 

3 Range of the function f(x) = cos '(—{х}), where {.} is fractional part function is 


TU TU TU TU 
(a) (5а (5) Gad (c) ЕЭ (4) (oz 


3л 
4 The sum of solutions of the equation 2sin'! ‚/ „2 +cos!./y2 = — is 
q х^°+х-+1 хх” > 


(а) 0 (b -I (с) 1 (4) 2 
5% — Which of the following is a rational number 
(a) sin an” 3+ tan” 3 (b) сов Ё —sin ! 3 


СЕС 
2 4 8 


Assertion | Reasoning 


1 1 
“сін-іі = | 
6 Statement 1 : sin | Jw | - 


Statement 2 : sin !x > tany for x»y, v х,ує (0,1) 

(a) Statement -1 is True, Statement -2 18 True, Statement -2 is a correct explanation for 
Statement- 1. 

(b) Statement -1 is True, Statement-2 is True, statement-2 is NOT correct explanation for 
Statement - 1 

(c) Statement-1 is True, Statement -2 is False 

(d) Statement 1 is False, Statement -2 is True. 

Comprehension (Q.No. 7 to 9) 


(d) “(1 cos | $) 
2 3 


1 
It is given that A = (tan !xy(cot х) where х>0 and В = (cos 't)’+(sin t where te о X 


: T T 
and sin 'x+cos х = 5 for—1<x<1andtan'x+cot!x= 5 for all x e R. 


7 The interval in which A lies is 


Л) т Tom пл 
(а) ж.) (5) S5 (c) E23 (d) None ofthese 


8 The maximum value of B is 
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л? n n 
(а) -- b) т () — (4) 
8 16 4 эл 
9 Ifleast value of A is m and maximum value of B is M then cot !cot M 
Jn by E т ay. 2 
(а) - 8 ( ) 8 (с) m 8 ( ) 8 
Single Integer Answer type Question 
y 
10  Thenumber ofall positive integral solutions of the equation tan !x4cos ! + y^ sin! 
АГ Guides novia 
11  Ifcos (4x?-3x) - a+b 
1 
cos 'x, for —1<х<— 2 then [a+b+2] 15............. 
12 Match the statement of column I with values of column II 
Column I Column II 
(a) Absolute difference of greatest and least value 
. n 
of ./2 (sin2x—cos2x) (p) 4 
(b) Absolute difference of greatest and least value 
ofx^-4x43, x c [1,3] is (9) - 
1-х 
(c) Greatest value of tan lex’ << [0,1], is (r) 4 
(d) Absolute difference of greatest and least 
1 1 
5:22 -—=,—= | ; 
value of cos 'x* xe 2°.) |8 (8) 1 
13* Ifa < tan'xtcot'!xtsin «b, then 
n n 
(a) а= 1 (6) a=0 (с) аг (d b=% 
14 сог!(2.1?)+сог!(2.2?)+со{!(2.3?)+.............. upto oo is equal to 
n n n 
(a) 4 (8) = () > (d 7 
ЭРЭР к К 421, 
15 Number of solutions of the equation tan Xx 41) Май" (ayuu) 92 |, Jis 
(a) 1 (b) 2 (с) 3 (4) 4 
"Note : Questions with * have more than one correct option' 
Answers 
l.c 26 3.c 4. b 5.a,bc б.а 7. с 8. с 
10:2 11.-2 12. a>r, b—>s, c—>0, d>q 13. b,d 14.a 15.a 
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TRIGONOMETRY - Ш 


Inverse Trigonometric Functions - Problem Solving 
A function f: А — B is invertible iff it is a bijection. The inverse of f is denoted by f~' and is 
defined as (у) = x < f(x)-y. Trigonometric functions are periodic and hence they are not 
bijective. But if we restrict their domains and codomains they can be made bijective and we 
can obtain their inverses. 
Domain & range of inverse trigonometric Functions 


Function Domain Range (Principal value branch) 
sinx [—1,1] [- 7/5, -n/2] 

cos x [-1,1] (0, х] 

tan !x (— 00,00) (71/2, 1/2) 

cot 'x (— 00,00) (0,7) 

соѕес !x (—,-1]u П,о) [-л/2,0) U (0, 7/2] 

sec x (-0,-1] U [1,00) 10 2::2 153 (a2 a | 


Note : Ifno branch of an inverse trigonometric function is mentioned, then it means the principal 
value branch of the function. 

Properties of Inverse Trigonometric Functions 

1 


Л Л 
—2nn+x, ер neZ 


: (тих) = 
Сара (0--1)/л-х, (л-1л-25х:(0040 6-2, ix 





Period =2 л & itis an odd function. 
-207-Хх, 2пл<х< (2n +1)л, neZ 
Е 2 Е 
QU о) 2пл-х, (20-1)л<х < 2р7, пе2 





Period=2 л and it is an even function 
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1 л 
(ii) tan {(ќапх) = вээ кєра ЕЙ, 





Period= п 
(iv) cot'(cotx) = -nz- x, пл<х<(п+1)л, neZ 





Period = я 


х-2пл, 201 <x «(2n +1)л, х 227 


(у) вес (86сх)- л 
—x+2nn, (2п—1)л<х<2пл, х= oe, neZ 


-37/2 -T qp 10 x T 32/2 





Period - 2 x 
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-20T +x, ane 5 х < „Ёё 


(vi) совес (со8есх)- л л 
(2п +1)л-х, ы а X ЗАН ЭХ = пл, ПЕД, 





Репо4-2 п 
2. (i)  sin(sin'x)-x,-1«x«l (it) соѕ(соѕ х) =х,-1<х<1 


Ү Ү 





(i) tan(tan''x)=x,x eR (iv) cot(cot'x)=x,x cR 


Y Y 
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(У) sec(sec!x)=x, x eR (-,-1] u П,о) 





(v) cosce(cosce'x)= x, x eR (—со,—1] u [1,«) 





3. (i)  sin'xtcos'x- ГА ‚—1<х<1 


Gi) —tan'!x*cot'x—- А ‚хєК 





(iii) вес 'x+cosce'x = 775, x eR (-о,-1] о [1,~) 
; | 1 
4. (i)  sin'x-cosec' = —1<х<1 
.. 1 
(ii) соѕ!х=ѕесг! 200 -І<х<І 


cot | (и) х>0 


ШІ Мал, рініп! (УД х<0 


5 ( = sin '(-x)--sin^x, —1<х<1 
@) сов (-ху- л—-соз'х, -l<x<l 
(i) tan (-х)--ал х, —оо<х<оо 
(iv) сог(-х)-л-соГх, —осо<х<оо 
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(у) cosec'(-x)--cosec!x, x<-—lorx>1 
(vi) вес (-х)- л-весіх, x<-lorx>1 











6. Сопхегвіопв of inverse trigonometric functions 
1 
x 
0) 
1-х? 
zi 2 _ zi X 
sin x = cos yl-x^ = tan 5 
1-х 
| 2 
-1 1-х -1 -1 
— СОЇ ———— = cosec — = Sec 
X Dex 
1-х? 1 
(ii) 
x 
ЖК ax x 
cos = sin'J1l-x? = tan” 
X 
-1 X 21 ad 
cot = 0086С = sec — 
= =“ =x" Х 
1+x? 
x 
(ш) 
1 
tanx = ЕЕ _ 1 31 
sin | Е "m созт = = cot!— 
1+ х 1+х X 
КЕТЕ _ 
cosec | = в ес vl+x’ 
x 
sin" ИУ уй 52) if-1<x,y<1&x’+y’ <1 
. Er 22 orif xy «0 & x! «y »1 
4. (i) sin x-*sin у= 





z-sin ИУ syle) if0<x,y<l&x’ +y >l 





пва y? күй») ІҒ-1<х,у<0%х! +у? >1 


390 


ОБААМ 


А program to give wings to girl students 





sin Л y -y4l х) 1<x,y<l&x’+y <1 
T orif xy»0 & ху!» 
(п) sin'x-sin'y- | 
паі ару? lie | Ғ0<х<1,-1<у<0 & x*+y’>1 


квз y -yvl x?) if 1<х<00<у<1 & x’+y >l 


Р 44 cos" [xy у?) it -1<х,у<1 4 х+у>0 
8. (i) cos X+COS y= | 5 >}. 
27 — cos ул 41-у Е -1<х,у<1 & х+у<0 


- т co cos" [xy + V1 у?) if —1<х,у<1 & х<у 
(i) COS х-со8 у= 
-eos [y A yy") if —1<у<0,0<х<1&х>у 








afxty). 
tan ! if xy « 
Er yc 


9. @ tan'x+tan'y= Ed if х>0,у>0&ху>1 


creme (ED if x «0, y «0& xy? 1 





ab x-y). 
tan” if xo 
Без у 1 


Gi)  tan'x-tan'y- sem (EY if x »0,y «0& xy «1 
1+ xy ! 





Х- | 
— пап" Taf х<0,у>0%ху<-1 
1+xy / ; 
Remark : If х, X4 X ER, Шеп fan x Plan Хаан *tan"x, 





: [Satins — | 
={ап 
LS Ry Sd ens 


Where s, is the sum of the product of x ,x,,,............ х taken k ata time. 
е. s; = K Feni = 

s, = XX HX, X ла X ÈX X, 

= 2X CE o aeneis etc. 
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=] 1 
sinfe i-z?) if — <х<— 
42 42 


n—sinbxvi—x?] а х<1 
42 
КЕЛЕ if-1€xx 


10. ©  2sin"x- 


Дм 


28 
42 


sin (3х 4x?) К шша! 
2 2 


GD 3810 х= n—sin (3х -4x?) if «x«l 


—-n-—sin "(3x - 4x) if -1<x<> 


MÀ 


cos Qx? =i if0<x<1 


: 2с08 x = 
H. @ 2n - cos" (2x? -1) if -1<x «0 


—^— 


cos (4х” -3х) it- же! 
Gi) 3сов!х-42л-сов! (4x? -3х) if <x< a 


2n + cos (4х? -3x) Ї—1<х<— 


i if -l<x<l 
-Х 


12. 0) 2{ап x= re (25) if x>1 
-Х 


-T+ шш 125.) if x «-1 
-Х 





(0 3tan'x= 
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2 
Note : If |x|< 1 then 2tan'x =sin | = 5 |= сов! EUM -ian = б 
| m 1+х 1+х 1-x^J* 


1 
ШЕК, change x to - in the above. 


Note : In cases of identities in inverse trigonometric functions, principal values are to be taken. As 
such signs of x,y etc., will determine the quadrant in which the angles will fall. In order to 
bring the angles of both sides in the same quadrant, adjustment by л is to be made. 


13. Hyperbolic functions 
(i) | smh(-x) --віпһх 


cosh(-x) --совһх 


odd function 
even function 


tanh(-x) =tanhx odd function 

(|) Function Domain Range 
sinh х R R 
cosh !x (0,00) (1,00) 
tanh'x R (-1,1) 
сох R-{0} R-[-1,1] 
sech!x (0,00) (0,1) 
cosech'x К—{0} R-{0} 

(ш) sinh (ѕіпһ х) =х sinh '(sinhx)= x 
cosh (cosh!x) =x cosh !(coshx) = x 
tanh (tanh !x) =x tanh (ќапһх) =x 
sinhn (sinh "хх" sinh (sinh !x") = x^ 


G) sinh x-log (x + x? +1] 
cosh 'x = log. ік ФАХ2- 1) 


тв. = 
tanh 'х = 5 log, 2 | 





2 х-1 


1-41-х/ 
0<x <1 


вес !х = log, | " 


1 х-1 
coth'x = > log, xclxs-l 
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1 
(v) sinh'x =cosech"! B 


sinh “x —coshr! 52 41 
cosh^x =sinh! ух? -1 
sinh (соѕћ!х) = үх? -1 





Solved Examples 
1. The sum to infinite terms of the series 
in Stan | + tan"! l EEE E is 
3 7 13 
Л Л Л 
(а) 6 (5) 4 (с) 3 (4) None ofthese 


Solution: By method of difference 





Tn = tan! 
EUM Іа 4 n^ 
1 n+l-n | | 
дүү =n sn I РНЕ Le 
Tn = tan 1+п(п+1) їап п(п +1) tan (n+1)-— tann 
T, = tan! (nt+1)—tan'n 
T, = tan"! 2-tan 11 
Т„=1{ап!3 —1ап!2 
T, = tan 4 – tan 3 


T, = tan! (п+1) - tan іп 
Adding, S, Л +T, +............ +T 





1 2 n 
= tan (n«1)-tan'l 
S = ап! œ -tan 1= 2 
$ Е 24 4 
Ans:b 
2 The sum to infinite terms of the series 
t -1 1 | Ї -1 1 | 1 -1 1 1 
ап 2p r tan 222 r tan 232 РСЕТЕТІН. ОО 15 
т "E: т 4 
@ 4 O 5 @ > @ 
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Solution : 


! 2 (2n +1)- Qn - 1) 
Tn-tan' су = tan! 2-2 = tan" 1+ (2n - (2n - 1) 








=  T,-tan' (2n+1)—tan' (2n-1) 
. T, = tan” 3- tan” 1 

T, = tan” 5—1ап!3 

T, = tan` 7—tan 3 


Tn = tan (2а +1) - tan” (2n - 1) 
Adding, S =T +T,+.......T = Тап От) Чан 11 











— "E л л X 
={ап! œ ап! | = == == = 
Зы _ 172 4 4 
Ans:a 
3 The value of 
сх-у с,-с, Сс; =C, 
al -p————— 21 sp 
tan суух ап 1+, + tan 1+ С.С, шэг + tan , IS 
X y 
(a) ny (b) tan'— (c) tan'x-tan!y (d) None 
х 
Solution Write the series as 
x | ЕЛЕСІ 1 1 1-1 
с c с с C, с, 
tan"! = - tan — 2 tan! —2 3— Rasse H tan! ! + tan~! 
х 1 11 11 11 ES 
]-—— 1----- 1----- 1------ 
у С, С, с, с, с; С, с, 


t 21 X -1 1 21 1 -1 1 -1 1 =i 1 
5 an ——tan — | + | tan —-tan — | + | tan —-tan — | + 
y с с с; с; с; 


4 1 41 1 X 
СЕИ + | tan —-tàn — | + tan!— = ап! — 
c y 


€, , n с, 
Ans:a 
4. Тһе number of positive integral solutions of the equation {ап “х + cos h +y? 


3 
=sin Fo is 
(а) 1 (b 2 (с) 3 (4) None 
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1 


Solution: {ап !х+{1ап! у = {ап !3 


Put 


tan"! y —tan !3—tan'!x 








1- 3-3 
> y 1+3 
_ 1+3x 
ын 3-х 


х= 1, then y=2 Put x =2, then y=7 
2. (1,2) & (2,7) аге two sets. 
Ans:b 


n) mx 
Ifcot! B 2 gne N,then the maximum value ofn can be 


(a 4 (b) 5 (c) 6 (d) None 


n Л 
Solution : = < cot 6 (> cot 'x is a decreasing function) 











> n< т-/3 
п < 5.43 > n=5 (max) 
Ans :b 
6.  Thevalueof 
sin 14 cot “| a МЇ? гез 42 | 
4 4 
л 
(а) 0 (b) 4 (c) = (d) None 
Solution : ‘ит 2-43 = şin”! 4-243 
4 Y 8 
Е BHAA 
а= 
Y 62) 
2 
sin! 43-1 
= Тэр 
= sin 4-1 
= 275 
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a T T 
= 810 5Ш--5---- 


12 
. sin! 26 +244) = gin 2262 
й 12 6 4 2 


-6іп! 0-0 





Ans:a 

7: The greatest value of (tan x)? + (со{!х)?15....................... 
Solution : 
(аах) + (cot!x) = (tan!x+cot!x) – Жап !xcot x 


Qm 2 (аах ах 
2-2 > 


2 Л 
Let tan ! x= y, then LHS= T -2у Е - у) 


2 T n? 275 ло 
-E оарау-ЦУ ан | + 


2 16 16 4 
-2| tan’ x-2 Pa 
i 4) 8 


2 
- гет 
-. Minimum value is ҒЗ 





т^ 
Ans: — 
8 
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PRACTICE QUESTIONS 


* More than one options questions 


1. 


5 2 
If (tan!xy + (cot! х)? = = , then x equals 


(a  -1(b) 1 (с) 0 (4) None of these 

x? ох? a х* VM Л 
Itsin | == — en ggg | A m SP m л а, for 0-|x|« /2 , then 
x equals 


1 
Ө ;0 1 © 7 @ нч 


Match the conditions / expressions in column I with statement in column II. 


Л 
Let (x,y) be such that sin '(ax)+cos 'y + cos '(Бху)= 2 





Column I Column П 
(a Ifa=1 & b=0, then(x,y) (p lies onthe circle х2+у2=1 
(b Ifa=1 & b=1, then(x,y) (д) lies on (x*-1) (у—1)=0 
(c) Ifa=1 & b=2, then(x,y) (г) liesony=x 
(b Ifa=2 & b=2, then(x,y) ($) lies on (4х2—1) (у2—1) =0 
Sum to n terms of the series 
08607110) +cosec! 4/59. + созес 4/170 +.......... +cosec! (n? m -20-2) 18 
n n 
(a) 0 (b) o © © tan?(n+1)-— (d)  cot!'(n«1)-— 
Match the following. 
Lett, = (sinx) (біп кус» at, -(сов хуч * t ‚= (сов! хув х 
Column I Column П 
(а)  xe(0,cosl) (p ЗЕЕ 
1 
1. 
© xe |p 0) >> 
(с) хє (sint 1) © t>t>t>t, 


Read the passage & answer the following questions 


Л 
Iftan'!x : tany = 1:4 (where |х|< tanc )then 


(i) ТһеуаШе ofy аз ап algebraic function of x will be 
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108, 


11. 


12% 


(а) 4x(1+ x?) (b) 4х0-х2) 

4 x'—6x^ +1 х^ бх? +1 
4x(1+ x’) 

(c) (d) None ofthese. 


x*+6x? +1 
(ii) The root of the equation x* — 6х2+1=0 is 


tan— b) tanc 
(a) an 12 (b) tan 4 
tan d) tan— 
(c) an 8 (d) tan 16 
Ifa sin”! x — b соз 'х=с, then a sin™'x + b сов хі 
0 b rab + c(b — a) 
(a) G 
T 1 tab + c(b—a) 
О 2 ө a+b 
У Sin | vr —vr=1 К 
FE r(r +1) 
(a  tan'vn-— " (b)  tan'vn-«l = 


(c) п’ (d) tan! Jn +1 

If [cot 'x] + [cosx] = 0, then complete set of values of x is 

(a) (cosl, 1] (b) (cotl,cosl) (с) (сой, 1) 
(d) None ofthese 

If (sin !x-sin tw) (sin !у+5ш 7) = 4? , еп 








х М1 №2 
D= QU ум wher N,,N,,N,N,eW 
(а) hasamaximum value of 2 (b  hasaminimum value of 0 
(c)  l6different D are possible (d) hasaminimum value of—2. 


The value of К (К>0) such that the length ofthe longest interval in which the function 


: : . п. 
f(x)esin'! 8шКх| со8 !(coskx) is constant is — is / are 


4 
(а) 8 (b) 4 (c) 12 (d) 16 
Match the following 
Column I Column II 
д? 
(а) (sinx? + (siny? = > (р) 1 
=> хз+у= 
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(b) (cos"xy + (cosy) =2 д? (4) -2 

=> х°+у?= 

| | ло 

(c) (біп ху) + (ѕіп у) = a (r) o0 

=> к-у|= 
(d)  |sin''x-sin'y|= л (5) 2 

=> ХУ = 

Answers 

1 а 2 р 
3 a—p, 6-9, cp, dos 4 с 
5 a—q, bos, ст, dos 6 0) р (1) а 
7 d 8 c 
9 c 10 a,c,d 
П b 12 aoqrns,boq,cors dop 
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Mathematical Reasoning 
Logical Statements, Tautology and Contradiction 


Mathematical Logic 
Statement (Proposition): A sentence which is either true or false but not both is called a statement. 
They are denoted by p, q, г, 5,............... A true statement is called a valid statement. If a statement 
is false we call it invalid statement. 

Truth Table 


It is a tabular device to obtain the truth value of a compound statement or to check the 
validity of a simple or compound statement 
Number of horizontal lines in a truth table depends on the number of substatements present 


in it. 


If the problem involves n simple statements then number of rows is 2". 





1.е. 

No. of statements No.of rows 
1 21-2 
2 22=4 
3 23-8 
4 23-16 

Logical Connectives 

(i) Conjunction (л) 
A compound statement joining two statements by “апа” is called a conjunction and is 
denoted Бул. 
i.e. the conjunction of two statements p and q is denoted by pAq. рл is true only if 
both the components p and q are true otherwise it is false. 

(ii)  Disjunction (v) 
A compound statement joining two statements by “ог” is called a disjunction and is 
denoted by у. 
i.e. the disjunction of two statements р & q is true or both p and q is true otherwise p v q 
is false. 
We can express both p y q and py q is tabular form as under. T stands for true and Е 
stands for false. 
Quantifiers : phrases like “there exists" ( 3) and “for all" (y ) are called quantifiers. 

(1) Implications (>) 


p= q. One way implication 

Here p is called antecedent or hypothesis or premise and q is called consequence or 
conclusion. 

p= 9 is the same for each of the following 

(i) Ifp theng 
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(iv) 


(v) 


(vi) 


(i) ^ Pissufficientforq 

(il) 915 песеѕѕагу condition for p 

(№) ponlyifq 

(У) qifp 

(vi) qfollows from p 

(vii) qis consequence of p 

Since a true statement cannot imply a false statement, p = 4 is always true except when 
p is true and q is false . It may also be useful to note that p >q is equivalent to ~p v q 
Note : The contrapositive of a conditional statement is formed by negating both the 
hypothesis and the conclusion and then interchanging the resulting negations. 

In otherwards, the contrapositivse negates and switches the parts of the sentence. It 
does both the jobs of the INVERSE and the CONVERSE. 

IMPORTANT : Contrapositive has the same truth value as the original conditional 
statement. 

Note : 


Statement 
“(р->4) 


The inverse and the converse of a conditional statement are logically equivalent to each other, 
justas the conditional and its contrapositive are logically equivalent to each other. 

Two way implication (<>) 

p<4q, “р implies and implied by q” or “р if and only if q? 

p< 915 true if both p & q are true or both false and false when one of the statements is true 
and the other is false. 





Negation 
If p is a statement then negation p is written as ~ p. 
If p is true then ~ p is false. If p is false then ~p is true 





Note 

e “Epp 

e -(рлад--руға 

e ~(Pvq)=~Panq 

e ~(р=9) = фл-9 

e —(peg- paq) у (pag) 


NOR (J) 
Let p & q be two statements. Then “р | q” is called Joint Denial or “NOR” statement 
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(vii) 


(combination of NOT and OR) and read as “Neither p nor q”. “р | а” can also be written as 


фуд or~ (ру 9). 
Joint Denial is true only when p and q both are false. 


| p | a | papo | 





NAND (7) 
Let р & q be two statements. Then “р tq” is called NAND statement (combination of 
NOT and AND) and is written as “рт q" 


“рТа” is also written as | (p a~ q) or ~ (pA q) This statement is false only if both p & q 
are true. 


^ 

V 
— 
e 





Use of brackets 


()  Ifnegation (i.e ] ог ~) is repeated in the same statement then there is no need of 
bracket. 

(ii)  Ifinastatement, the connectives of same type are present, then brackets are applied 
from left. 

(ш)  Ifdifferent connectives are used in a statement, then we remove the bracket of lower 
order connective. But we cannot remove the bracket of higher order connective. 


For example: 
() р=>(94л1) = р> длт (order of л is less than order of >) 
(i) ру(9=1) руат 
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Table of Symbols 
(i)  Ifpthenq 
(1) pifq 


(i)  ponlyifq 

(iv) punlessq 

(v) pisasufficient condition for q 

(vi) pisa necessary condition for q 
(vii) A sufficient condition for p is q 
(УШ) A necessary condition for p is q 
(ix) In order that p is sufficient that q 
(x) Inorder that p is necessary that q 
(хі) pifand only ifq 


(хі) pisanecessary and sufficient condition for q 


Tautology and Contradiction (Fallacy) 


A statement whose truth value 18 always T (i.e. True) 18 called a tautology and the statement 
whose truth value is always F(i.e.False) is called a contradiction. Negation of tautology is a 


contradiction and vice versa. 
Logical equivalence 


Two compound statements are said be logically equivalent if both have same truth values for all 
possible assignments given to the variables. 


Duality 


Two compounds are said to be dual of each other if either can be obtained from the other by 
interchanging д and y provided both remain valid. 
For e.g. the dual of (pv q)Aris(pAq) vr. 


Algebra of Statements 
Commutative laws 


Associative laws 

Distributive laws 

Idempotent laws 

Abosorption laws 

De Morgan's laws 

Detachment law 

Chain law 

Identity laws (t is tautology and 


fis contradiction) 
Compliment laws 


() 
(1) 
(i) 
(1) 
(i) 
(1) 
(i) 
(1) 
(i) 
(1) 
(i) 
(1) 


(i) 
(1) 
(i) 
(1) 


р- Ч 
q—p 
ЧР 
-а-эр 
р->4 
q—p 
q—p 
р- Ч 
q—p 
р- Ч 
Peq 
peq 


(ру 4) e (qv p) 
(рлФ<(алр) 
Pv(qvr)e(pvq)vr 
рл(Члї) = (Pagar 
рл(Чуг = (рла)у (Par) 
ру (ал) = (ру) л (руп) 
(рур) р 

(рлр) р 

ру (рл9) Рр 
рл(руФер 

(руа) Срд) 
(рле) (руа) 
(р->Флр)->4 

((р= 4) л (9=р)) = =>" 
PAt=taAp=p 
pvf=fvp=p 

pvp-t 
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Solved Examples 

1 Ifp > (qv г) is false, then the truth values of p,q,r are respectively 
(i) ТЕЕ (b) ЕТ,Т (с) ТТЕ (d ЕЕЕ 
Solution 


p= qis false only when р is true and а is false 
p (qv г) 15 false when р is true and q v ris false and q v ris false when both q andr are false 
Hence, truth values of p, q, т are respectively Т, Е, Е. 
Ans: (a) 
2 Test the validity of the argument (S, S,; S), where 
Буру S,:~ pandS:q. 
Solution 
In order to test the validity of the argument (S 
for the conditional statement. 
S aS, > 51е [(руа)л -pl4 
The truth table is as given below: 


p 95: S), we first construct the truth table 


F 
F 
T 
F 





We observe that the last comumn of the truth table for S, л S, 5 S contains T only. Thus, 5, A S, > 
S is a tautology. 
Hence, the given argument is valid. 
3  If(pA-q)^(-dqAQ) is 
(a) acontradiction 
(b) a tautology 
(c) neither a tautology nor a contradiction 
(d) both a tautology and a contradiction 


Solution 
Фл-9^(Рл9) = (p^-p^(-q^q) 
=(faf 
=f 
(f— false) 


(By using associative laws and commutative laws) 
(ла) ^ Стр л 9) is a contradiction. 


Ans : (a) 

4 Which of the following is logically equivalent to ~ (~ p — 9) ? 
(а) ~paq (D paq (с) ~pa~q (4) рл-а 
Solution 


Since ~ (р=> 9 =рл ~q 
Сере») =pa ~q 
Ans : (с) 
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If р = He is a carpenter and q = He is making a table. 

Then write down the following statement into symbols: 

(i) Heis a carpenter and making a table. 

(1)  Heisa carpenter but is not making a table. 

(іі) It is false that he is a carpenter or making a table. 

(iv) Neither he is a carpenter nor he is making a table. 

(v) Не is not a carpenter and he is making a table. 

(vi) It is false that he is not a carpenter or is not making a table. 
(vii) He is a carpenter or making a table. 


Solution 

The solution of above compound statements in terms of p and q are given below : 

© pag (1) pala (itt) 10у) (У) рл 9 
(У) Трла М) (pv 19 (vii) pvq 


Write in words the converse, inverse, contrapositive and negation of the implication “If 2 is 
less then 3, than 1/3 is less than 1/2. 


Solution 
Let р = 2 15 less than 3,4 = 1/3 is less than 1/2. 
Then implication isp>q: 


(i) Converse ofp—qisq— р. In words q— p means “If 1/3 is less than 1/2, then 2 
is less than 3”. 

(i) Inverse ofp=qis |р |4. Thus in words, |р= |4 means “ If 2 is not less than 3, 
then 1/3 is not less than 1/2”. 

(ш) ^ Contrapositive ofp = qis |4 |р. Thus in words |9 => р means “If 1/3 is not less 
than 1/2, then 2 is not less than 3”. 

(iv) Negation ofp > qis 7] (p >q). Thus in words 7] (p = q means "It is false than p implies 


2: 


4 

The statement p — (q — p) is equivalent to 
(а) р->(р->4) (b po(pvq) (с) р-э(рла) (d p(pAq) 
Solution 

р-э(а-эр)--р»(4-эр) 

--ру(-фур)яшсеру ~p is always true 

=~PvPvg=p>(pvq) 
Ans : (b) 
Statement - 1: 
= (р<> ~ 9) is equivalent to р<>4. 
Statement - 2: 
(-р<> ^q) is a tautology. 
a. Statement - 1 is True, Statement - 2 is True ; Statement - 2 is a correct explanation for 
Statement - 1 
b.  Statement- 1 is True, Statement - 2 is True ; Statement - 2 is NOT a correct explanation 
for Statement - 1 
с. Statement - 1 is True, Statement - 2 is False 
d. Statement - 1 is False, Statement - 2 is True 
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10 


Solution : 





Ans (с) 
Exercise 
Are the following statements equivalent: 
“If the traders do not reduce the price then the government will take action against them”. “It 
is not true that the traders do not reduce the prices and government does not take action 
against them” 
Which ofthe following is false? 
(а) @>q < (^q ~p)is а contradiction 
(b) (pv~p)is а tautology 
(c) ~(~p)€ pis a tautology 
(d) (pa~p)isa contradiction 
If each of the statement p>~ q ; qr; ~r is true, then 


(a) pis false (b pis true (c) qis true (d) None of these 
Which of the following is true? 

(a) ~pv(qg)=(pP)aq (b (рл9) л (~) is a tautology 

(c) ~(рл (~p) is a contradiction (d) None of these 


Which ofthe following is the contrapositive of ‘If two triangles are identical, then these are similar’? 
(a) Іо triangles are not similar, then these are not identical 

(b) Iftwo triangles are not identical, then these are not similar 

(c) Iftwo triangles are not identical, then these are similar 

(d) Iftwo triangles are not similar, then these are identical 

The contrapositive of the converse of p> ~ q is 


(а) -4-эр (6) p>q (с) ~q=>~p (d) ~p>~q 
—(p v q) v (^p A q) is equivalent to 
(a) q (b) p (с) ~p (4) ~q 


Negation of the compound proposition. 

If the examination is difficult, then I shall pass if I study hard. 

(a) The examination is difficult and I study hard but I shall not pass 
(b) The examination is difficult and I study hard and I shall pass 

(c) The examination is not difficult and I study hard and I shall pass 
(d) None ofthese 

If p is true, q is false and r is false, then which of the following is true? 
(а) (руФф-эг (b рл - (ау!) (с) (рудлг (d р-»-(4-»1) 
If p= “she goes to market" and qz “She buys some fruits". 

Then choose the correct symbol for the given statements : 

(i) Either she goes to market or she buys some fruits: 


(а) руа (D рл (с) -руа (d pv-q 
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(ii) 
(a) 
(iii) 
(a) 
(iv) 
(a) 
(v) 
(a) 


1. 


If she goes to market, then she buys some fruits: 


~Paq (b)jp>q (с) paq 

Neither she go to market nor she buy some fruits: 

Spy (b) р->4 (с) руа 

She does not go to market and she buys some fruits: 

~рла (b ~ (руа) (с) рл-4 

She does not go to market unless she buys some fruits : 

рэг (0) ЧР (с) Ч 
Answers 

Yes 2. a Э. а 4. 

а 7. с 8. а 9. 

(ii) b (ш) 4 (iv) a 
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“руд 
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р->4 
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STATISTICS 


Measures of Central Tendency (Averages) 


Arithmetic Unclassified data 


Mean or ungrouped frequency 


Mean X distribution 


Step deviation method 





Combined mean 


where x,,x,....x, are means of k 
groups having n,,n,......n, members. 
n 


Weighted Arithmetic 
р> Уу, 


Меап ав, X, 


N 
Q 
ON 
СУ 
ы 
> 
< 
= 
BS 
Q 
m= 
энэ 
Q 
£ 
б 
= 
= 
2 


Short cut method X „ = 


A," assumed mean, d, = deviations 
w, weights 


Geometric Unclassified data G= [с ЭХ) n or 


Mean G=antilog— dm) 


Frequency distribution 


Harmonic Unclassified data 


Freqency distribution 





409 


UDOAON 


A program to give wings to girl students 


n+l 5 
Median Unclassified data : п 18 044 ЕЗ value. 


nis even 


n 


th 11 th 
= Ex ) 
А.М. or 2) and Е уаше 


Ungrouped frequency | The value of x for which the cumulative 
N 
distribution frequency is just greater than 3 


n 


Grouped frequency М =ё+-2 : xh 


distribution ¢ = lower limit of median class 
f= frequency of median class 
һ = width of median class 
cf= cumulative frequency of the class just 
before the median class. 


Unclassified data Value which appears most frequently in the 
distribution. 
Ungrouped frequency | Value of x which has greatest frequency. 
a _ 


= xh 
2f, -f_,-f, 
distribution ¢= lower limit of modal class 
f, = frequency of modal class 
f , = frequency of pre-modal class 
f, — frequency of post modal class 
h = length of modal class 
ШАҚ = eg =0, 


Ф 
en 
б 
E 
> 
< 
= 
© 
= 
чә 
=з 
т 
© 
ёл 


Grouped frequency М =+ 


f, Е f, х 
If, —£ || ]f, — f| 
Note: Like median, the other partition values quartiles, deciles, percentiles etc can be deter- 
mined. 


Then M, = £4 h 











i^ quartile О. is given by О. — /« 4 7 xh;i=1,2,3 


Where symbols have same meanings as in median. Clearly, the second quartile Q, is median. 
First quartile is called lower quartile and the third quartile is upper quartile. 
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Measures of Dispersion 
The degree to which numerical data tend to spread about an average value is called variation or 


dispersion of the data. It measures the scatterendness of various observation about some central 
value. 


Range Difference of the largest and smallest 
values 


0;-0, Q, 
2 
О, — О, 
бок, where О |, О, are respectively 
deviation те first & third quartiles. 


Quartile Deviation 


Coefficient of quartile 


Mean Devialion (5) unclassified data = 2 х- а| where а = А.М, 


ungrouped frequency 


(-4| where а = А.М, 


distributon Median or Mode as the case may be & 
(M.D is least when 


measured from the N= > Ё 


median) 


Grouped frequency | M.D= ЭЭ Ё к -а where a = A.M, 


distribution Median or "Mode as the case may be & 


"E 
1-1 








Standard Unclassified data 


deviation (с) 





distribution 
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1 n 
=h |У fu; - 
Grouped frequency 4 ЭРЭ mi N 


X.— 


i 


distribution where, М = » f & и; = h 


i=l 


А — assumed mean 
h— class interval 


Root mean square Unclassified data 


deviation (s) Ungrouped frequenc 





distribution 








Grouped frequency 


distribution 





Note that $?= g? + d? whered =х-а 
Clearly s is least when а= 0 1.е. х –а 
i.e. root mean square devian is least when deviations аге taken from x. 
Note: median can be determined from graph also. It is the abscissa of the point of 
intersection of “less than” ogive and “more than” ogive. 
Note: 1) The algebraic sum of the deviations of all the values of the variable from their mean 


is zero. 
1:6; > (х, - x) — 0, for ungrouped distribution and > Е (х, - x) = 0, for grouped 
distribution. 

i. The sum ofthe squares of the deviations of the variable is minimum when taken about 
arithmetic mean. 


ш Let x & y be two variables, b,c two constants and u = bx+cy. Then u = bx + cy where 
х & yare A.M.S ох 8 &y.’s, when b=c=1l,u=xty&u=x+y 
i.e. The mean of sum of two variables is equal to sum of their means (it is true for more 
than two variables also) 


Note: 

1. Standard deviation is independent of shift of origin but depends upon change of scale. 
| i х ша 

ie. у= 17 Шепбу M 


ii Square of S.D., ie. с? 18 called the variance. 
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б 
ш Coefficient of variation c.v. = = x 100. 


The distribution for which the coefficent of variance is less is more consistent. 
iv. S.D. o of the combined group of two groups having means x,, x, ; standard 
deviations c, , o, and number of elements п, n, is given by 


o = " - (п (б; +4?)+ п, 6? -Ж) where d, =x, - x and d, =x, -X 





Е ПХ; + п,Х, 


| 


n, +n, (combined mean) 


Also о? < (Range) 


Symmetric and skew Distribution 


In a symmetrical distribution, mean, median and mode coincide. Here frequencies are 
symmetrically distributed on both sides of the central value. (ie. same number of frequencies 
are distributed at the same linear distance on either side of mode). 

The frequency curve is bell-shaped and mean = median = mode 


х 
си 
пега а 


Normal 
Distributioon 


In askew distribution, the variation doesnot have symmetry. 





1 тн 227 
X енен 


Negative 
Skewness 


Positive 
Skewness 


Note: In a moderately skewed distribution, Mean — Mode = 3(Mean — Median) 
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Solved Examples 


1. 


In any disrete series when all values are not same, the relation between M.D about mean and 
S.D is 


a. M.D =S.D b. MD>SD с. M.D <S.D d. MD>SD 
Solution: 
For a distribution (xf) i= 1,2,.....n 


1 = 1 x 
б = Df, -Хр & M.D = 2,6 -Х 


1 1 ў 
о,-(М. = 2 баг {ty zy where d, =x, -x 


=  oi»0 


> dm (мр) 
= SD.»M.D. 
Ans: с 


The A.M. ofn observation is x . If the sum of n—5 observations is a, then the mean of remaining 
5 observation is 


пх +а пх —a 


5 | 5 








с. пх+а д. none of these 


Sloution: 


Ifm is the mean of 5 observations, then 





a 
(n—5) ОЙК. dux RH. X 
нэ 5 [xe Mtt x 


п—5+5 n +n, 


=>  nx-at5m 
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3. If x,andx, are means of two distributions such that x, <x, and x is the combined mean, then 


а. Хєх, b х>х, с. x= 


Solution: 


Ни, & n, are the number of items in two distributions having means x, ё X,. 











— n,x,+n,x 
fo 
n +n, 
— .— n,X +n KX, | 1,ЇХ,-Х 
X х = ESI 2^2 х = il 2 NP (^x >x,) 
n +n, n +n, 2 1 
=> ХХ, 
. n (х -X 
Similary, x – X, = (х) 0 
n +i, 
> ХХ, 
X, «X«x, 
Ans:d 
SS MS BE О 
4. The mean of А Y——Ó8 is is 
1 3 5 51 
250 929 282 
a. —— b. —— с. 
51 51 39х17 
Solution: 


(1x) + (1x)? =2{ С,-5С,х....49 Сүх”) 


Integrating with limits 0 to 1 


1 
“са + С, И ен | бях) (+ Ч 
3 0 





50 51 
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d. 
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шөл: 26 sees + “Cy d 2 E d 
3 51 251 51 
250 2% 
М er шин 
ean = 51х26 39х17 
Ans: с 
PRACTICE QUESTIONS 
1. Mean ofn terms is x. If these x items are successively increased by 2,22,23,........ 2", then the 
new mean is 
Ш л _ лч! 2 _ gn 
a. х- b. х + -- с. х+— 4. none of these 
n n n n 


2.  Theweighted A.M. of first n natural number whose weights are equal is 








п+1 p 24 2n+1 А (2n+1)(n+1) 
2 | 2 | 3 | 6 


3. IfGis the GM. of the product of k sets of observations, with GM.’s С,,С......С, respectively, 


then G is equal to 
a. logG,tlogG,........ +logG, b. 1050 tHogG......... tlogG, 
& OU G d. none ofthese 


4. Тһе mean square deviation of n observations х, х,,......х, about —2 and 2 are 18 and 10 
respectively. Then, S.D ofthe given set is 


a. 1 b 2 6% 3 d. 4 


5. A car owner buys petrol at 37.50, 38.00 and 38.50 per litre for the 3 successive years. If he 
spends 34,000 each year, then the average cost per litre of petrol is 








a. 88 b. 3825 c. 7.98 d.  noneofthese 
6. Тһе mean of the values 0,1,2,.....,n with the corresponding weights "C,,"C ,....."C. repectively 
is 
2n 5 элч п + 1 4 п 
nal ' n(n +1) 2 " 2 
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7. 


10. 


11. 


12. 


13. 


14. 


The quartile deviation of daily wages (in Rs.) of 7 persons is given below: 
12,7,15,10,17,17,25 15 


а. 14.5 b. 3.5 с. 9 4. 4.5 


Ifa variable x takes values x, such thata х, € b, for i= 1,2,....,n, Then 


а. а<уаг(х)<Ь b. ax var(x) <b? 
a2 
с < var(x) а. (b= a) > var(x) 


For (2n+1) observations x ,,—X,,X,,—X,,..-...X,,-X, and 0, where x,’s are different, let S.D. and 
M.D. denote standard deviation and mean deviaiton about median, then which is true 


а 8.р.<М.р. b SD>M.D. 
б; — S.D.—M.D. d. nothing can be said in general 


The AM and variance of 10 observations are 10 and 4 respectively. Later it is discovered that 
one observation was incorrectly read as 8 instead of 18. Then, the correct value of mean and 
variance are 


a. 20,9 b. 20,14 б, 11% d. 115 


ша frequency distribution, the mean and median аге 21 and 22 respectively, then its mode is 
approximately 


а. 292 b. 24.0 c. 22.0 d. 20.5 
For a symmetrical distribution Q, = 20 and О, = 40, the median ofthe data is 
a. 20 b. 30 c. 40 d. 10 


Ifthe mean deviation of 1,1+d,1+2d.......,1+100d from their mean is 255, then d= 





a. 20.0 b. 10.1 с. 20.2 4. 10.0 
30 30 30 30 30 
С С С С 
The mean value of 1 2. 3 Le , BD : 3 "-— 3 ТЕ 18 
23! 4?! 913 
EH b. 21 с. al d. none of these 
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15. 


Read the paragraph and answer the questions that follow: 


Ifx,, x, ,х, are n values of the variable x, then mathematical averages. Arithmetic Mean (A.M.), 


Geometric Mean (G.M.) and Harmonic Mean (H.M.) are count by the following formula's. 





1 n 
Ape ter узэх +X, = ўмо 
п n 


1-1 


GM. = (x,.x,..0X, Ж ,if each x, (i=1,2,.....,n) is positive and 


3 
Xi 


n 1 
Н.М.- - | 





1 1 | | 


X, X, X n 


Ч 1-1 








If G,,G, are the GM’s of two series of sizes n, & n, respectively, then the geometric mean 


| Е п, logG, +n, logG, : 
(С.М.) of the combined series is counted by log(G.M.)= а . On the basis of 
1 2 





above information answer the following questions. 


If the mean ofa set of observations x ,х,......,х 
17 1,2,3,...... ,nis 

a. X+2(n+1) b. x +4(n+1) с. X+4n d. X+n 

The A.M. of n numbers of series is x . If the sum of first (1-1) terms is m then n^ number is 


x, is x then the mean of observations х +41, 


a. x-m b. nx-m с. x-mn d. пх — пт 
The mean of a set of n numbers is x . If each number is divided by 4 then new mean is 


а. Х b. х+4 б. 4. 4Х 
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4. 


10. 


The weighted A.M. of first n natural numbers whose weights are squares the corresponding 
numbers, is equal to 





n(n +1) Ь 3 2041 242440 j 3 n(n +1) 
2 | 2 n(n 4-1) D 2 | 2 2n+1 
Consider the series 1,4,16,64,256,......4", then which of the following is not true? 
4n =i 
a. А.М.= 3(1--1) b. GM.=2 
3.4" (n +1) 
с. НМ.= 74171 d. A.M=G.M.=H.M. 


Let G be the G.M. of the product of (r+1) sets of observation with, G.M., G,,G,,......G.,G 
respectively, then the vaue of G is 


г+1 г-1 rH 














a. x log(G,) b. П G; c. П log(G;) d. none of these 
1-1 1-1 i=l 
20 20 20 20 20 
С С С С С 
Th lue of ——-,——-,——-,———5 een Эн, 1 
е mean value о 1 3 5 7 21 equals 
22) 2/9 220 214 
b. с. = 4. — 
3x77 3x77 21 21 
Let x be the variate which assumes the values 0,1,2,3,4,...... n with frequencies 
СОЯ ана р" such that p+q = 1,then mean value of the frequency distribution 
is 
а. пра b. np c. 4 арч d. npg 
The mean of the divisors of 360 which are odd is 
a. 15 b. d ё 13 d 9 


The ratio of the mean of the cubes of first n natural numbers to the means of the cubes of first 
(n+1) natural nubers is given by 
à.  (n+1):(n+2) b. (т+1)?:п+2 c. n(ntl):(n+2)? d.  noneofthese 


'Note : Questions with * have more than one correct option' 


ANSWERS 
l.b 2.a 3.c 4. c 
5.c 6.d 7.b 8.d 
9. b 10. b 11.5 12. b 


13. b 14. b 
15. (1) a (2) b (3) с (4) а (5) d (6) b (7) a (8) (9) с (10) с 
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